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The phase method and the Born approximation is used 
to calculate the cross sections of high energy neutrons scat- 
tered by protons and neutrons. Various exchange theories 
are considered for both, central and tensor forces of rec- 
tangular and Yukawa well shape. 

For the tensor case the phase method leads to general 
formulas for the differential and total cross sections in 
terms of real phase shifts. The reality of the phase shifts 
is a direct consequence of the use of the asymptotic form 
of the eigenfunctions of the tensor force Hamiltonian. The 
differential cross section in this case also contains the 
“amounts of admixture’”’ which measure the coupling of 
states of different orbital angular momentum which have 
the same total angular momentum and the same parity. 
The real phase shifts and the amounts of admixture are 
derived from a variational principle. The total cross sections 
thus obtained are within a few percent of the exact values. 


The Born approximation is not satisfactory at 100 Mev. 

At this energy, tensor forces of a rectangular well shape 
with Rarita-Schwinger constants yield 0.2113, 0.1497, and 
0.1271 barns for the n-p cross section, and 0.2566, 0.1381, 
and 0.0359 barns for the n-n cross section, in the neutral, 
charged, and symmetrical exchange theory, respectively. 
The observed n-p cross section at 90 Mev, 0.083+0.004 
barns, agrees best with the theoretical value of ~0.080 
barns at 100 Mev, derived from a tensor interaction poten- 
tial of equal amounts of neutral and charged exchange. It is 
concluded, however, that a Yukawa tensor potential of the 
symmetrical exchange type can be in agreement with the 
experiments, if relativistic corrections of the n-p cross 
section at 100 Mev are negative and of the order of 5-10 
percent. The differential cross section needs considerably 
larger corrections unless a different tensor force range is 
used. 





INTRODUCTION 


HE phenomenological theories of nuclear 

forces could be compared until recently 
only with scattering data up to about 10 Mev. 
Neutron-proton and neutron-neutron scattering 
in this energy range is practically spherically 
symmetrical. No conclusion could, therefore, be 
reached about the exchange character of nuclear 
forces. Similarly, it was possible to fit the ob- 
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served data with central and with tensor forces, 
and with a variety of different potential well 
shapes.! Recently, Sleator? measured the total 
n-p cross section at energies between 6 and 22 
Mev. He found that six different theories are in 
fair agreement with the experiments at least on 
some part of the energy range, but that only the 
charged and the symmetrical tensor theory fit 
within the whole range considered. Proton-proton 
scattering experiments’ at 14.5'Mev show a 
negative P-wave contribution to the angular dis- 
tribution which indicates exchange forces. Neu- 


1D. Bohm and C. Richman, Phys. Rev. 71, 567 (1947). 

2 W. Sleator, Phys. Rev. 72, 207 (1947). 

* Wilson, Lofgren, Richardson, Wright, and Shankland, 
Phys. Rev. 71, $60 and 72, 1132 (1947). 
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tron-proton scattering experiments‘ at 12-13 
Mev are in agreement with symmetrical tensor 
forces, but do not compare with the results ob- 
tained for a tensor force of the neutral or charged 
type. 

Scattering experiments of 90-Mev neutrons by 
protons and deuterons were recently carried out 
in Berkeley.® ® These data should enable one to 
still further eliminate phenomenological theories 
which are consistent with low energy scattering 
data. It should be mentioned here that the 
analysis of high energy scattering cross sections 
suffers from the serious drawback that, while 
relativistic effects may be important at energies 
as high as 100 Mev, the corresponding correc- 
tions of the non-relativistic calculations are yet 
unknown. ® 

The present investigation pursues a twofold 
aim. Firstly, cross sections for high energy scat- 
tering are calculated for rectangular and Yukawa 
well shapes. The constants employed fit the 
binding energy of the deuteron, the epithermal 
n-p cross section, and the low energy p-p cross 
sections. This involves the assumption that p-p 
and u-p forces are essentially the same. It is 
investigated how the results change when differ- 
ent constants are assumed.’ The first part deals 
with central forces, the second part with tensor 
forces. Actually, only tensor forces have sig- 
nificance, since it is not possible to account for 
the electric quadrupole moment of the deuteron 
under the assumption of central forces. Nu- 
merical results are obtained for various energies, 
including 100 Mev, and are compared with the 
Berkeley experiments. 

Secondly, the phase method is applied to -p 
and -n scattering with tensor forces and—as in 
the case of central forces—the cross sections are 
given in terms of real phase shifts. The first 


a on). Laughlin and P. G. Kruger, Phys. Rev. 73, 197 

5 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 72, 
1264 (1948)L. 

Sa Hadley, Kelly, Leith, Segré, Wiegand, and York, 
Phys. Rev. 73, 1114 (1948)L. 

% For an estimate see: H. Snyder and R. E. Marshak, 
Phys. Rev. 72, 1253 (1947). 

7 This is important, because recent experiments on the 
scattering of slow neutrons by ortho- and parahydrogen 
(R. B. Sutton et al. Phys. Rev. 72, 1147 (1947)) and by 
hydrogen in crystals (C. G. Shull et al. Phys. Rev. 73, 842 
(1948)) indicate that the ranges of singlet and triplet 
forces may be much shorter than was commonly accepted, 
and may also be unequal to each other. See also: J. M. 
Blatt, Phys. Rev. 74, 92 (1948). 
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calculations of scattering cross sections for 
tensor forces® and all those published since*" 
yielded complex phase shifts, because the asymp- 
totic form postulated for the eigenfunctions did 
not correspond to the partial waves which are 
characterized by constants of motion. The for- 
mulation in terms of real phase shifts appears to 
be more satisfactory from a theoretical point of 
view. Together with real phase shifts, it is neces- 
sary to introduce the amounts of admixture 
which measure the coupling between two states 
of different orbital angular momentum, but 
same total angular momentum and same parity. 
This coupling is due to the non-central character 
of tensor forces, and is introduced in a natural 
way by a unitary transformation from the 
LSM,Ms scheme, in which the central force 
Hamiltonian is diagonal, to the (—1)4S/M 
scheme, in which the tensor force Hamiltonian is 
diagonal. 

The phase shifts and the amounts of admixture 
are found by a variational procedure, since it is 
not possible to solve the occurring simultaneous 
differential equations in a closed form. The 
variational principle for the phase shifts was 
first given by Schwinger in his course on nuclear 
physics" where it was applied to S and D wave 
scattering. 

We published some of our numerical results 
previously.!2 Meanwhile, a number of papers have 
appeared which deal with scattering by central! !4 
or tensor forces,!5 !° some of which overlap partly 
with our own calculations. This enables us to 
shorten certain parts of this report.!® In partic- 
ular, we refer to Ashkin and Wu” for the deriva- 
tion of the scattering cross-section formulas for 
tensor forces in Born approximation. 

The first part deals with central forces. The 
exact results which are obtained from the phase 
method (Section IA), are compared with the 
Born approximation (Section IB). The second 

8 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 and 
556 (1941). 

9J. Jauch, Phys. Rev. 67, 125 (1945). 

10 J. Ashkin and T. Y. Wu, Phys. Rev. 73, 972 (1948). 

11 See also: J. Schwinger, Phys. Rev. 72, 742 (1947)A. 

12 J. Eisenstein and F. Rohrlich, Phys. Rev. 73, 641 and 
1411 (1948). 

18M. Camac and H. A. Bethe, Phys. Rev. 73, 191 (1948). 

“4 T, Y. Wu, Phys. Rev. 73, 934, and 1132L (1948). 

%H. S. W. Massey, E. H. S. Burhop, and T. M. Hu, 
Phys. Rev. 73, 1403 (1948)L. 


16 For full details we refer to our theses (see the first 
note of this paper). 
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TABLE I. Total cross sections for neutron-proton scat- 
tering at 100 Mev. Central forces, exact calculations. (All 
values are in barns, i.e., 10-*4 cm?.) 


707 


TABLE II. Total cross sections for neutron-neutron scat- 
tering at 100 Mev. Central forces, exact calculations. (All 
values are in barns, i.e., 10-*4 cm?.) 








Theory onp®) onp) Onp 


Theory Onn) onn(*) Onn 





0.0645 
0.0552 
0.1692 


0.1939 0.1616 
0.1582 0.1325 
0.0921 0.1114* 


Neutral 
Charged © 
Symmetric 


0.0464 
0.0464 
0.0464 


0.2289 0.1832 
0.1575 0.1297 
0.0252 0.0305 


Neutral 
Charged 
Symmetric 














* The value 0.094 obtained by Ta-You Wu (see reference 14, Table 
III) is due to a numerical error. 


part is devoted to tensor forces. The results in 
Born approximation (Section IIA) are discussed, 
and the formulas for the differential and total 
cross section of n-p and n-n scattering are derived 
with the phase method (Section IIB). Numerical 
results are obtained by the aid of the variational 
principle for real phase shifts (Section IIC), 
and the comparison with the experiments is 
summarized. A list of formulas for n-p and n-n 
cross sections according to different theories is 
given in the appendix. 


I. CENTRAL FORCES 
A. The Phase Method 


The assumption of central forces permits the 
direct application of the method of partial 
waves!”.18 or phase method. For each of the two 
spin states the space dependent part of the wave 
function can be written as the sum of the wave 
functions of fixed orbital angular momentum L. 
These functions are the solutions of a Schrédinger 
equation which, after separation of variables 


a... (1) 


lead to the radial equations 


ad? M L(L+1) 
(—+#-—vy)-——— unto al 
dr? h? 


(L=0,1,2---), (2) 


where 


k? = ME/h?. (3) 


M is the mass of the nucleon, £ is the total 
energy in the center of mass system, and V(r) is 


1927), Faxen and J. Holtsmark, Zeits. f. Physik. 45, 307 
18 N. F. Mott and H. S. W. Massey, Theory of Atomic 
Collisions (The Clarendon Press, Oxford, 1935). 


the potential energy. With a rectangular poten- 
tial well of depth Vo and range ro we can 
introduce the dimensionless quantities 


«= MEr(2/h? = (kro)?, 
A= MVore2/h? (4) 


x=r/ro, 


and find for the wave function interior and 
exterior of the well, 


d? L(L+1) 
Tt Heh nn () =0 (x<1), (5) 
dx? x? 


d? L(L+1) 
a ure) =0 (x>1). (6) 
dx? x? 


The + sign corresponds to attractive and re- 
pulsive potential, respectively. The boundary 
conditions 


aL 
uz(0)=0, up(2)~ sin( w-+~+52) (7) 


are fulfilled by the solutions 
up (x) =xjr(«ix), (8) 
ut (x) =Ax[jr(xx) —tanédznz(xx)], (9) 
where 
ki = (x2+d)}, (10) 
and 


sin(xx— aL /2) 


rT } 
jnlee) = (~~) Judane | 


KX KX 





11 
cos(xx — wL/2) — 





oul 
n1(kx) = (—) N 143 (xx) ~— 


KX 


KX 


are the spherical Bessel and Neumann func- 
tions,” respectively. Smoothness of the wave 
functions at the edge of the well requires the 


19 See for example: J. Stratton, Electromagnetic Theory 
(McGraw-Hill Book Company, Inc., New York, 1941). 
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equality of the logarithmic derivatives 


(12) 


Zell 


. 1 (i) - : 1 (e) 
Feats) Baas) 


‘x 
Introducing (8) and (9) into (12), we find easily 


K1 jr—1(k1) 
jrte—-— 
K K 
tané,=(—1)4 = : : 
i 


K JL\K1 


ju(k) 
(13) 





j—1—1(k) 


where we made use of the identity 
mr(x) = (—1)*+"7_1_-1(x). 


The phase shifts can be evaluated from (13) by 
means of the tables” for jz and j_z. For strongly 
repulsive potentials as occur in the exchange 
theories, x; of Eq. (10) may become imaginary. 
In this case (13) has to be replaced by 


| xa] Tr-4(| «i|) | 
JIL 

K T144(| «1|) 

|r| Zr4(] a] | 


j—1—1(k) 


(14) 


L 
(5 PHASES) / 
l 





Ju—1(k) sit 





tané,=(—1)# 
j-u(K)+ 


« Tr44(|«1]) 


| Tile) =4-4I (6x). 


SYMMETRICAL EXCHANGE INTERACTION 
RECTANGULAR WELL POTENTIAL 
RANGE 2.80 on em 





rey 3 














Cross SECTION IN 10°** cm? 


ae 


oe 45° 90° 135° 180° 
SCATTERING ANGLE 























Fic. 1. Differential scattering cross section at 100 Mev. 


20 National Bureau of Standards, Mathematical Tables 
Project, Tables of Spherical Bessel Functions, Vol. I and II 
(Columbia University Press, New York, 1947). 

. N. Watson, Theory of Bessel Functions (The Mac- 
‘aie Company, New York, 1944). 
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The Eqs. (13) and (14) seem to us somewhat 
more convenient to use than the corresponding 
Eqs. (12) and (13) of Camac and Bethe."* 

For the given well depths Vo and for the even 
singlet and triplet states, we obtain from (4) two 
values, A, and d,, respectively. The value of x, 
in (10) will in general depend on the parity (—1)4 
of the state and on the spin, 


xy) = (K2+Az)4, ey) =(K2+Az,)4. (15) 


For the neutral theory® 


ALM=d, ALO=A, (16) 


for the charged theory 


AL =(—1)4A,, AL=(—1)7r,, ~——(17) 


and for the symmetrical theory 
dx = —(1—2(—1)4)r, 
Az =3(1+2(—1)4)rz. 


The phase shifts for these theories can now be 
calculated from (13) and (14). The differential 
cross section for m-p scattering is given by the 
well-known formula!” #8 


(18) 


2 


, (19) 


A as 
: > (2L+1)e** sind, P1(cosd) 
L=0 ss 


o np(0) = 
and the total cross section by 
_—" f onp(8) sinddd 

0 


4a 
=— D> (2L+1) sin’6z. (20) 


L=0 


From these equations the n-n cross sections are 
obtained by the aid of the exclusion principle 


o 1+(—1)4 
onn (8) = z. i ih San 8 


L=0 


(2L+1) 


2 


Xexp(i6,) sind, P1(cos#) 
(21) 


«© 1—(—1)4 
onan (3) = sic aren 
L=0 k 
2 


Xexp(i5,“) sind,“ Pz(cosd?)}, (21) 





NEUTRON-PROTON SCATTERING 709 


and 


Onn=3-20 f : Onn(8) sinddd (22) 
0 


since only half the number of deviated neutrons 
are scattered neutrons, the other half being recoil 
neutrons. When the two spin states are taken 
into account, one finds from (19) or (21) the two 
angular distributions o@)(#) and o“)(#). They 
combine in their respective weight 1:3 to give 
the total cross section 


(0) =t0 (9) +36), c= 20+ 40%, 


with o® and o from (20) or (22). 

We adopted the ranges and well depths 
r,=2.80X10-'® cm, Vo'=11.904 Mev, and 7; 
=2.8010-® cm, Vot'=21.213 Mev. For neu- 
trons of 100-Mev energy in the laboratory system 
we find the total scattering cross sections as 
tabulated in Table I for n-p collisions and in 
Table II for n-n collisions. The angular dis- 
tribution for -p scattering in the symmetrical 
theory is plotted in Fig. 1. Its triplet part can be 
seen from Fig. 3. 

It can be seen from Tables I and II that the 
magnitude of the potential influences the cross 
section much more than does its sign. In Table II 
only odd phases enter the triplet cross sections. 


(23) 





4 
\ 
\ \ NON EXCHANGE INTERACTION 
0. \ RECTANGULAR WELL POTENTIAL 
\ RANGE 2.8010" cm 
a. SINGLET DEPTH 11457 Mev 
\ W TRIPLET DEPTH 21213 MEV 
— EXACT CALCULATION 
—— WORN APPROXIMATION 





4 
— 


Fas 








TRIPLET 
\ 
SINGLET YO. 


4 
O41 Pi 








CROSS SECTION IN 10-**cm* 
o 
i. 


























ed — 
aa 
0 —s 8 «Wo 200 
ENERGY 8 MEV 
gn 2 3 4 3 
Ba, 


Fig. 2, Variation of singlet and triplet cross sections with 
energy. 


TABLE IIIa. Variation of triplet n-p cross section with range 
at 25 Mev (central forces, exact calculations). 











re Charged 
(10718 cm) Neutral (barns) Symmetric 
1.8 0.4250 0.4130 0.4111 
2.3 0.4657 0.4014 0.3931 
2.8 0.6042 0.3891 0.3656 








TABLE IIIb. Variation of triplet -p cross section with 
range at 100 Mev (central forces, exact calculations). 








Charged 





(10-13 cm) Neutral (barns) Symmetric 
1.8 0.1351 0.0749 0.0613 
2.8 0.1939 0.1582 0.0921 








In the neutral and charged theory the magnitude 
of the potential is the same, but the odd states of 
the latter are repulsive rather than attractive. 
This causes a decrease of on,‘!) by one third, 
approximately. On the other hand, the charged 
and the symmetric theory have both repulsive _ 
odd states, but the magnitude of the potential 
in the latter is by two thirds smaller. This causes 
a decrease of on,‘ by more than 80 percent. 
Qualitatively, the same behavior can be seen 
from on,“ in Table I. In this case, however, it is 
less pronounced, because of the presence of even 
states which contribute equally in all three 
theories. As expected, the charged theory gives 
a somewhat smaller singlet cross section, gnp“?, 
than does the neutral theory. The strong increase 
iN ¢np“ as we pass from the neutral to the sym- 
metrical theory is due to the competition between 
a factor three and a minus sign. The repulsive 
P-state contributes 85 percent of the singlet n-p 
cross section in the symmetrical theory. 

The total singlet and triplet 1-p cross sections 
were calculated in the neutral theory for various 
energies between 25 and 200 Mev. They are 
plotted” in Fig. 2 and are in agreement with the 
results of Camac and Bethe.!* 

When we decrease the triplet range the triplet 
depth has to be increased correspondingly in 
order to account for the binding energy of the 
deuteron. We used Wiedenbeck and Marhoefer’s 


2 It should be noted here that the singlet cross sections 
given in Fig. 2 were calculated with a potential well of 
11.457 Mev rather than 11.904 Mev. The difference is 
practically negligible. 
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TABLE IV. Total cross sections for neutron-proton scat- 
tering at 100 Mev for central forces in Born approximation 
(rectangular well). All values are in barns (10-*4 cm?). 
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TABLE V. Variation of triplet -p cross section with 
range for central forces in Born approximation (rectangular 
well). All values are in barns. 








$$ 





Theory onp) onp**) Onp 





Neutral and 
charged 
Symmetric 


0.1686 
0.1639* 


0.2034 
0.0894 


0.0641 
0.3872 








* The value 0.140 obtained by Ta-You Wu (see reference 14, Table 
III) is due to a numerical error (private communication of Dr. Wu). 


value** of 2.185 Mev. The well depths for three 
different triplet ranges are as follows: 


Tt Vo" 
1.80X10-* cm 43.476 Mev 
2.30 X 10-8 cm 28.963 Mev 
2.80 X 10-8 cm 21.213 Mev. 


(24) 


The variation of the triplet cross section with 
range is shown in Table IIIa for 25 Mev and in 
Table IIIb for 100 Mev. 

Tables IIJa and IIIb show that the neutral 
theory leads to a smaller cross section when the 
range is reduced, independent of the energy. The 
charged and the symmetrical theory also give 
smaller cross sections for a reduced range, but 
only at higher energies (e.g., 100 Mev) ; at lower 
energies (e.g., 25 Mev) they lead to larger values. 
These results are in agreement with those ob- 
tained by Camac and Bethe (Table III).!* The 
combined singlet and triplet cross section is seen 
from their table to increase with decreasing 

SYMMETRICAL EXCHANGE INTERACTION ~~ oe 
“ae . 
DEPTH BL213 MEV 


—— EXACT CALCULATION (5 PHASES) 
---- BORN APPROXIMATION 





/ 
[ 


l 
| 











CROSS SECTION IN 107**cm? 




















AK = 
qo’ 

SCATTERING ANGLE 

Fic. 3. Triplet differential cross section at 100 Mev. 





35° 480° 


33 M. Wiedenbeck and C. Marhoefer, Phys. Rev. 67, 54 
(1945)L. 


100 Mev 
neutral and 
charged 


0.1351 
0.2034 


25 Mev. 
neutral and 
charged 


0.3578 
0.5522 
0.7449 


Energy 
re Symmetric 
0.1121 
0.0945 
0.0894 





1.8X 10-8 cm 
2.3 X 10-8 cm 
2.8 X 1073 cm 








range (r,=r,) for energies below ~50 Mev for 
the charged theory and below ~60 Mev for the 
symmetrical theory.*4 

Equation (15) shows that the decrease of the 


- cross section due to the presence of exchange 


forces (charged or symmetric type) is relatively 
smaller the higher the energy. This effect can be 
so large that the cross section may even increase 
with energy. For example, the triplet -p cross 
section in the charged theory is 0.155 barn at 
80 Mev (r:=2.80 X10-'* cm), as calculated from 
the phase shifts of Camac and Bethe,!* but is 
0.158 barn at 100 Mev (Table I). On the other 
hand, the symmetrical theory increases the con- 
tribution to the singlet cross section of the odd 
states. Where an increase in energy leads to a 
strong increase in the contribution from an odd 
state, this may again lead to an increase of the 
cross section with energy. Thus we find 
Tnp® =0.164 barn at 80 Mev (Camac and 
Bethe’s phase shifts) and on,“ =0.169 barn at 
100 Mev (Table I). 


B. The Born Approximation 


The formulas for the Born approximation are 
well known and need not be derived here. They 
are summarized in the Appendix. 

Total cross sections for n-p scattering were 
calculated for a rectangular well with the con- 
stants‘given in IA. The results are shown in Fig. 
2 for the neutral theory. The singlet cross section 
above ~25 Mev and the triplet cross section 
above ~40 Mev agree well with the exact calcu- 
lations. At these neutron energies the total 


24 For 80 Mev Ta-You Wu obtained an apparent increase 
in the cross section with decreasing range in the sym- 
metrical theory. (Phys. Rev. 73, 1132 (1948)L, Table I.) 
His values 0.84 and 1.17 <10-* cm?, however, should be 
interchanged. For the Gaussian potential the increase from 
0.95 to 1.08X10-* cm? is very probably only apparent, 
and is due to the use of the Born approximation (see 
Part I B, Table V). 
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TABLE VI. Total cross sections for m-p scattering at 100 
Mev for central forces (Yukawa well, Born approxima- 
tion). All values are in barns. 
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TABLE VII. Variation of triplet m-p cross section with 
range for central forces in Born approximation (Yukawa 
well) (energy: 100 Mev). 








Theory onp™ onp) 





Neutral or 
charged 
Symmetric 


0.1133 
0.1086 


0.1309 
0.0932 


0.0604 
0.1545 








energy in the center of mass system becomes 
comparable with the respective well depths, and 
the Born approximation ceases to hold. The 
curves for the Born approximation’ do not 
approach the curves for the exact calculations in 
a monotonic fashion, but oscillate and even cross 
the exact curves in the singlet case. This peculiar 
behavior is due to the sharp cut-off of the rec- 
tangular well. 

In the Born approximation the total cross 
section in the charged theory is the same as in 
the neutral theory. At high energies (above ~40 
Mev) the charged theory leads actually to much 
smaller values than does the neutral theory. The 
situation is even worse for the symmetrical 
theory. For a range of 2.801018 cm the triplet 
cross section is still in fair agreement with the 
exact value, but the singlet cross section is too 
large by a factor of two, even at 100 Mev. These 
relations are evident from a comparison between 
Table IV and Table I. 

It follows from these remarks that the Born 
approximation is in general not reliable at 100 
Mev. One obtains reasonably good approximate 
values, however, if one uses the combination 


o = fo) (exact) + 20) (Born) (25) 


for the symmetrical theory. If we decrease the 
triplet range, the well depth increases (see (24)), 
and for r,=1.8X10-* cm becomes nearly equal 
to the total energy in the center of mass system 
at 100-Mev neutron energy. The Born approxi- 
mation will, therefore, not give good values. 
This is exhibited in Table V from which we 
drew first the erroneous conclusion that the cross 
section increases with decreasing range in the 
symmetrical theory at 100 Mev". (See also 
reference 24.) On the other hand, the oscillatory 
character of the curves for the Born approxima- 
tion (Fig. 2) may lead to relatively good agree- 
ment for energies as low as 25 Mev, as can be 


Neutral or 


charged Symmetric 


Vol 
(barns) 


Mev 


78.070 
67.450 
24.203 

8.339 


rt 
10-143 cm 


1.089 
1.183 
2.177 
4.355 





0.0896 
0.0932 
0.1285 
0.2241 


0.110 
0.131 
0.191 
0.374 








seen from a comparison of Table V with Table 
Illa. 

Although the total triplet cross section at 100 
Mev, symmetrical theory, is in Born approxi- 
mation not very far off the exact value, the 
triplet differential cross section may lead to 
entirely erroneous quantitative conclusions. A 
fair qualitative agreement can be seen from 
Fig. 3. We find a ratio of backward to sideward 
scattering R‘) (Born) =o (r)/a“(x/2) = 900, 
whereas the exact value is R“) (exact) = 78. 

It is of interest to examine how the assump- 
tion of different well shapes influences the cross 
section. A Yukawa potential of the type 

V=V,(e-*/x), (x=r/ry), (26) 
was, therefore, assumed, where ry is the “‘range”’ 
of the Yukawa potential. An analysis of proton- 
proton scattering”® leads to a singlet range of 
0.42 e?/mc?=1.183 10-8 cm, and to a singlet 
depth Vo“ =89.65 mc?=45.80 Mev. The triplet 
depths for various ranges follow from the binding 
energy of the deuteron by the use of a variational 
procedure.”* They are listed in Table VII. If one 
assumes the triplet and singlet ranges to be 
equal, and chooses the above value of 1.183 
X10-'* cm, one finds in Born approximation the 
cross sections of Table VI. 

For this Yukawa well the reduction of the 
neutral cross section due to symmetrical ex- 
change forces is much smaller than for a rec- 
tangular well of ranges 2.80X10-!* cm. The 
Born approximation for the neutral theory will 
not be far off the exact value. From calculations 
by Chew and Goldberger?’ we may conclude that 

% L. E. Hoisington, S. S. Share, and G. Breit, Phys. Rev: 
56, 884 (1939). 

%1L. Hulthen, Arkiv. f. Mat., Astr. o. Fys. 28A, No. 5 
OG. Chew and M. L. Goldberger, Phys. Rev. 73, 1409 
(1948)L. For 80 Mev the Born approximation for a 


Yukawa well gives 0.131 barn; their value of 0.150 barn is 
due to an error (private communication). 








712 F. ROHRLICH AND J. 


TaBLE VIII. Total n-p cross sections for a rectangular 
well at 100 Mev (tensor forces, Born approximation). All 
values in barns. 


EISENSTEIN 


TABLE IX. Variation of triplet “e cross section with 
range for 100 Mev (tensor forces, Born approximation, 
rectangular well). 























deez) o(x) 
Theory *Born™ *Born +ieBorn™ R= 
o(2/2) 
Neutral or 
charged 0.2516 0.2047 0.2048 0.30 or 3.75 
Symmetric 0.0939 0.1672 0.1127 7.9 





Sym- 





10-18 Vo he D-state Neutral metric 
cm Y Mev cm? __s percent barns 

240 . :0:7i5 13.89 273 3.9 0.2516 0.0939 

2.30 1.564 15.92 2.73 6.9. 0.4216 

2.30 1.292 13.55 2.16 4.0 0.1835 0.102 





the cross section in the symmetrical theory is at 
100 Mev smaller than the exact value by about 
6 percent or less. It follows that this well leads 
to considerably smaller neutral cross sections 
than the rectangular well (7,=7,=2.80X10-" 
cm) at 100 Mev, and to about equal or somewhat 
larger values for the symmetrical theory. At 80 
Mev the symmetrical theory leads to much 
larger cross sections with a Yukawa well,?” 0.140 
barns instead of 0.111 barn. 

As in the case of a rectangular well a range 
reduction causes a decrease of the cross section. 
Since the error made in the Born approximation 
for the symmetrical theory is much smaller for 
a Yukawa well than it is for a rectangular well, 
we can be sure that the qualitative behavior 
exhibited by the Born approximation is correct; 
the various triplet cross sections are given in 
Table VII. 

Il. TENSOR FORCES 


A. The Born Approximation 


The inclusion of tensor forces in the nucleon 
‘interaction effects only the triplet states, since 





the tensor operator 
Si2=3(o1'7, o2:t/r?) —01° 02 (27) 


vanishes for singlet states. The triplet potential 


is 


V(r) =f(o1-02, T1172) LJ (7) +YSi2K(r)], (28) 


where y is a constant and f(01-¢2, 71°72) is for 
the neutral theory 


f=-1, (29) 
for the charged theory 
f=(1+01-02/2)(1+71: 72/2), (30) 


and for the symmetrical theory 


f= $01°02, T1°T2 (31) 
Let 
1+01°02 1+ 71°72 
be(-1)),. Sea Serre 


be the space, spin, and isotopic spin symmetry 
operator, respectively. Then the exclusion prin- 
ciple requires that the wave function be anti- 


é RECTANGULAR WELL POTENTIALS WITH 
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. RARITA- SCHWINGER CONSTANTS 


NEUTRAL THEORY — 2 &% Ceonn) +t <0, (B0RW) 
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symmetric in the operator RST, i.e., 
RST = —1. (33) 


If, furthermore, the particles are identical, i.e., 
they are two neutrons or two protons, T=1. 
These relations determine f(01- 02, 71-72) uniquely 
and in agreement with Eqs. (16)—(18). 

The constant y can be so determined that 


J(r)=VoF(x), K(r)=VoG(x), 
x=r/ro. (34) 


With this potential the differential and total 
cross section can easily be derived in Born ap- 
proximation.’° The results are given in the 
appendix. 

In what follows we will assume that the two 
shape factors F(x) and G(x) are equal. For this 
case and a rectangular well shape 


F(x)=1 (x<1), F(x)=0 (x«>1), 


the constants were determined by Rarita and 
Schwinger :° 79 = 2.80 X 1078 cm, Vo=13.89 Mev, 
vy =0.775. The triplet cross sections obtained with 
these constants are shown in Table VIII. The 
singlet cross sections are, of course, the same as 
without tensor forces, and are known exactly 
(Table I) and in Born approximation (Table 
IV). It is, therefore, easy to obtain the com- 
bination (25) for the total cross section which is 
much closer to the exact solution, especially for 
the symmetrical theory. This is also given in 
Table VIII. 

The results in column 2 of Table VIII are in 
agreement with those of Ashkin and Wu.!° The 
differential cross section in Born approximation 
was also given by these authors. Since the com- 
bination (25), however, gives much better results 
than the actual Born approximation, we have 
plotted the angular distribution for this com- 
bination (Fig. 4). We observe an appreciable 
increase of the scattering at right angles as a 
result of the tensor force. (Compare Figs. 1 and 
4.) The backward scattering in the symmetrical 
theory decreased strongly. The total cross sec- 
tions are larger for tensor forces than for central 
forces. 

In order to examine the effect of a reduced 
triplet range we proceed as follows. Since it is 
not possible to fit both, the quadrupole moment 
of the deuteron and the amount of D-state, with 


TABLE X. Constants for a Yukawa tensor potential.* 








Meme Meson 
r:(central) autem 7«(tensor) data Vo 
10-4%cm masses 107%cm _ masses Mev xy 
(I) 1.202 321 1.400 276 30.817 1.459 
(II) 1.202 321 1.556 248 45.286 0.618 








* See reference 28. 


TABLE XI. Total -p cross section for a Yukawa well 
and a symmetrical theory at 100 Mev (tensor forces, Born 
approximation). All values are in barns. 











Constants ot) o R =0(x)/o(x/2) 
(I) 0.0674 0.0892 9.08 
(II) 0.0760 0.0956 12.2 








other constants than those given by Rarita and 
Schwinger,® we evaluated two sets of constants, 
one that fits the quadrupole moment and another 
that fits the D-state. We assumed a reduced 
range of 2.3X10-'% cm and used a variational 
procedure to determine the constants. The results 
are given in the following Table IX. Since a 
reduced range makes the angular distribution 
more isotropic (less contributions from higher 
angular momenta), it is clear that more D-state 
is required to fit the same quadrupole moment. 
The constant y increases very strongly with de- 
creasing range. As was pointed out in our Letter,” 
this effectively decreases the ratio of backward to 
sideward scattering. The cross section, however, 
reduces strongly in the neutral theory only, and 
increases even there if we try to fit the quadrupole 
moment. 

For a Yukawa tensor potential constants 
were calculated" by Feshbach, Eisenstein, and 
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Fic. 5. Differential cross sections at 100 Mev for tensor 
forces and a Yukawa potential (symmetrical theory). 
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Schwinger.2® They assumed a Yukawa well 
shape (26) for both shape functions (34), but 
different ranges, 7,(central) and 7;,(tensor), for 
the central and tensor part of the triplet poten- 
tial, respectively. They found two different sets 
of constants which fit the quadrupole moment of 
the deuteron (Table X). The singlet range and 
depth are the same as in the non-tensor case. 
Using the Born approximation one obtains from 
these constants the differential cross sections of 
Fig. 5 and the total cross sections as given in 
Table XI above. These total cross sections are 
smaller than those obtained for a rectangular 


tensor potential or for a Yukawa non-tensor — 


potential. The ratios R are about the same as for 
the rectangular tensor potential, but they cannot 
be trusted too much ‘because of the Born ap- 
proximation. 


B. The Phase Method for Tensor Forces 


In the case of central forces the spin and the 
orbital angular momentum are constants of 
motion. One uses, therefore, the representation 
which is characterized by the four quantum 
numbers LSMzMs. When tensor forces are 
present the magnitude and the z-component of 
the orbital angular momentum are no longer 
constants of motion; neither is the z-component 
of the spin angular momentum. Only the square 
of the spin angular momentum commutes with 
the tensor Hamiltonian. It follows that a trans- 
formation to the LSJm scheme, where J and 
m characterize the magnitude and the z-com- 
ponent of the total angular momentum, will not 
diagonalize the tensor Hamiltonian. A further 
transformation to the (—1)4SJm scheme is 
required. The parity operator, whose eigenvalues 
are (—1)4, commutes with the tensor Hamil- 
tonian. 

Again, the tensor force operator Sj. enters 
only in triplet states. In the LSM,Msg scheme 
the angular dependence is described by the 
spherical harmonics Y,¥4(8, yg). A transforma- 
tion to the LSJM scheme yields 


o1,3"(8,¢)= LD YVi¥24(8, ¢)xs™5 
ML,Ms 
x (LSM ,Ms3/LSJm), (35) 
where x s™° is the spin wave function. For triplet 


28H. Feshbach, J. Eisenstein, and J. S. Schwinger, Phys. 
Rev. 74, 1223 (1948). 
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states the function ¢z7" can be regarded as a 
vector, ®,;, 7" in the three-dimensional ortho- 
normal space spanned by the vectors 


1 
xe) x1°. 


1 

canted 1 —1 

ae +x: ); 
The vector ® ,,,;" was discussed in detail by 
Corben and Schwinger® and by Rarita and 
Schwinger.*® . 

In complete analogy to the case of central 

forces we separate the Schrédinger equation 


(36) 


M 
[r+ v) }e=0, 


into partial waves, according to the LSJm 
scheme, first, 


v= 2» co™s™, Ws™ =D Cr1,5" 


J 


(L=J—1,J,J+1). (37) 


Separation of variables can now be achieved by 
putting 
vz(r) 


®; 7", 
a 


uys(r) 
¥o-1,3=——®y_17, Ws,s"= 
r 


m* wy(r) ™m 


Ws41, 7 =———— ® 341. (38) 
r 


The operator Siz will couple states of equal, 
parity® 
m J—- 1 m 
Sie®y_1, 7 = —2— ®J1,5 
2J+1 
[J(J+1)]}* m 
ings 25 
2J+1 
mn  [J(J+1)} » 


S12 741, 7 =6—___® _ 


2J+1 


(39) 


S12, 7% =2@y, 3”. 
When we introduce (37) and (38) into the 
Schrédinger equation (36) and observe (39), we 


29 H. C. Corben and J. S. Schwinger, Phys. Rev. 58, 953 
(1940). 
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obtain three radial equations for each value of J. 
The case J=0 is a trivial exception. With the 
potential (28) we find with the dimensionless 
quantities (4) and (34) 


a? J(J—1) 
(+ c— usta 
dx? x* 
=f(o1-02, 71° T2) 
XA(fr(x)us(x) +E5(x)ws(x)), 
d* (J+1)(J+2) 
(—+ k2— Jost) 


dx? x 





=f(o1-02, 71°72) 


XA(ga(x)us(x) +hs(x)ws(x)), 
d? J(J+1) 
( + K2 —_ : es (x) 


dx? x 
=f(o1-02, T1+ T2)M(x)vs(x), 


| Cy(J+1)}} 
ga(x) =6- 2T+1 





G(x), 


h = Ff — G 
(x) = F(x) — rir (x), 


l(x) = F(x) +2yG(x). 


The first two differential equations are coupled, 
the third one is uncoupled. They are equivalent 
to the three integral equations 


uy(x) =A yuxjz—1 (kx) —paf Gy"(x, x’) 
0 
X Chr (x’)us(x") +g5(x’)ws(x’) Jdx’, 
wy (x) = Cyxxs4i1(Kx) —fr J Gs" (x, x’) 4) 
X Ler(x’)us(x’) +hs(x’)ws(x’) |dx’, 
va (x) = B yxxjz(Kx) —af Gy"(x, x’) 
0 


X1(x’)uz(x’)dx’, 


where 


Gy" (x, x’) = ——+ Kec jy—a(Kx<) + Kx>Ns--1(Kx>), 
K 


1 
Gy" (x, x’) = ——+1 
K 


Jasilkx<) + Kx>Mz41(Kx>), (43) 


Gy?(x, x") = ——- nrc jy(Kx<) + Kx>nz(Kx>). 
K 


are the appropriate symmetrical Green’s func- 
tions. They satisfy the equations 


d J(J—1) 


9 
—_— K°=— 


dx? x? 


Jer #) 


= —d(x—x’), (44) 


etc. 


and vanish at x, =0. The notation x- and x, is 
convenient to designate respectively the smaller 
and the larger of x and x’. 

It follows from the asymptotic relations (11) 
that for large x the Eqs. (42) become 


skill sin( xe (J- )-) 


Xr T 3 
-f cos( a -»5) f clei 


X (faust gsws)dx’, 


casliinilts sin( «x +1)) 
(45) 
Peal ir0t) fatter 
a KX asd. j741(k 


X (gsusthywys)dx’, 


Jr 
vs(x)~By sin( ——) 


Jr “ 
—f- cos( Kx — —) f Kx’ j(xx’ )lyvsdx’. 
k 2 0 


The asymptotic form required for our solutions 
may be writtenf 


T In this form the phase shifts will in general also depend 
on m (see reference 30b). 
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ws(2)~— sin( ee (J— 1). +6," ) 
cos6 i 


soils sin( «e—(J- )-) 


ra 
+Ay tandy*cos{ ax u-05), (46) 





Wy (x) saat 


~—sin( «x (J+1)- +a"), 


Jr 
sin( «x——"+ i"). 


cosé,;” 





Vy (x) ~ 
cosé, 


A comparison of (45) and (46) yields to the deter- . 


mination of the constants 

A s=-—coté,* rf irae Lisle uate’) 
+gs(x’)wa(x’) Jx’dx’, 

Cy= —cotés” rf fessor Lzole use) (47) 
+1 (x) w(x’) Jx’dx’, 

By= —cotsst fa jaleeWeYoa(e")a'd 
0 

With the aid of these equations we can express 


the formal solutions (42) in terms of the phase 
shifts 


u(x) = —cotds"fr- xx jz—1(Kx) 


x f jr—i( xx’) [frust+grws |x'dx’ 
0 


—fhr f Gy" (x, x") fsust+grws dx’, 
wy(x) = —cotdy”fr- xxjz41( xx) 


xf js (xx’)[grus+thywys |x'dx’ 
0 as (48) 


~fi f ee | ee 
v(x) = —cotdy*fr- nx jz (xx) 


xf ja xx’ lus (x’)xe'dx’ 
0 


—paf Gy(x, x’)lvsdx’. 
0 
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Since Z can take on the values J—1, J, and 
J+1, the wave functions in the (—1)2SJm 
scheme will either be the same as those in the 
LSJm scheme, namely when L=J, or they will 
be linear combinations of Yyi,y" and Wy41,7", 
which have the same parity. In the latter case 
there will be two independent wave functions for 
each value of J. We denote them by wy, m* and 
Vs,m7, respectively. 


1 m m 
Wa, m® =—Uy*(X)Dz_y gy ——wy* (x) D741, 5, 
x x 
1 - 1 - 
Wa, m? =U (%) By, gy ——Wy(X)Bz41,7, (49) 
x x 


1 
Wa, m® =v (x) @y, ™= 
x 


vs,7™. 


These are the three eigenfunctions of the tensor 
Hamiltonian in the (—1)4SJm representation. 
If we want to write the total wave function YW of 
(36) as the sum of partial waves which are all 
“eigenwaves,’ as in the case of central forces, we 
have to replace the second sum in (37) by 


ys™ = Cavs, m* Pops, ni +c, m’- 


Each of these partial waves is, therefore, defined 
by J, m, and one af the three indices a, B, y. The 
wave function Yotai Which is the sum of the wave 
functions for the incident and the scattered 
wave, will also be the sum of partial waves 
defined by these quantum numbers. For any one 
of these waves we now require that its radial 
part differ asymptotically from the radial part 
of the corresponding incoming partial wave only 
by a phase shift. In other words, the asymptotic 
forms (46) have to be chosen such that (49) 
becomes—apart from constant factors 


(37’) 


iu 
Ws, m*~-— sin(xx — (J —1)2/2+ 67%) 
x 


X (®yo1, s+ 97° Ps41,7), 


2 
Wa, m?~— sin(Kx — (J+1)x/2+ 5677) (50) 
x 


X (@yu1, 3+ 7997 P 541,05); 


1 
Ve.n?~— sin (Kx = Jn/2 + 57°) @ E ah 
x 














if 
1 


) 
d 
e 
e 
d 
S 
e 


ee 


= ts ss FP 





¢ 


The function vy(x) is, therefore, not effected 
(6°= 63"). For us(x) and wy(x), however, 6,* 
equals 5,” for each set a and +, respectively. 


uys® (x) ~sin (xx — (J—1)x/2+6);~7), 
wy (x) qs sin(Kx — (J+1)4/2+67%7). 


(46’) 


The eigenfunctions Pz,m* and Wy,m7 of (49) are 
uniquely determined by this requirement of 
equal phase shifts for u;(x) and wy(x). It cor- 
responds to a diagonalization of the scattering 
matrix which would otherwise be diagonal only 
for the states L =J, i.e., for the wave functions 
Vs,m’. The phase shifts 67%, 578, and 577, which 
are defined by (46’) and (50) are all real. 

The constants ny follow from (46) and (46’) 
with 6;*= 6,7”, 





w(x) Cy 
Fa 


ny =asymptotic form of ( _ 
us(x) 


and can easily be evaluated from (47) as will be 
shown in Section C. Since the orthogonality 
integrals of the wave functions (49) exist only in 
the limit 


im f al) (x)de ) / 


( J waar) ( J : uteods) | 


only the asymptotic forms (50) will contribute, 
and one finds that the constants 7, satisfy the 
identity 


nes? = —1. (52) 


These constants are called the amounts of 
admixture. For definiteness we shall always 





o (4x)* 
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denote the numerically smaller of them by n°. 
In the limit, as the tensor part of the potential 
goes to zero, ny*—>-+0 and 7’ ~ ; the eigen- 
functions, Wy, m* and Wy, m’, become identical with 
vs-17" and W741, 7”, respectively, in this limit. tT 
It follows that ny* measures the amount of ad- 
mixture of the state L=J+1 to the state 
L=J-—1, and that 1/n77= —n,s* is the amount of 
admixture of the state L=J-—1 to the state 
L=J+1. 

We may now derive the formulas for the dif- 
ferential and total triplet cross section. For this 
purpose we transform the incident plane wave 
into the LSJm representation which is the same 
as the (—1)4SJm scheme in the absence of a 
potential. In the LSM,Ms representation 


Vines = pi 1(2L + 1)t”j1(xx)P 1(cos(x%x))x1™5. 


The inverse of the transformation (35) with the 
appropriate normalization factor gives 


Vine™ = (4mr)* D1 (2L+1) 4471 (xx) 
> > ®1;"(L1Jm|L10m) 
(4x)? 





—_ 2 (2L-+ 1) 


aL | 
wii aa al (53) 


where we used again the vector notation 
®, 7". Since m=M,+Msz is a constant of 
motion and M,=0 for the plane wave, one has 
always m=Ms'°. The transformation matrix 
(L1JM|Z10m) is given in Table XII.* 

The asymptotic form of the total wave, i.e., 
the incident wave and the scattered wave will 
contain the tensor force eigenfunctions (49) in 
their asymptotic form (50) 


Veotal~—— u {axs™ exp (ids) [i7-? sin (xx — (J—1)4/2+8)°) 71,3 


KX 


+ nytt} sin (xx - (J+ 1)x/2+ 57°) @ 741, zj]+By™ exp (1574) 47 sin (xx — Jx/2 + 57°) @y, — 
+s" exp (i557) [i7—? sin (xx — (J—1) 4/2487) ®7_1,5 


it Actuall sas" is always positive or zero. 
30a F, ‘ondon and 


Note, however, that the table is written in terms of 


+7714! sin (xx —(J+1)2/2 4577)0 71 xj. (55) 


. Shortley, Theory of Atomic Spectra (The Macmillan Company, New York, 1935), p 
J rather than L, and that the phases are chosen different in ct a se 


comply with the choice of phases in the definitions of z,” (reference 29). 
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TABLE XII. (2L+1)# (LiJm|L10m). 


Dw +1 0 











J-1 ((J—1)/2)4 Ji 
J ((27+1)/2)8 0. (S54) 
J+1 +(J/2)4 (J+1)4 








The constants,” ay”, By", and yz” are found by 
comparing this expression for vanishing potential 
(67% = 678 =67;7=0) with the plane wave (53) 


» tts +0} 
1+(n7*)? 


J+J) 
v2[1+(n7)?] | 


2J+1\3 
By" = |m|(—— , 








(56) 


ii (J+1)!—ns7J* 
v2[1-+(n97)?] | 


The factors e*/ in (55) have been chosen such 
that the scattered wave is a purely outgoing 
wave. It is found by subtracting the incident 
wave (53) from the total wave (55), 


» ta +t)} 
1+(n57)? 








y= 


me etkr (47) ] 
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The differential cross section for polarized 
beams of neutrons and protons (fixed m) is the 
square of the absolute value of the coefficient of 
e**r/y of the scattered wave (57) 


o:"(8) =4n/k?| Daf +“ J]?. 


If the incident neutrons are unpolarized we have 
to average over m 


o4(3) = (40/3?) dom] Dal + J? 


The total cross section is found by integration 
over all the angles. The cross terms vanish, 
because of the orthogonality of the ®,,,;" and 
because of (52), and one finds with (56) after 
summation over m for the triplet total cross 
section 


(58) 


(59) 


4r 2J+1 


onp) =— 


k? J 





(sin?6;*+sin?67*+-sin?6,7). 


(60) 


The triplet differential and total cross sections 
for tensor forces are completely analogous to 
the well-known formulas for central forces.'® 
The differential cross section contains the phase 
shifts and the amounts of admixture, the total 
cross section contains the phase shifts only. In 
































Wecatt~— Las exp(76y%) z i * é 
r J the following section we will derive these quan- 
; m m tities from a variational principle. 
X sin 6y*(@y_1, 7+ 95°74, 7) P P 
+6," exp(i6y®) sind6@,. y™ C. Variational Principle for Phase Shifts 
+7" exp(idy) sind? We start with the formal solutions (48), and 
a consider first the phase shifts 67° of the uncoupled 
X (@y-1,5-+177® 541,75) ]. (57) states. Multiplication of the third equation by 
30 
20 a 
10 
« Fic. 6. Comparison of phase 
J i shifts: exact and variational 
* calculations. 
“|3 ° 4 2 3 4 s 
' ad Ra, ——p 
a = 
1 
rn 
$ ~20 











#0» The dependence on m of these constants permits one to assume the boundary conditions (46’) with 6y% and 6,7 in- 


dependent of m. 
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l(x)vs(x) and integration leads readily to 
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f L(x)vz?(x)dx+fr f l(x)vz(x)dxGyz" (x, x’)dx'l(x’)vs(x’) 





—coté;*&= 


(61) 


fre( f jo(ea)eyos(e)ede) 


which is easily seen to be stationary with respect 
to variations of the radial function vy(x). The 
resulting phase shift will have an error of the 
second order for any first order error in a trial 
function i7(x). 

In a similar way the phase shifts for coupled 
states are obtained. Multiplication of the first 
Eq. (48) by fs(x)us(x)+gs(x)ws(x), and of the 
second by gy(x)us(x) +hs(x)ws(x), addition and 
integration yields because of 67*=6;”=4y, 


—cotés = (ay+2bs+c7)/(as+2Bs+ys), (62) 
where we used the following abbreviations: 
as=(1/fR) f hswstdx 

ib f gywydxG s"dx' gywy 
. oa f hywydxGs"dx'hywy, 
by = (1 /fr) f gyuswydx 
+ f fausdxG s"dx' gyws 
+ f hywysdxGy"dx'gysuy, 
ca (11) f faust 
of f gyusdxGy"dx' gus 
(63) 
+ f tousdeGrdx 'frus 


2 

ay=e( f xiss(ea)ervds) 
2 
+4( fsizss(ea)hrwads ) ’ 





as=«( f xjs-a(et) frusds ) ( f xjs-seswsde ) 
+4( f sirsstssdx) 
x( f sinshswsde), 


Y= c( fxisscerfinsds) 
+4( f sjssa(ea)erusde ) ; 


The expression (62) for coté; is stationary with 
respect to variations of u;(x) and w(x). Both 
variational principles, (61) and (62), were first 
given by Schwinger." 

Equation (62) is homogeneous in u;(x) and 
w(x), i.e., it depends only on the ratio of any 
constant factors multiplying these functions. 
Suppose we choose trial functions @;(x) and 
éys(x), where é; is a yet undetermined con- 
stant. The integrals (63) can then be evaluated 
with @;(x) and w,(x) replacing u;(x) and w,(x), 
respectively, and one finds from (62) 


—cotés = (£s°4s+2&7bs+07)/ ; 
(é°@s+2ésBs +77). (62’) 


TaBLE XIIIa. Triplet phase shifts and amounts of 
admixture at 15.3 Mev. (Tensor forces, rectangular well, 
variational calculation of coupled phases.) 











J sy 3,8 ay? ns” 
neutral —0.1030 

0 charged 0.5378 — 
symmetric 0.0751 
neutral 1.008 

1 charged — 1.4129 0.1153 0.0086 0.0712 
symmetric — 0.0549 
neutral 0.1390 —0.0004 0.0600 

2 charged —0.0200 0.0145 0.0015 0.2645 
symmetric —0.0142 0.0002 0.1259 
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TABLE XIIIb. Triplet phase shifts and amounts of 
admixture at 100 Mev. (Tensor forces, rectangular well, 
variational calculation of coupled phases.) 











J y* 3,8 7 as” 
neutral — 0.6567 

0 charged 0.8450 0 
symmetric 0.3024 
neutral 0.9795 

1 charged 0.4031 —0.7428 —0.1794 0.1984 
symmetric — 0.3222 
neutral 0.5820 —0.0794 0.3320 

2 charged —0.2196 0.6812 0.2231 0.9754 
symmetric —0.1118 0.0504 0.6478 
neutral 0.1071 

3 charged 0.1918 -—0.0555  -—0.0147 0.3016 
symmetric —0.0221 

4 any 0.0098 








This expression has now to be stationary with 
respect to é7. We find 


t;= — (By cotés+by)/(&s cotés+Gs). (64) 
From (62’) and (64) 
(a1 — Bs?) cot?6s+ (Gs7¥7+Gs07 — 26787) 
Xcotéz;+ a sé; — 6,? = (0), (65) 
The two solutions of this equation give the two 
phase shifts 5;* and 6,77. The constants é;* and 
£7 follow then from (64), and the amounts of 
admixture from (51) and (47), where one puts 
67*=67"=67%7 and replaces u s(x) and w(x) 
by ts(x) and £&*%b,(x). The identity (52) 
provides for a valuable check of the calculations. 
We used this variational procedure to calculate 
the cross sections for a rectangular well with the 
constants of Rarita and Schwinger® at 15 and 
100 Mev. The trial functions were those which 
correspond to the Born-approximation 


tiy(x) =Kxjyi(kx), d7(x) =Kxjyz(xx), 
Wy (x) = Kx jr41(kx). (66) 


These trial functions will give better results the 
higher the energy and the higher the value of J. 
In order to obtain an estimate of the error we 
calculated the phase shift for the S-state in the 
non-tensor case with these trial functions (i9(x)) 
and the variational principle (61). One finds 


2x co 
—cotd)=(—— 





7 ~)/(1~ jo) 
+ ju(2u)/(1—Jo(2x))?. 


fx kx 


(67) 
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The exact solution is 


xk’ 
—cotdo= ( 1+— cotk’ cotk / 
K 


K’ 
(cote-~ cote’). (68) 
K 

Figure 6 shows how the results compare for the 
triplet state at various energies. The error 
vanishes near 10 Mev (x~1) where the S-phase 
shift passes through —90°. It has a maximum 
near 130 Mev (x~3.5) and decreases for higher 
energies as expected. The variational value of 
|5o| is always larger than the exact value, and, 
therefore, the difference of the squares of sindy 
has to change sign near —90°. The small error 
below 40 Mev (x~2) is due to the fact that the 
first term of the expansion of the trial function 
with respect to xx becomes more and more im- 
portant, and that this term is the same as in the 
exact solution. At zero energy the exact and 
variational phase shifts are zero, and the function 
plotted in Fig. 6 becomes indeterminate; it 
approaches the finite limit —11.37 percent. 

A great number of the integrals (63) could be 
evaluated analytically, when the trial functions 
(66) were used. The results for the phase shifts 
and the amounts of admixture for n-p scattering 
at 15 and 100 Mev are shown in Tables XII Ia 
and XIIIb. Since the phase shifts for the un- 
coupled states can also be found by the exact 
formulas (13) and (14), it is easy to find the error 
of the variational procedure. A comparison of the 
exact and the variational *P») and *P; phases is 
made in Table XIV. 

The singlet, triplet, and total cross sections at 
15 and 100 Mev for -p scattering are tabulated 
in Table XV. The cross sections at 100 Mev for 
n-n scattering are given in Table XVI. 

Since, the partial wave y, »“is mainly an S-state 
as can be seen from the amounts of admixture, 
we will expect its contribution to the triplet 


TABLE XIV. Comparison of P-phases. 











Energy *Po Pi 
Mev Theory Exact Var. Exact Var. 
neutral —0.1030 —0.1023 1.0081 0.9151 
15.3 charged 0.5378 0.5104 0.1153 0.1141 
symmetric 0.07514 0.07496 —0.05489 —0.05483 
neutral —0.6567 —0.6422 0.9795 0.9328 
100.3 charged 0.8450 0.8149 —0.7428 —0.7219 


symmetric 0.3024 0.3009 —0.3222 -—0.3205 
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cross sections to be off the exact value by about 
the same amount as the S-state of the corre- 
sponding non-tensor case (Fig. 6). For 15 Mev 
(x~1.2) and 100 Mev (x=3.08) this error is 2 
percent and 22 percent, respectively. It amounts 
to a maximum correction of 0.01 barn and 0.0025 
barn for the total cross sections at these two 
energies (Table XV). The total cross sections at 
15.3 Mev are in excellent agreement with the 
exact calculations of Rarita and Schwinger® 
which obtained 0.621, 0.666, and 0.983 barn for 
the symmetrical, charged, and neutral theory, 
respectively. Exact calculations at 100 Mev by 
Ashkin and Wu!® give 0.129 barn for the total 
n-p cross section which is to be compared with 
our value of 0.1271(+0.0025 max.) barn of the 
symmetrical theory. All three theories give n-p 
cross sections at 100 Mev which compare well 
with the calculations at 83 Mev of Massey, 
Burhop, and Hu,!* namely 0.1410, 0.1577, and 
0.2388 barn for the symmetrical, charged, and 
neutral theory, respectively. 


CONCLUSIONS 


Recent experiments® ® on neutron-proton scat- 
tering at 90 Mev gave a cross section on» = 0.083 
+0.004 barn. The angular distribution in the 
center of mass system seems to be symmetrical 
around 90° and yields a ratio R=onp(r)/onp(4/2) 
of about 3. None of the phenomenological theories 
discussed so far in this paper yield these results. 
Qualitatively, the neutral theory is ruled out, 
because it leads to R<1; the charged theory 
leads to too large values of R; closest to the 
observations comes the symmetrical theory. The 
non-tensor theory leads to practically no sideward 
scattering, in contradiction to the experiments. 
A large increase of o(7/2) is obtained by the 
addition of a tensor part to the potential (com- 
pare Fig. 1 with Figs. 4 and 5.) 

At 100 Mev in the symmetrical theory, the 
tensor force increases the total cross section for 
a rectangular well, but decreases it for a Yukawa 

TABLE XV. Cross sections for n-p scattering at 15 and 


100 Mev. (Tensor forces, rectangular well potential, vari- 
ational calculation of phases.) 











15 Mev 100 Mev 
Theory onp®) anp) = anp onp®  anp) —anp 
Neutral 0.4369 1.1145 0.9833 0.06455 0.2602 0.2113 
Charged 0.4236 0.7262 0.6657 0.05523 0.1812 0.1497 
Symmetric 0.4445 0.6663 0.6108 0.16916 0.1131 0.1271 
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TABLE XVI. Cross sections for -n scattering at 100 
Mev. (Tensor forces, rectangular well, variational calcu- 
lation of coupled states.) 











Onn) ona?) Can 
Neutral 0.04636 0.32661 0.25655 
Charged 0.04636 0.16864 0.13807 
Symmetric 0.04636 0.03239 0.03588 








TABLE XVII. Neutron-proton cross sections at 100 Mev 
for an even interaction potential. (Rectangular well, phase 
method.) 











Force onp®) anp) np 
Central 0.02318 0.06543 0.05487 
Tensor 0.02318 0.09688 0.07831 








well. The latter yields o,,(Born) =0.089 barn 
with the better set of constants (Table X); the 
exact value may be larger by an error of the 
order of 5 percent. The Born approximation 
value of R is three times too large. A decrease of 
the tensor range could sufficiently decrease the 
total cross section and would make the angular 
distribution more isotropic. On the other hand, 
a relativistic correction would have to account 
for a decrease in the total cross section by 5-10 
percent; this is not impossible.®® It would also 
have to account for a large decrease of R. We 
conclude, that the symmetrical tensor theory with a 
Yukawa well may be in agreement with the experi- 
ments, tf the relativistic corrections at 100 Mev 
are taken into account and the tensor range is re- 
duced. 

Under the assumption that the symmetry of 
the angular distribution around 90° can be ex- 
perimentally established, a new type of exchange 
force suggests itself. It would consist of equal 
amounts of neutral and charged exchange poten- 
tial, such that only even states contribute to the 
cross section.*! The exchange operator in (28) 
would be in this case, as follows from (33), 


1+ 01°02 1+71° 72 
ie 2 ) 

=—(14+(-1)4). 
From our exact and variational calculations we 
find for a rectangular well of ranges 2.80 10-* 


cm the n-p cross sections at 100 Mev as shown 
in Table XVII. The total tensor cross section 


31 Ashkin and Wu (reference 10) quote Serber on this 
point. 
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may again be too small by less or about 0.0025 
barn. Since the odd states do not contribute much 
to the scattering at 90°, the differential cross 
section at this angle will be not much smaller 
than in the symmetrical tensor theory, where the 
odd states are reduced to one third in their 
potential. This will be close to the observed 
value. From the symmetry and the strongly 
reduced total cross section it then follows that 
R will be much smaller than in the symmetrical 
tensor theory. 

Two neutrons interact only in odd triplet and 
even singlet states. With the exchange force (69) 
they will interact only in singlet states. We find 


from (22): onn=2¢np“ =0.04636 barn. The sym- ~ 


metrical tensor theory gives (Table XV) cnn 
=0.03588 barn. The experimental value of the 
difference between the n-d and the n-p cross 
section at 90 Mev is®™ 0.034+-0.003 barn. How- 
ever, Wu and Ashkin® have shown that the n-n 
cross section may be appreciably larger than 


this difference. Therefore, either theory can be 


correct. 

Finally, one should mention that a potential 
of the exchange type (69) is also in agreement 
with the measurements of Laughlin and Kruger.‘ 
The ratio R=1.05 which follows from the calcu- 
lations of Rarita and Schwinger® for 15 Mev is 
certainly within the experimental error. 

We conclude, therefore, that, ¢f relativistic cor- 
rections at 100 Mev are negligible, the scattering 
experiments are consistent with a nucleon tensor 
force which acts only in even states. 
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APPENDIX: FORMULAS FOR THE DIFFEREN- 
TIAL AND TOTAL CROSS SECTIONS 


A. Born Approximation 
a. N-P Cross Sections 
With the notation used in this paper and the symbols 
§=2xsind/2, x=2«cosd/2, 
® T. Y. Wu and J. Ashkin, Phys. Rev. 73, 986 (1948). 


ROHRLICH AND J. 


EISENSTEIN 


the cross sections are found to have the following con- 
venient forms: 


For central forces and a rectangular well: 
Differential cross section, 


Onp(P) = d*r92717(E) /E? 
(singlet or triplet), 


Fnp(B) = dr 07 j17(x)/x? 
(singlet or triplet), 


neutral: 


charged: 


symmetric: 
np) (9) =ds2ro*Lj1(E)/E—2j1(x)/x J, 
np (9) =e ro*L fil) /E+21(x)/x]*- 
Total cross section, 
neutral and charged: 
ow= 5a — jo®(2x) — j12(2x) J 


; (singlet or triplet), 
symmetric: 


aap = FTA (5/4) [1 — oC) 
— ju*(2e) J Role) }, 
1 2x 


onp = 5 pr 71 (5/4) [1 — jo?(2«) 
— jr?(2x)]+Ro(x) }, 


where 


Role) = f° ju inGode 


=D (=I OL +N LI) jr-al©) nar] 


For central forces and a Yukawa well: 


onp(3) =D*ry2/(1-+82)2 
(singlet or triplet), 


Onp(?) = Nry?/(1 +x*)? 
(singlet or triplet), 


neutral: 


charged: 
symmetric: 
Onp (8) =Ary?[1/(1 +8)?—2/(1+x2)*], 
np (9) = $d2ry*[1/(1+8)?+2/(1 +x). 
Total cross section, 
neutral and charged: 
oap = Fah*(2e)*/[1 +(2e)*] 
(singlet or triplet), (A14) 
symmetric: 


4 5, GaP  -& 
con EM [Seat Tyra nL + 2) ‘I. 


(A15) 





1 2x)? | 4 
one =5 BM [speooit 142? In[1 +20)*]]. 


(A16) 





For tensor forces and a rectangular well: 
Differential cross section, 
neutral 


Onp) = Nero? f1?(E) /E2+8y72"(E) J, (A17) 
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charged: same with é replaced by x. 
symmetric: 
np = $ds*r0? { (71 (€)/E+2j1(x)/x]? 


+8y*[12"(&) — 2r2(E)ro(x) +4r2*(x)]}, (A18) 


where 


rat) =” jalu)e¥de = (3Sit—4 sinE-+£ cos8)/é*. (A19) 


Total cross section, 
neutral and charged: 


Gap) = Ede? {ALI — fo2(2u) — fr2(2a)] 
+8yR:(2x)}, (A20) 

symmetric: 

oun = 5 AGEL — jo*(2x) — jr*(2e) ]+Ro(«) 


+87*| SRa(2e)— " ra(t)ra(xéxdo] $, (A21) 


Ra(2e) =f” raX(e)ede. (a2) 


The integral over the cross term and the integral R2(2x) 
of (A22) can be evaluated analytically, but the resulting 
expressions are too complicated to be given here. 


For tensor forces and a Yukawa well: 
Differential cross section, 
neutral: 
Onp =Ae*ry?[1/(1+§*)2+8y*y2"(é) J, 
charged: same with é replaced by x. 
symmetric: 
Onp) = frPry?{[1/(1 +8) +2/(1+x?) }# 
+16y?[y2?(E) — 2y2(€)y2(x) +492*(x) J}, 


where 
y(t) = fo" jalgu)er*nde 
=F(1—tan48/8) -1/+8%, 


Total cross section, 
neutral and charged: 


(2x) 


Tropitlerra29|, 


(A26) 


Onp Oa 


symmetric: 


asus 3 LA 


9 


« Ge? . 4 
T+ x)? 1+2«? 


+16y4[ 5¥2(20)— yal®)yn(xdéxda] b, (A27) 


rz 





In[1+(2x)*] 


where 


Yo(2x) = f° y:2(8) 8dg=2—-41/[1 + (24)*] 
— (9/4)1/(2x)*— ¥(tan#2u)*(1+3/(2«)4) 


— § tan“12«(1—3/(2x)*)/2«. (A28) 


b. N-N Cross Section 


The singlet cross section is the same for all exchange 
theories, central or tensor forces. It is for a rectangular well 


nn (F) = dare? filé)/EFAi(x)/x}, (A29) 


oan = TAAL — jot(2e)—fi(2e) +2Ro(«)],  (A30) 


and for a Yukawa well 
oan )(8) =d7,?[1/(1+€2) +1/(1+x2)], (A31) 


(2x)? , 
1+(2x)?° or 2 





Onn) “Fu Inf + (2«)*)]. (A32) 


The triplet cross section in the charged theory is the 
same as in the neutral theory, and in the symmetrical 
theory it is 3th of that in the neutral theory. The neutral 
triplet cross section is— 


for central forces and a rectangular well: 
Gan (9) = dP ro? ji (&)/E—i(x)/x}*, (A33) 


Can") =35 2[1—jo?(2x) —j1*(2x)—2Ro(x)], (A34) 


for central forces and a Yukawa well: 
ona (9) =APry*[1/(1+82) —1/(1 +x?) #, 


(2x)? 1 
1+(2x)? 1+2« gin 





cun' = Ena alt+(20)*]]; 


for tensor forces and a rectangular well: 


oan (9) =de*ro* {jr (€)/E— rl) /x FP 
+8y*[172?(E) +r2(é)ro(x) +r2*(x) J}, 


oma = EN 1 — jo2(2) — j,9(2x) —2Ro(x) 
+87'[ 4Ra(2e) +f" n(dradindo |, (A38) 


where Ro, 72, and R: are defined in (A9), (A19), and (A22) ; 


for tensor forces and a Yukawa well: 
oan (8) = ery? {(1/(1 +8) —1/(1 +x?) ? 
+8y?[y2?(&) +2(é)y2(x) +92(x) J}, 


(2)? . 


ud (EM {root Tae zin[1 + (2«)?] 





+8r1[2120+5 f" n(@nCdexde |}, 


where yz and Y¢ are defined in (A25) and in (A28). 
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B. Phase Method for Tensor Forces 


The differential cross section (59) can be written 


a) (3) = ia z Cn COS"3. (A41) 
When all the S, P, and D states are taken into account, 
but the coupling to higher angular momenta is neglected, 


one obtains for n-p scattering 


(: tay") (rar) (3S1) 


2 cosh?¢, 
i-— — 1 
(- gr") 
2 cosh?¢, (<a) |, 


hgi+1/(8)#)? 
2 cosh?¢, 


com (*Pa) + fe 


” +15 (0P2) + |1- 





29 (Ds) +45(D,) — 2 


ecinastiganalitdie 


5eh1(1 +vie41)2 


24 coshf1 (*D1+*Ds) 





+2, (Dit Ds) — 


~ feet 
i ( 
as 2 coshf; (*Si+2Da) 
_ Se~$1(1 — v2eFs)2 
24 coshf1 
e7$1(1 —v2eh1)2 
4 a 


(3S1+%Ps2) 





(3S1+D2), 








_ evhi(ehi+v2)? 
16 coshfi 
10e%1— 


x (15,-+4P,) + O16 cake, 


Sieh — 
+ an : aida )—3(Pet Ds) 


f —fi)2 
+O P+ Di) —30Pi+ Di) 
Se~fi— Beh 
6 coshf; 


(®Sit+*Po) + 





(Pst *D:)—3 (Pat *D2) 
+(*P2+5D3), 


+ 
(A42) 


1 2 
1+—eh 
=5 “ae ae 


cosh?f; 


1— 
(ayi° 
ie a, oye 


+(*Po+*P2) secs —2 (Dit Ds) 


5 eft(1+-v2e-$1)2 
+3 ~~ (?Di+*D2) 


F Binsin tah 


2 
+ 2 coshf, 


45 ehi(1 —vieh1)2 
8 cosh¢1 





(?Di+5Ds) 





(?Si+*Ds) 


Le a, Se 
an 
2 coshf 


ot. Teosht; ot Ps) +3(¢Pot4Ds) +3 3(¢P1+ D2) 
Sehr 


tSCPit Da) tT ccchpiee tt PD 
+5(?P2+%Dz2) +3(%P2+Ds3) }, 





(3Si+4Ds), 


C= 


c= 2 (8Ds) +23 (Ds) + (Dat Ds) 


45eh1 


+3 coshf; 


(3Di+*D3) +goS = CSi+ Do), 
where 
$1 = —Inm%, 
a>L= :" 1 


(Lz) =sin%y* FY BoL= 
y>L= 74 


(@Ly+3L' sy) =2 sinds® 7 sindz-%8 1’ cos(6y—55'). 


The n-n cross section is obtained from this by omission of 
all the even phases and multiplication by a factor of four. 


(A43) 
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Targets of aluminum leaf 30 kev thick have been bom- 
barded by deuterons and found to emit protons in 14 
groups and alpha-particles in four groups. These correspond 
to levels in Al® and Mg”. The level spacing in Al* appears 
to become somewhat less at excitation energies of 5 Mev, 
and the population of the highly excited states is greater. 
There appear to be five major groupings, each having a 
finer structure. Observation at 90° and 0° with respect to 
the incident deuterons shows a considerable variation in 


relative yield. In comparison with neutron scattering levels 
for the same nucleus, the spacing here observed is greater. 
This may be due to the adverse selection of groups of high 
angular momentum on account of the Coulomb barrier. 
The level spacing in Mg* is approximately 0.8 Mev. From 
the maximum energy of the protons and alpha-particles 
the mass difference between Al* and Al” is found to be 
1.00073+0.00008, and between Mg” and Al” is 1.99619 
+0.00006 mass units. 





INTRODUCTION 


STUDY of particle groups produced in the 

bombardment of elements between Ne and 
A! shows that they possess group structure cor- 
responding to deep energy levels in the product 
nucleus. In the case of Al?’ it was observed by 
Schultz, Davidson, and Ott? that the proton 
groups correspond to a level separation which is 
small so that no actual values for the nuclear 
energy changes could be given. More recent 
work by Allan and Wilkinson’ using deuterons of 
much lower energy shows the presence of four 
well marked groups with a total excitation energy 
of a little over 2 Mev. 

For the emission of protons the product 
nucleus is Al?*, Evidence regarding the level 
structure of this nucleus has been gained by 
Allen, Burcham, and Wilkinson‘ and Seagon- 
dollar and Barschall’ by observing the variation 
in the total neutron cross section of aluminum as 
a function of neutron energy. These experiments 
show the presence of levels at excitation energies 
above 7 Mev. It would be interesting to try to 
observe proton groups of short range and at high 
bombarding energies to attempt to observe the 


* Assisted by the Joint Program of the Office of Naval 
Research and the Atomic Energy Commission, 

1 Elder, Motz, and Davison, Phys. Rev. 71, 917 (1947); 
P. W. Davison, in course of publication; E. Pollard and 
P. W. Davison, Phys. Rev. 73, 1241 (1948). 
as ee Davidson, and Ott, Phys. Rev. 58, 1043 

3H. R. Allan and Mrs. C. A. Wilkinson, Proc. Roy. Soc. 
(in course of publication). 

4 Allen, Burcham, and Wilkinson, Proc. Roy. Soc. A192, 
114 (1947). 

5L. W. Seagondollar and H. H. Barschall, Phys. Rev. 
72, 439 (1947). 


same levels as found in the neutron scattering 
work. Our experiments do not permit this direct 
comparison to be made but show a trend which 
enables energy spacings to be estimated roughly. 


EXPERIMENTAL METHOD AND RESULTS 


The beam of the cyclotron is brought out 
through a deflecting magnet into a bombardment 
chamber as described by Martin.* Since the 
proton spectrum is known to be complicated, it 
is essential to remove any possible source of con- 
tamination by high yield elements. To aid this, 
the target of aluminum was suspended across a 
large C-shaped support so that no protons could 
emerge through the proton port unless they 
originate in the leaf. In this way any backing 
material is eliminated from the target. Observa- 
tion was made at 90° to the deuteron beam by 
this method. For 0° observation the target was 
placed in the end of the bombardment chamber 
and backed by sufficient gold to stop the beam. 
The end of the bombardment chamber was made 
vacuum tight by an aluminum foil. 

At these bombarding energies the cross section 
of aluminum is comparable with, or greater than, 
that of lighter elements. Therefore, there is no 
reason to expect larger yields from contaminants 
than from aluminum. A possible exception is 
oxygen, which has a high cross section and which 
is present as a thin oxide layer on the surface of 
the leaf. Groups having Q values close to those of 
oxygen were accordingly suspected, and a special 


6 Albert B. Martin, Phys. Rev. 71, 127 (1947). 
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TABLE I. Beam energy determination. 



















































Direct beam range Proton range variation 


3.79+0.05 3.80+0.07 


Scattered deuterons 


3.74+0.05 











series of bombardments was undertaken to in- 
vestigate the possibility of oxygen contamination. 
The energy and homogeneity of the beam were 
measured by three methods. The first was by 
scattering the deuterons from a gold leaf and 
observing their range using a proportional 
counter for detection. The results are shown in 
Fig. 1 as the full curve. A second series of mea- 
surements were made on the direct beam using a 
galvanometer to detect the deuterons and a 
small gas cell to introduce variable absorption 
into the beam. A third check on the beam energy 
was obtained from reduced energy bombardment 
of the target. A foil of 9.50-cm air equivalent was 
placed in the path of the beam. The maximum 
energy of the protons in the reaction Al?"(dp)Al?* 
then fell from 89.0 cm to 54.0 cm. Table I shows 
the beam energy as derived in the three -ways. 
The direct beam measurement is to be preferred. 
The individual measurements by this method are 
considerably better than indicated by the errors 
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WM Fic. 1. Scattered deuterons and differential curve of 
beam. The full curve shows the variation of yield of 
deuterons scattered from a thin gold leaf as the thickness 
of absorber is increased. The dashed curve is derived from 
range measurements made on the direct beam using a 
galvanometer for detection. 
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given, but because the beam energy is not com- 
pletely homogeneous across the target, a larger 
estimate of error has been taken. A value of 3.79 
Mev has been used in our calculations. 

The beam homogeneity can be inferred from 
Fig. 1. There is a certain amount of low energy 
beam, which will account for very small yields 
between proton groups. This is probably due to 
scattering as the beam emerges from the cyclo- 
tron. The half-width of the great majority of 
the beam is 1.20 cm, the theoretical half-width 
caused by straggling in the absorption cell is 0.4 
cm, so that the spread of energy of the beam is 
+0.083 Mev. 

- In the measurement of ranges aluminum foils 
were used. These were corrected by the calibra- 
tion curve of Livingston and Bethe to air equiva- 
lent. A correction was applied for the effective 
depth of the proportional counter; however, it 
is not too precise a correction as the value 
depends on the bias of the counters. For scat- 
tering measurements and alpha-particle range 
determination a helium-filled counter was used, 
which greatly reduces this correction. The 
equivalent counter depth was taken to consist 
of two parts, the first the drift space before the 
discharge region is reached, and the second the 
depth of gas required to give the detected pulse. 
The drift space corresponded closely with the 
distance from the front of the counter to the 
axial wire. 

The ranges were read as extrapolated numbers 
range. There is a small error involved in so doing 
as the target is not infinitely thin. However, the 
same procedure was applied to the measurement 
of the beam range and repeated comparisons 
have shown that the error introduced is smaller 
than other experimental errors. The Cornell 
1937 range energy relations were used. 


‘ Proton Group Observation 


The results of a typical run, of which ten were 
taken, at 90° to the incident beam are shown in 
Fig. 2. The bias level of the counting circuit was 
set so that only particles very close to the end 
of their path would record. It can be seen that 
five broad sets of particle groups are present. 
Careful observation led us to consider that the 
group of maximum energy is single or, if a 
doublet, cannot be resolved with our equipment. 
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The second pair of groups appear to be single. 
This is then followed by a set of three groups of 
decreasing yield as excitation increases and a set 
of two and perhaps three groups follows it. The 
highest yield set consists of five imperfectly re- 
solved groups again falling off in yield as the 
excitation increases. The Q values for all these 
groups are given in Table II. Of these groups Q, 
and Qi are possibly due to oxygen contamina- 
tion. This is further discussed later. 

Since the region of greatest interest is that of 
high excitation, a series of runs was taken in 
which the particles of ranges between 13 cm (the 
elastically scattered deuterons) and 30 cm were 
carefully examined. For this a low solid angle 
arrangement with a thinner target and an air 
absorption cell was used. The results are 
shown in Fig. 3. Five groups are believed to be 
present. Four can definitely be seen, and the 
presence of the fifth is deduced from the excessive 
width of the group at 24 cm. 

Independent information on group structure 
can be obtained by varying both the angle of 
observation and the beam energy. A run taken 
at 0° with respect to the beam is shown in Fig. 4. 
Six groups are clearly seen, of which two, those 
ending at 58 cm and 42 cm, are abnormally wide. 
The angular resolution in this run was not so 
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TABLE II. Q values. 











Al?8 (90°) o° Mg (90°) 

Qo 5.45+0.05 Mev 5.38 Mev 6.52+0.06 Mev 
Q1 4.42+0.05 4.36 5.7140.08 
s 3.88+0.10 3.74 4,94+0.08 

3 3.29+0.07 3.28 3.98+0.08 
2 2.84+0.08 2.72 

5 2.48+0.10 
Os 2.04+0.08 1,98 
Qr 1.55+0.10 

8 0.98+0.12 0.96 

9 0.73+0.05 

10 0.57+0.10 

rT 0.29+0.08 

12 0.01+0.08 

13 —0.31+0.08 








good as the 90° case which accounts for the 
poorer resolution. It can be seen that the relative 
yield of the groups is greatly different, a fact 
that has been observed in other reactions.’ In 
this set of runs it was necessary to stop the beam 
in gold foil. This gold foil has a varying air 
equivalent for different energies. This variation 
is discussed in Bethe and Livingston’s review 
article but the precision they claim is not very 
high. In order to enable the calculation of Q 
values from these data, we made a calibration 
of the gold foil by inserting it in the 90° absorp- 
tion path and making a direct comparison with 
aluminum absorbers. The results we obtained 























Fic. 2. Typical run at 90°. 
Absorption curve for the protons 
emitted at 90° to the deuteron 
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beam. Five sets of groups can be 
seen, and 13 total groups at 
least are present. The yield is 
higher for high excitation. 
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7 Powell and co-workers, unpublished ; N. P. Heydenburg and D. R. Inglis, Phys. Rev. 73, 230 (1948); P. W. 


Davison (in course of publication). 
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TABLE III. 








Measured range correction Range correction 
Av. proton energy in needed using 3.77 mg/cm? using Bethe and 
12.5 cm of gold per cm of air Livingston data 
8.23 Mev 3.5 cm 3.26 cm 
7.22 3.0 3.09 
6.72 3.3 2.92 
6.07 3.10 2.81 
4,90 y 2.48 








are given in Table III. Such a procedure is not 
highly precise unless extreme care is taken; 
however, our results are in good agreement with 
Bethe and Livingston. 

Using this calibration the Q values given in 
Table II, second column, were calculated. Agree- 
ment with the 90° data is reasonable when al- 
lowance is made for the poorer geometrical con- 
ditions. 

Some groups appear to be missing at 0°. Thus 
Qs and Qe appear definitely in the 90° run, but 
only Qs is apparent at 0°. This is surprising 
because the vanishing of cos@ at 90° would be 
expected to modify the yield at that angle and 
reduce the intensity of some groups. It is sur- 
prising to find the 90° spectrum apparently 
richer. 

The results of bombardment at different beam 
energies are shown in Fig. 5. The general ap- 
pearance of the spectrum does not change very 
much, though the yield does diminish gradually 
for all groups. The fact that the cross section in 
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the O1*(dp)O" reaction should be higher at this 
energy enables some estimate of the proportion 
of oxygen contaminant present. At a 1.5-Mev 
bombarding energy the actual yield of a sus- 
pected oxygen group is one-half that at full energy. 
Therefore, it is unlikely that more than half this 
suspected group is due to oxygen. We feel that 
Q7 represents a mixture of yield from aluminum 
and oxygen but is not purely due to either. 

Apart from the question of oxygen contamina- 
tion, this curve shows that no considerable 
resonances occur except in the Qs—Qs region. 

An integral curve, in which all protons were 
counted, was plotted. From this approximate 
values for the cross sections of each group were 
estimated. These are shown on the energy level 
diagram, Fig. 7. 


Alpha-Particle Group Observation 


An attempt was made to observe proton groups 
of range less than that of the scattered deuterons. 
It was found that groups of highly ionizing par- 
ticles existed, of greatest range somewhat less 
than the maximum range of the deuterons. By 
increasing the counter bias it was found possible 
to avoid counting deuterons entirely and detect 
only these groups of particles. Their ionization 
density checked with that of ThC’ alpha-par- 
ticles, and we conclude that they are due to the 
reaction Al?’(da)Mg*, 

The results of a measurement of yield versus 
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Fic. 3. Detail of proton groups 
at high excitation. Absorption 
curve in the high energy region 
showing the multiplicity of 
proton groups at low energy. 
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Fic. 4. Protons at 0°. Ab- 
sorption curve for the protons 
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absorption are shown in Fig. 6. Four groups of 
alpha-particles are observed. The Q values are 
given in Table II, and the cross sections are 
shown in Fig. 7. 

The fact that the use of biasing methods was 
successful is due to the high resolution attained 
by the counters and amplifiers. We wish to give 
full credit for this design to Dr. H. L. Schultz of 
this laboratory. 


DISCUSSION 


Energy level diagrams for Al** and Mg*® are 
given in Fig. 7 with the cross sections of each 
group based on observations at 90°. For com- 
parison the levels found by Allen, Burcham, and 
Wilkinson, and by Seagondollar and Barschall 
are shown. The degree of excitation in the neu- 
tron scattering work can be accurately inferred 
from our data. Thus the maximum Q value sets 
the energy difference due to mass between the 
sum of a deuteron and Al?’ and of a proton and 
Al?8 as 5.45 Mev. The energy difference due to 
mass between the sum of Al?’ and a neutron and 
Al*® can then be found to be 7.62 Mev. This 
makes use of the accepted values for the mass of 
deuteron, neutron, and proton. Accordingly, the 
minimum excitation energy in the neutron scat- 
tering experiments is 7.62 Mev. Our data do not 


quite overlap this work, but approach it so 
nearly that the trend can be inferred. It appears 
definitely that the level spacing we observe is 
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Fic. 5. Protons at different bombarding energies. Ab- 
sorption curve for protons emitted at 90° to the beam for 
four bombarding energies. No great change in relative 
yield is pea except for the region Qs—Qs. 
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Fic. 6. Alpha-particle groups. Absorption curve for 
alpha-particles emitted at 90° to the deuteron beam with 
a superposed curve for the two groups of alpha-particles 
from ThC’. 


larger than that found by Seagondollar and 
Barschall. 

A possible explanation for this can be found in 
the condition affecting the emergence of protons. 
The region of high excitation, say from Q, up to 
Q13, is one in which the protons are near the 
energy of the potential barrier. Penetration 
through the barrier is possible but will diminish 
the cross section for any groups for which it is 
necessary. This factor is increased for groups 
having high angular momentum, and we suggest, 
therefore, that our experiments fail to detect 
groups having a value of / in excess of 2. This will 
increase the apparent level spacing for higher 
excitation. 

A consideration of energy level spacings and of 
the relative yield of particles has been given by 
Weisskopf,* who points out the influence of the 
potential barrier as given above. If we take the 
relation he suggests, namely, ’ 


D=A exp[ —BE?], 


where D is the level spacing at excitation energy 
E and A and B are constants for any one nuclear 
species, we find from our data A = 1.48 Mev and 
B=0.77 (Mev)-!. These values predict a level 
spacing in Seagondollar and Barschall’s work of 
0.16 Mev, whereas the observed spacing is more 
nearly 0.06 Mev. 


§ Victor F. Weisskopf, Phys. Rev. 52, 295 (1937). 
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On the other hand, if our level spacing at 1.9 
Mev is taken together with the value 0.06 just 
quoted, the resulting values for A and B are 4.0 
Mev and 1.48 (Mev)-}, respectively. This 
requires a spacing at 5.15 Mev of 0.14 Mev which 
is about 50 percent of our observed value. How- 
ever, if it is supposed that these values of A and 
B are right and that in our experiments only 
levels of low angular momentum are observed, 
the agreement is not so bad. If this supposition 
is right then for bombarding energies of 7 Mev 
and up, with good resolution in detection, there 
should be found several more levels between our 
Oc and 013. 
' This same line of reasoning makes it likely 
that the levels Qo to Q; are the actual deep energy 
levels of Al?*. This is made the more likely 
because of the close agreement between our 
experiments and those of Allan and Wilkinson 
for the values Qo to Q3. If actually there are 
several levels not found due to selection rules, it 
is to be expected that at higher bombarding 
energies at least one would show up. Our experi- 
ments were at four times their bombarding 
energy. 

The most striking features of the proton ab- 
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Fic. 7. Level schemes and cross sections. Energy level 
diagrams for Al* and Mg* as derived from our work. For 
comparison the levels derived from scattering are shown. 
















sorption curve are the two “sawtooth” sets of 
groups. It may be that this is due to the effect of 
the barrier on groups of increasing angular 
momentum, in which case the highest local peaks 
would be 5S levels. 

The three excited states of Mg* are shown in 
Fig. 7. These should agree with levels found from 
other reactions, such as Mg**(dp)Mg*. The fact 
that three isotopes of Mg exist renders the 
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correct assignment of Q values difficult, so no 
comparison can be made at present with our 
values. 

The mass differences Al?*— Al?” and Al??— Mg” 
are 1.000735 and 1.99619, respectively. 

We wish to thank Professor R. F. Humphreys 
for much valuable discussion and Professor 
Howard L. Schultz for design of and assistance 
with the counting circuits. 
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I. INTRODUCTION 


HE nature of the products of decay of the 
ordinary cosmic-ray mesons (y-mesons) is 
still unsettled. Recent experiments! however, 
have established that the decay does not result 
in the emission of a 50-Mev photon, as would be 
expected if the process involves simply the 
emission of two bodies, and the u-meson has a 
spin of one-half. From the theoretical point of 
view, there is another possibility for the emission 
of electromagnetic radiation in the decay, which 
is of interest since it can occur regardless of the 
nature of the other particles emitted and is one 
of the few processes involving mesons which is 
* Summary of a thesis presented in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy 
at Harvard University. 
** Now at Institute for Advanced Study, Princeton, 
New Jersey. 
1E. Hincks and B. Pontecorvo, Phys. Rev. 73, 257 


(1948); R. Sard and E. Althaus, Phys. Rev. 73, 1251 
(1948); O. Piccioni, Phys. Rev. 74, 1236 (1948). 
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The probability has been calculated that a meson of integral spin disintegrates into an elec- 
tron, a neutrino, and a photon. This is essentially a classical process, the radiation being re- 
garded as caused by the acceleration of charge in the disintegration. Because of the classical 
nature of the problem, the result is independent of the quantum mechanical properties (spin, 
coupling) of the meson field. For definiteness, the non-radiative decay is taken as being a 
two-body process in accordance with the original Yukawa theory, but several different types 
of couplings are used. The quantum mechanical probability for emission of one photon diverges 
at the low frequency end of the spectrum; this difficulty is avoided by using as a measure of 
the process the ratio of mean energy emitted to mean energy available for the process per 
unit time. This is of order e*/hc; the energy spectrum also is in agreement with the classical 
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essentially classical in nature. If the meson is at 
rest before disintegrating, and the decay electron 
has a high velocity, the sudden acceleration of 
charge should produce radiation. Quantum me- 
chanically, this corresponds to a higher order 
process, in which a photon is emitted as well as 
the ordinary decay products. Similar calculations 
for radiative beta-decay of nuclei have been 
performed by Bloch and by Knipp and Uhlen- 
beck.? y 

Because of the classical nature of the problem, 
the quantum mechanical details of meson spin, 
and type of interaction between the meson and 
electron fields, which are not known from experi- 
mental evidence, should not affect the results. 
Some calculations for different types of inter- 
actions will be indicated, however, since they 
afford an interesting example of the way in 





















?F. Bloch, Phys. Rev. 50, 272 (1936); J. Knipp and 
G. Uhlenbeck, Physica 3, 425 (1936). 
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which the classical nature of the problem can be 
used to simplify the quantum mechanical results. 
Since our primary purpose is merely to indicate 
this relation between classical and quantum 
mechanical results, for definiteness the original 
idea of Yukawa, that the decay products are an 
electron, and a neutrino will: be used, although 
there is evidence that the process involves the 
emission of three bodies.® 


Il. CLASSICAL TREATMENT 


The qualitative classical ideas given above can 
be extended to give a quantitative estimate of the 
probability of the process. The acceleration of 
the charged particle can be taken as caused by 
a finite pulse, say of form, 


a(t) =ca/(a?+F). 


(Since this argument is concerned only with 
the order of magnitude of the effect, we omit the 
factor 2/m needed to make this approach c times 
a delta-function.) The ‘‘width’” @ can be deter- 
mined by the uncertainty relation, 


ahw~1, 


Aw being the frequency band-width of the 
emitted spectrum. In order of magnitude, Aw is 
roughly the same as the frequency of the quan- 
tum of maximum energy which can be emitted, 


hwmax ” Zuc’, 
u» being the meson mass. Thus, 
Aw=pc?/h. 


This mixing of quantum properties with a 
classical theory is essential, since the basic 
process of meson decay is non-classical in nature. 

The classical total energy emitted during such 
an acceleration is then, 


E~yc?(e?/he). 


The energy available for the process is of order 
uc”, so less than one percent of the energy should 
be emitted in the form of radiation. The fact 
that the effect is of order of the fine-structure 
constant of course is a quantum mechanical 
result also. 

The form of the energy spectrum can be found 


3 J. Steinberger, Phys. Rev. 74, 500 (1948). 
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by taking the fourier transform of the accelera- 
tion pulse. This spectrum remains finite at the 
low frequency end, and must be cut off at the 
upper limit determined by energy and momen- 
tum requirements. The first fact corresponds 
quantum mechanically to the so-called “infra-red 
catastrophe’ which results from an unjustified 
calculation of the probability of emission of a 
finite number of photons, and the second fact 
means that the spectrum must fall rapidly to 
zero near its upper limit. 


Ill. QUANTUM MECHANICAL TREATMENT 


For simplicity, we consider the meson initially 
at rest, and later indicate the results if the decay 
occurs while it is in motion. Only a negative 
meson will be considered, since the results are 
identical for both signs of charge. Further, the 
process will be described in the usual manner as 
involving the creation of an anti-neutrino, rather 
than a neutrino, both electron and neutrino then 
being regarded as two states of the same particle 
with different isotopic spin. 

For the fields of vector and pseudoscalar types, 
there exist matrix elements for the direct transi- 
tion from the initial state to the final state in 
which the electron and photon are present. 
However, such first-order processes do not give 
rise to low frequency divergences characteristic 
of the radiative corrections, and hence are 
negligible in comparison with the second-order 
terms at the low frequency end. Since the con- 
tributions to the cross section from all terms 
vanish at the high frequency end of the spectrum, 
these first-order terms do not give appreciable 
contributions to the cross section at any part of 
the spectrum, and hence may be neglected. For 
the pseudoscalar field, this neglect is further 
justified by the fact that the direct interaction 
vanishes if the coupling is of the pseudoscalar 
type. Because of the relation between the pseu- 
doscalar and pseudovector couplings in the weak 
coupling approximation,‘ this further justifies the 
neglect of the direct term for the general pseu- 
doscalar field. 

There then exist the following types of possible 
second-order transitions: 


*E. C. Nelson, Phys. Rev. 60, 830 (1941); F. J. Dyson, 
Phys. Rev. 73, 929 (1948). 
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1. The meson is virtually annihilated, creating an elec- 
tron and an anti-neutrino; the electron then virtually 
emits the photon. 

2. An electron-positron pair is created with emission of 
a photon; the meson is then annihilated by absorbing the 
positron and emitting an anti-neutrino. 

3. The meson first virtually emits the photon and then 
decays with the creation of an electron and an anti- 
neutrino. 


The necessary matrix elements are all either 
well-known or obtainable from previous litera- 
ture,® and will not be derived here. The apparent 
complexity due to the large number of possible 
intermediate states can be considerably reduced 
as follows. 

The second type of virtual transition is due to 
the requirements of the hole theory of the Dirac 
electron, which forbids transitions into filled 
negative energy intermediate states. However, 
the same results are obtained if we do not use 
the hole picture, but use only the first process, 
and sum over both positive and negative energy 
intermediate states. 

The third process need not be considered at 
all for the scalar or pseudoscalar fields, for a 
spinless particles at rest cannot interact with the 
electromagnetic field. The interaction term is, 


H un= —(iee/W) { [A-(9¥6*—@"V6) Ur, 


A being the transverse vector potential and ¢ 
the meson wave function. In a momentum space 
representation of this term, the gradient operator 
produces terms of the form f-k’, f being the 
photon polarization, and k’ the momentum of 
the meson in the intermediate state. However, 
if the meson is initially at rest, 


k’ = —x, 


where x is the photon wave vector, so f-k’=0. 
The meson-radiation interaction does not 
vanish for particles of non-zero spin at rest 
(Dirac electron, vector meson). However, a direct 
calculation of terms resulting from this process 
shows that they do not give the low frequency 
divergence, and hence may be neglected. This is 
again understandable from the classical model. 
In the process in which the electron emits the 


5H. A. Bethe and L. W. Nordheim, Phys. Rev. 57, 998 
(1940); T. S. Chang, Kgl. Danske Vid. Sels. Math-fys. 
Medd. 19, No. 10 (1942). 
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radiation, the interacting particle has been 
accelerated, hence classically is capable of emit- 
ting radiation, whereas if the meson interacts 
with the radiation first it has not been acceler- 
ated, and hence classically will not radiate. 
With the above simplifications, the transition 
probability can be calculated’ in a straight- 
forward manner. One must be careful, however, 
not to make the approximation of neglecting 
the terms of order (electron mass/meson mass)? 
which arise in the energy denominators, or the 
integrals over the directions of the emitted 
particles will diverge. This again follows from 
the classical model, since in the decay of an 
infinitely heavy meson, the electron would be 
accelerated to the velocity of light instantane- 
ously since Aw would be infinite, and hence 
infinite radiation would be produced. Although 
the integrals which occur can all be evaluated in 
terms of elementary functions, it is convenient 
and of some interest to make use of the relation 
between the two pseudoscalar theories to avoid 
having to evaluate the integrals for the vector 
meson separately. 
» The probability per unit time of emitting a 
photon of frequency w can be written as, 


1 2 
w(w)dw =—— | uc —2hw— 
2ah he 


us 


me 


uc? Jw 

‘G2 

Py -I,(w) ; scalar meson ; pseudoscalar 
meson with pseudoscalar coupling. (a) 

F? i 

—-I,(w) ; pseudoscalar meson with 

X34 he 

(b) 


pseudovector coupling. 


ip F,? G?? 
| nt21) += ent 1) | 
3L he he 





(c) 


where J, and J, are certain functions of w 
obtained by integration over the relative angles 
of emission of the electron and anti-neutrino. 
Now from the relation between the two pseudo- 
scalar theories,* we must get the same result 
from (a) as from (b) if we make the replacement, 


G,—> — (m/p) Fi. 


vector meson, 


v 








DANIEL 


Energy 
arbitrary 
units) 





0.4 





l l 
oO Oi O2 03 05 


Fic. 1. Energy spectrum of emitted radiation ; 4 = 200 m. 


For different couplings the ordinates should be multiplied 
by the appropriate constant factor. 


m\2 
1-(=) hh, 
L 


so that we can neglect J, in the vector meson 
formula. 


But therefore, 


Evaluating J, we get, with c=hw/yc’, 
m?/p? 2 
1— ~) 


1 e? yc? 
w(w)dw =— — —{ 1— 
nhc h 


x {CA — KH] in(- aa) —2(1-%) I< 


m?2 


rG?/hc; scalar meson. 

( Gi m Fy, 
(hc)* mw (he) 
1F 2G? 

(eae 

WS ade Sade 

The energy spectrum is obtained by multiplying 

these expressions by fw. It shows the same 

characteristics as the classical result (Fig. 1). 

As predicted, the cross section diverges loga- 
rithmically at the low frequency end, so that the 
lifetime calculated by integrating w(w) over-all 
frequencies is zero. A meaningful estimate for 
the probability of the process can be calculated 


by the method used by Bloch for the radiative 
beta-decay of nuclei.2 We use the ratio of the 





2 
) ; pseudoscalar meson. 


; vector meson. 
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mean energy emitted in radiation per unit time 
to the mean energy available for the process per 
unit time, which is essentially the non-radiative 
(first order) lifetime times the meson rest-energy. 
Because the interaction constants for the various 
theories of non-radiative decay®} always occur 
in the same combination as here given, the result 


is, 
1 ers 31 
r-bfta(2)-2 
4nr hcl3 m 9 
for all interactions. This result also holds for 
mixed theories of meson fields. For a meson 


mass of 200 electron masses, R=0.84e?/hc =0.6 
percent. 


IV. CONCLUSION 


The essential features of the quantum me- 
chanical result all have analogs in the classical 
treatment. The final result can be transformed 
to a moving system to consider possible changes 
that occur if the meson decays while in motion. 

The results of such a Lorentz transformation 
are four in number: the relativistic mass increase, 
aberration and Doppler shift of the radiation, as 
well as the time dilatation which alone occurs for 
non-radiative decay. If the angular distribution 
of the emitted radiation is isotropic in the rest 
system, then from a system in motion relative 
to it the radiation appears bunched along the 
direction of travel. ‘However, although more 
energy is emitted by a moving meson because of 
the mass increase, the time dilatation just 
compensates this effect, and both the mean 
energy and the relative mean energy emitted 
per unit time are independent of the motion. 

I wish to thank Professor W. H. Furry for 
suggesting this problem, and for. much helpful 
discussion during its solution. 


t Note that in Chang’s paper the sign of f; should be 
reversed in the formula for the lifetime, if the usual choice 
for the Dirac Hamiltonian, 

H=—ca-p—Bmc 
is used. 

6 This well-known result is derived, for example, by 
L.!Janossy, Cosmic Rays (Oxford University Press, Lon 
don, 1948), Section 152. 





PHYSICAL REVIEW 


VOLUME 75, 


NUMBER 5 MARCH 1, 1949 


The Interaction of Nuclear Electric Quadrupole Moments with Molecular Rotation 
in Asymmetric Top Molecules. II. Approximate Methods for First-Order Coupling 


J. K. Brace 
Cornell University, Ithaca, New York 


AND 


S. GOLDEN 
Hydrocarbon Research, Inc., New York City, New York 


(Received November 29, 1948) 


An expression is developed for the rotational dependence of (0?V /2z*)y for asymmetric top 
molecules. The expression is valid for all rotational energy levels, and requires only a knowledge 
of the reduced energy spectrum as a function of asymmetry of the rotor. 

The application of three distinct methods of approximating the energy of the asymmetric 
rotor to the expression for (0? V//02*)w is described. This permits the calculation of quadrupolar 
interactions for certain rotational states (in particular, those of high J) for which energies 


have not yet been tabulated. 


The expressions which are derived will usually prove to be at least as accurate as the first- 
order approximation to the quadrupolar interaction, in which (07V/d2*)w is involved. 





I. INTRODUCTION 


N the first paper of this series,! hereinafter 
referred to as I, the general theory of nuclear 
quadrupole coupling in asymmetric top mole- 
cules was outlined. The only part of the first- 
order problem which differs significantly from 
previous treatments for linear molecules? and 
symmetric top molecules? is the evaluation of the 
rotational dependence of (0?V/dz")y. In this 
quantity V is the electrostatic potential at the 
quadrupolar nucleus, z is a space-fixed axis, and 
the average is taken in the representation which 
diagonalizes the rotational energy of the molecule 
in question. In I, two expressions were given for 
(0?V/dz")4 in asymmetric top problems; one, 
Eq. (8), makes use of published line strengths of 
pure rotation transitions‘ of the asymmetric rotor 
for J<12, and the other, Eq. (10), involves 
explicity the coefficients of the transformation 
from a symmetric rotor basis to one which 
diagonalizes the energy of the rotor in question. 
It is the purpose of the present work to 
provide an expression which is applicable for all 
1. K, Bragg, Phys. Rev. 74, 533 (1948). 
2J. M. P. Kellogg, I. I. Rabi, N. F. Ramsey, Jr., and 
J. R. Zacharias, Phys. Rev. 57, 677 (1940); J. Bardeen 
and C. H. Townes, Phys. Rev. 73, 97 (1948). 
3B. P. Dailey, R. L. Kyhl, M. W. P. Strandberg, J. H. 
Van Vleck, and E. B. Wilson, Jr., Phys. Rev. 70, 984 
(ioe): D. K. Coles and W. E. Good, Phys. Rev. 70, 979 


*P. C. Cross, R. M. Hainer, and G. W. King, J. Chem. 
Phys. 12, 219 (1944). 


J, the use of which involves little labor.* The 
method is based on a suggestion of J. H. Van 
Vleck, and its essential result is that the de- 
pendence upon rotational state of the quadrupole 
coupling can, to first order, be obtained from a 
knowledge of the reduced energy spectrum of 
the asymmetric rotor as a function of the asym- 
metry of the rotor. 

Tables of the reduced energies for /<10 have 
been published :5 the method is extended to all J 
in the regions of asymmetry for which certain 
approximations to the reduced energies have 
been developed.*® 


II. GENERAL DEVELOPMENT OF THE METHOD 


It may be verified by reference to Eq. (10) of 
I that (6?V/dz*)4 may be expressed in terms of 
the average values of the angular momentum 
operators P,, P;, and P, about the principal axis 
of inertia, a, b, and c. As is customary, a, b, and 
c are chosen so that the moments of inertia 
satisfy Ia<J,<J,. Matrices of these operators 
are given, for example, in reference 5 (see Eq. 


(6). 


* & method 5 ogo to we A asymmetric tops has 


been described by Knight and Feld, Phys. Rev. 74, 354 


11, 27 (1943). 
G. W. King, J. Chem. Phys. 15, 820 (1947). 
7S. Golden, J. Chem. Phys. 16, 78 (1948). 
8S. Golden and J. K. Bragg, to be published. 
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TABLE I.* 











representation 








quantity Ir rt IIIr rt 
F 3(x—1) $(x—1) 3(x-+1) 3(x-+1) 
Go? —4$(x—3) —4$(x—3) 


(x-+1)/(x—3) 


H/(G—F) 
(d/dx)[H/(G—F)] —4/(x—3) 


(x-+1)/(3—«) 
4/(x—3 


—4(«+3) —4(«-+3) 
(1—x)/(x-+3) («—1)/(«+3) 
? —4/(x+3)? 4/(«-+3)? 








The expression is: 
(PV /d2*)w=A(Po?)+B(Pr?)+C(P.”). (1) 


The angular brackets indicate an average taken 
in the basis in which the energy of the rotor is 


diagonal. A, B, and C are the aa, bb, and cc 


components of the dyadic VE, multiplied by 
2/(J+1)(2J+3). 

Equation (1) makes possible the expression of 
(0? V/dz")y in terms of the energy and one of the 
quantities (P,?) alone. The energy of the rotor 
is given by: 


E=a(P,?)+(P?)+c(P-’) ; (2) 


in this equation the averages are indicated only 
for comparison with (1). a, b, and ¢ are the 
rotational constants h?/2I,, h?/2I,, and h?/2I,. 

Using the relation (P,?)+(P;?)+(P2) = J(J+1) 
and substituting Eq. (2), one may write for 
Eq. (1), 


(0° V/d2?)w=[(B—A)/(b—a) JE 
+[[A (b—a) —a(B—A)]/(b—a)] 
x J(J+1)+[[(C—A)(b—a) 
—(c—a)(B—A)]/(b—a) KP’). (3) 


The quantity (P22) may be set equal to 
(dE/dc) ;’ this relation is justified in the appendix. 
The energy may be expressed as® 


E=((a+c)/2)J(J+1)+[(a—o)/2]E7 (x), (4) 
leading to: 


(P?) = (1/2) J(J+1) — (1/2) E(«) 
'  +[(a—c)/2](0E(x)/dc). (5) 


E(x) is the reduced energy of the rotor; « is 


® This substitution, suggested by J. H. Van Vleck, is 
also applicable to the determination of the proportionality 
factor arising in electron spin multiplets in polyatomic 
molecules. (R. S. Henderson and J. H. Van Vleck, Phys. 
Rev. 74, 106 (1948).) This application will be discussed 
by Henderson in a forthcoming publication. 





* This table has been derived from Table III of reference 5. The various representations are identified in Table II of that paper. 





Ray’s asymmetry parameter, defined by 
x= (2b—a—c)/(a—c). 
Equation (5) may thus be rewritten as 


(P.?) = (1/2) (J +1) — (1/2) E(x) 
+(1/2)(x—1)(0E(«)/dx). (6) 


Substitution of (4) and (6) into (3), and 
simplification, leads to: 


(P V/02")w = (A/2)[J(J+1) +E(«) 
— (x-+1)(0E(x)/d«) ]4+B(dE(«)/dx) 
+(C/2)[J(J+1) — E(x) 
+(xk—1)(8E(x)/dx)]. (7) 


Equation (7) may be obtained in a variety of 
forms by use of the relation A+B+C=0, 
stemming from V?V =0. In particular, one of the 
parameters A, B, C may be eliminated. 

The problem thus reduces to that of deter- 
mining E(x) and*(@E(x)/dx). The accuracy with 
which these quantities may be calculated by 
present methods determines, therefore, the accu- 
racy with which (d?V/dz*)y may be evaluated. 
For J<10, Eq. (7), together with the reduced 
energy tables of reference (5), should prove more 
accurate, in most cases, than Eq. (8) of I. 

In the following section the use of approxima- 
tion methods will be discussed. 


Ill. APPROXIMATION METHODS” _ 


In‘ this section equations for E(x) and 
(0E(x)/dx) will be given, as derived from the 
approximation methods of references 6, 7, and 8. 
The range of applicability of each is indicated. 
The accuracy of the results is at least what is 
warranted by the first-order nature of the 
quadrupole calculation involving (6?V/d2?)4 and 


10Since the space required to summarize the: three 
distinct approximation methods to asymmetric rotor 
energies here used would be prohibitive,a familiarity with 
the notation and results of these methods will be assumed. 
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by present precision in measurements of quadru- 
pole effects of asymmetric rotors. 


A. The Mathieu Function Approximation 


This method is applicable for those levels 
whose energies are lowest for a given J (near- 
prolate rotor) or highest (near-oblate rotor). 
The computation of E(x) is described in detail 
in reference (7). A first approximation to the 
reduced energies is given by 


E(x) = FJ(J+1)+(G— Fa, (8) 


where @ is the characteristic value of Mathieu’s 
equation appropriate to the level and value of x 
in question, and F and G— F are constants which 
depend on «x in a manner determined by the way 
in which a, b, and ¢ are identified with molecule- 
fixed cartesian axes x’, y’, 2’. Then: 


OE(x)/Ox = (dF /dx)J(J+1)+(d(G—F)/dk)a 
: +(G—F)(da/dx). (9) 


By reference to Table I, which gives H, G—F, 
H/(G—F), and (d/dx)H/(G— F)] for the perti- 
nent ways of assigning a, b, c to x’, y’, 2’, it may 
be seen that dF/dk=} and d(G—F)/dxk=—}3 
regardless of axis choice. Furthermore, one has 
(da/dx) = (0a/00)(d0/dx), where @ is the constant 
appearing in Mathieu’s equation: 


(d?y/dx?) + (a—26 cos2x)y=0, 


given, for this approximation method, closely 
enough by 


6=[H/(G—F) ][J(J+1)/2]. (10) 
Equation (9) becomes, finally, 


dE (x) /dx=$[J(J+1) —a+(G— F)J(J+1) 
X (da/d0)(d/dx)[H/(G—F)]]}. (11) 


In order to use this method, one determines 6 
from Eq. (10) and Table I. From tables of 
characteristic values of Mathieu’s equation," a 
and an approximate value of da/0@ may be 


1 Tables of Characteristic Values of Mathieu's Differential 
Equation, a report prepared for the Applied Mathematics 
Panel, NDRC, by the Mathematical Tables Project, 
National Bureau of Standards, AMP report 165.1R. In 
these tables certain differences in notation occur: the 
characteristic values b are given in terms of a parameter s; 
these are related to a and @ by 6=}s and a=b—4s. 
Therefore, da/30=4(8b/ds)—2. 


obtained. E(x) and dE(x)/d« may then be com- 
puted, and inserted in Eq. (7). 

It is wise, in using Eq. (8) for E(x), to investi- 
gate whether sufficient accuracy is attained. 
First- and second-order corrections are tabulated 
in reference (7), and may be used if necessary. 
The value of dE(x)/dx given by Eq. (11) should 
be sufficiently accurate for the present purpose 
without inclusion of these corrections. 


B. The “Harmonic Oscillator Approximation” 


This method, and the one to follow, the 
“correspondence principle’”’ approach, are valid 
for those energy levels which are essentially 
degenerate in the sign of the limiting symmetric 
rotor quantum number K ;i.e., those levels which 
are highest for a given J (near-prolate rotor) or 
lowest (near-oblate rotor). The present method 
yields an explicit expression for both E(x) and 
0E(x)/dx, which is, however, rather cumbersome, 
whereas the correspondence principle approach 
involves tabulated quantities from which compu- 
tations are easily made. Therefore, each method 
should prove useful in certain cases. 

The reduced energy E(x) is, up to and includ- 
ing first-order terms (see reference 8), 


E,7(«) = FJ(J+1)+(G— F)E’,7(«) 
where 
E’,7 (x) =(J+4)?+(m+3)?—2J(m+4)W 
— (68/W*)[B—6'(1+(1/2J)) J 
X(m?-+-m-+4). (12) 
Here m=J—K_, for a type I representation, 
m=J—K, for a type III representation, and 


K_, and K, refer to the limiting K of the prolate 
and oblate symmetric tops, respectively. Also 


W=([(1+(1/2J))?—467}}; 
6=(1/2)LH/(G— F) ][1+(1/2J) 
— (1/323?) + (1/64J*) ]; 
6’ = (1/2) LH/(G— F) JLi+(1/32J*)]. 
The expressions for F, G—F, etc., in terms of «x 
are those of Table I. With sufficient accuracy 
for the present purpose, 


b[6—6'[1+(1/2J) JJ=—[1/64?][H/(G— F)F, 
and 


W=[1+(1/2J) ][1 —3L4/(G— F) FP]. 

























1d: or — 
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Then 
dE(x)/d«=3[J(J+1) —E'(«)] 
+(2J+1)(m+3)H(d/dx)(H/(G—F)) — (13) 
_ 3(m+m-+ (1/2)) HL (d/d«) (H/(G— F)) 1 
16J?(1+(1/2J))*(1 —LH/(G— F) ?)* 


The results of Eqs. (12) and (13) are to be 
substituted in Eq. (7). 





C. The Correspondence Principle 
Approximation 


The result of reference (6) of primary interest 


in the present work is the tabulation (Table I) © 


of a “reduced energy ratio,”’ 7, as a function of a 
quantum number ratio \, and x. 7 and X are 
defined by 


ne) s.x=E(e)ax/IT+1), = K/LIT+ 7 


K here is the limiting (prolate or oblate) sym- 
metric top quantum number. n(x) and dn(x)/d« 





WICK 


can be taken from the table, and 
OE (x) /dx = J(J+1)[0n(x) /d«]. (14) 


The derivative 0n(«x)/d«x is evaluated for constant 
A, and must not be confused with the derivative 
0n/dd which is given, together with 7, in the table. 


APPENDIX 
Let 
Ho =aP,?+5P;?+cP-2, (15) 
H’=scP22. (16) 


Then, if E(a,b,c) is an eigenvalue of the unperturbed 
problem (15), and Z’ the first-order energy correction due 
to (16), E’=6éc(P.*\, where the angular brackets denote an 
average over the (unperturbed) eigenstate corresponding 
to E(a, b, c). 

Let E(a, b, c+éc) be the corresponding eigenvalue of 
the Hamiltonian, 


H =aP,?+5Pi?+ (c+5c)P.*, 


and define « such that E(a, b, c+éc)=E(a, b, c)+E’+«. 
Then 





0E(a, b, c) sia E'+e 
0c on ao 
but e=0(dc*), so dE (a, b, c)/dc =(P-2). 
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The behavior of the neutron density about a plane- or point-source of fast neutrons within a 


homogeneous slowing-down medium has been re-investigated. For the case of constant mean 
free path a known analytical expression for the neutron density has been reduced to a form, 
which is valid for slow neutrons and for any distance from the source. The feasibility of a 
numerical evaluation of the formula is demonstrated for M=1 (hydrogen). In particular, the 
asymptotic behavior at very large distances has been studied. For the more realistic example 
of a medium in which the mean free path decreases with decreasing energy of the neutrons, 
formulae are presented describing the asymptotic density and the asymptotic energy spectrum 


at large distances from the source. 


1. INTRODUCTION 


“THE present paper is an extension, in two 

directions, of previous work! on the trans- 
port equation for the diffusion and slowing-down 
of neutrons about a point source in an infinite 
homogeneous medium. First, the formal solution 
for the case of constant mean free path has been 


1M. Verde and G. C. Wick, Phys. Rev. 71, 852 (1947), 
henceforward referred to as ‘‘A.’’ 







reduced to a numerically manageable form for 
sufficiently slow neutrons at all distances from 
the source. Secondly, for the case of a mean free 
path that decreases as the energy of the neutrons 
decreases, an asymptotic formula valid at large 
distances from the source has been derived. 

A partial result for the first case, namely the 
asymptotic form of the constant-mean-free-path 
solution at very large distances was communi- 



























cated by the author to Dr. Marshak, who kindly 
included it in his. general report on neutron 
slowing down.? For the convenience of the reader 
we shall adhere as far as possible to Marshak’s 
notation, which is not very different from that 
in “A.” Thorough familiarity with Parts I and 
III-D of Marshak’s report will be assumed and 
those parts of our argument that have already 
been reproduced in the report will be treated 
summarily. Reference to ‘‘M’’ also allows us to 
generalize immediately our formulae to the case 
of an arbitrary mass number M of the slowing 
down element. For simplicity we shall omit the 
generalization for the case of a mixture, which is 
fairly obvious; we shall also neglect neutron 
capture and inelastic scattering. 

The spatial distribution of neutrons about a 
point source can be easily derived from the dis- 
tribution about a plane source, see ‘‘M’”’ Eq. 
(62). We shall therefore limit ourselves to the 
latter case, which is slightly simpler. Our dis- 
tribution function y will thus be a function of z, 
the perpendicular distance from the plane source, 
of u the logarithmic energy variable (u=0 for 
the primary fast neutrons of velocity vo) and of 
u the cosine of the angle between the velocity and 
the z axis. Integrating over the solid angle we 
obtain yYo(z, wu), which is the main function we 
wish to determine. Specifically the density of 
neutrons at the distance z (we shall always 
assume z>0, since the density is an even function 
of z) within the energy internal du is 


v—l(u)po(z, u)du, (1) 


where /(u) is the mean free path and » is the 
velocity (=ve~*/?), 


2. THE CASE OF CONSTANT MEAN FREE 
PATH (/=1) 


2.1 Outline of the Procedure 


The classical method, which was independently 
adopted in ‘‘A”’ and in the various papers sum- 
marized in ‘‘M’’, is to reduce the transport 
equation to a problem of the ‘“one-velocity”’ 
type, see “‘A’”’ Eq. (2’), by means of a Laplace 
transformation with respect to the energy vari- 


able u, » being the new variable. In this reduced 


2 R. E. Marshak, Rev. Mod. Phys. 19, 185 (1947). This 
paper will be referred to as ‘‘M.” 


SPACE DISTRIBUTION OF SLOW NEUTRONS 






739 





problem the mean free path is the same as 
before (=1 by definition) and the variable 7 
substituting «“ appears simply as a constant 
parameter, that determines the scattering prob- 
ability per unit solid angle: g(uo, 7), uo being the 
cosine of the scattering angle. In the general case 
of mass number M of the scattering atoms, this 
function is given by Eq. (140b) in “‘M” or 


e(u, 1) =—(M?—1+444)G(u) Pr, (2) 





Here 
a=(M+1)?/4M; 
ae (M-+1)?/ (3) 
ut+(u?+ M?—1)! 
G(u) = 
M+1 


G(u) is the ratio v/v’ of the velocities after and 
before scattering through an angle arccosyu.? We 
shall need later the Legendre coefficients g,(n) of 


g(u, ) 
+1 


£n(n) =2e dpP,(u)g(u, n) (4) 


| 
for instance 


go(n) =a(1-+n)-![1 ee 7, 
£1(n) =a(n+3)-"(n+ 9) 
XEn+1-—3M+(n+1+43M)e+], (5) 


‘where g=2 In[(M-+1)/(M—1)]. For M=1 see 


also Eq. (32) below. It can be seen from Eq. (2) 
that if M@>1 the functions g,() are holomorphic 
in the whole complex plane of the 7 variable, and 
satisfy the condition 


lim £n(n) =0. (6) 


If M=1 these statements hold true in the half- 
plane R(n) >—1, ® meaning real part. 

After the transport equation has been further 
reduced by means of a Fourier transformation 
with respect to z, y being the new variable in 
Marshak’s notation (we use instead k=“y as in 


3 The general form of Eq. (2) is easily understood if one 
notices that the reduced transport equation describes 
essentially the diffusion of neutrons having a power 
spectrum e™ = (v9/v)?". It is seen that when neutrons with 
this spectrum are scattered through any given angle, the 
scattered neutrons have again exactly the same spectrum, 
but owing to the change in velocity the proportionality 
constant in the spectrum is changed in the ratio 


(v/o’?* = [G(u) P”. 
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Fic. 1. The thick horizontal lines represent the ‘‘cuts” 
in the complex k-plane, see Eq. (13). The continuous 
vertical line is the integration path of Eq. (7). Two. poles | 
k(n) and —k(n) are indicated, the strip between the dashed 
lines is the convergence strip of the Fourier transform. 
There may be other poles outside the convergence strip. 


‘“‘A’’) one arrives finally at the formula 


+10 


Yo(z, u) =(1/2mi)? J e-tdk 


—t0o 


o+i0 
x f e™do(k, n)dn, (7) 


o—iw 


see ‘‘M”’ Eq. (142a) or “‘A’’ Eq. (39). The real 

constant o must be larger than the convergence 

abscissa of the Laplace transform; in addition we 

may assume o> —1, so that condition (6) always. 
holds true. The function ¢9 must be obtained 

from an infinite set of linear equations, ‘‘A’’ Eq. 

(24a) or ‘‘M” Eq. (141a, b). Thus the problem 

consists of two parts: determination of ¢o and 

evaluation of the integrals in (7). 

We are interested in the distribution of slow 
neutrons, i.e., large values of u. We assume for 
instance u>10, corresponding to a reduction 
from an initial energy of more than 20 kev to 1 ev. 
On the other hand no restriction need be placed 
on z. (We shall see, however, that when z is large 
our formulae are valid under even less stringent 
conditions on «). We shall be able to eliminate 
one of the integrations in Eq. (7) by the method 
of residues. For the sake of clarity, we give first 
a general outline of the procedure to be followed, 
and fill in some of the details later. 

It is clear, from the nature of ¢9 as a Laplace 
transform, that o in Eq. (7) must be so large 
that all singularities of ¢o in the 7 plane will be 
‘to the left’’ of the integration path with respect 
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to ». We may pull the integration path through 
the pole n(k) having the largest real part ®(n) 4 
and obtain a residue: 

* 

(1/2ni) { duerdn=er™R+ on (8) 


where 


R=R(k)= woot Ln—n(k) ]¢o(n, R) 


=[0¢o!/ “ae (9) 


The remainder. . . is an integral running to the 
left of n(%) but to the right of the next pole. We 
shall see that the difference 5n between the real 
parts of the two poles is at least of the order of $. 
Owing to the strong factor e™, the remainder is 
of the order e~“Se-5 with respect to the first 
residue and can be neglected.5 We are then left 
with the integral 


+i 
dels, 0) = (1/2e0) i  exp(—ke-+bun(k))R(B)dk. 
ar (10) 


We shall then consider k as a complex variable, 
and displace the integration path towards the 
right in the k plane. Considering the point ko 
where the path cuts the real axis, we shall see 
that we may choose kp to be a “‘saddle-point”’ for 
RL —kz+un(k) ].*At ko the exponential factor in 
(10) has a minimum along the real axis and a 
strong maximum along the path if this is chosen 
according to the prescription of ‘‘steepest de- 
scent.” The exponent is then expanded in a 
Taylor series in the usual way 


—ke--un(k) = —koz-+uno+3uno (k—ko)?+:--, 


where 
no=n(Ro), no’ =7''(Ro). 


One has then 

Yo(z, u) ~(2ano’’u)—IR(Ro) exp(—Rozt+uno). (11) 

We notice that the minimum condition at ko 
—z+un'(ko) =0 (12) 


defines kp as a function of z/u. Formula (11) can 
be used, therefore, if we can construct a table of 


‘ The position of this pole in the 7-plane depends on k, 
as we shall see. 

5 As a matter of fact, this is an overestimate of the 
remainder. 











yy fA eeelUCMflhCéCé<CSF 











n(ko), 1'(Ro), 2’’(Ro), R(Ro) as functions of the 
real variable Ro. 

In the passage from (10) to (11) we have 
tacitly assumed that the path of “steepest 
descent”’ is a straight path cutting across the 
real axis at right angles. Actually it is not straight, 
but it will be shown that the validity of Eq. (12) 
is not affected. It will also appear, that Eq. (11) 
goes over into the customary “age’’ approxima- 
tion at small distances, and at very large dis- 
tances into the asymptotic formula that was 
reproduced in ‘“‘M’”’ Eq. (175). 


2.2 The Function ¢o(k, 7) 


We summarize here the main results of ‘‘A,” 
Sections 3.1 and 4.1,concerning the determination 
of the function ¢o; in addition some relationships 
will be derived for later use. 

Let us consider ¢ as a function of the complex 
variable k. ¢o is at first defined as a Fourier 
transform; as such it has a meaning only within 
a convergence strip ki< ®(k) <ke. It will appear 
later that Rk, and ke are functions of 7. The 
definition of ¢9 may, however, be extended by 
analytical continuation; an expression of ¢9 as a 
continued fraction was given in “A,” see also 
later, from which it was inferred that ¢o is a 
one-valued analytic function of k in the whole 
k-plane provided this is cut along the real 
intervals 


—o<k<-1 and +1<k<+. (13) 


In the k-plane ¢o has only isolated poles. The 
situation is in general as sketched in Fig. 1. 

In order to determine ¢ 9 one must consider it 
together with the remaining Legendre coeffi- 
cients $1, ¢2, --: of the angular distribution 
function ¢(u), “A” Eq. (11). Within the con- 
vergence strip this is a regular function of the 
cosine p, so that 
The sequence ¢o, $1, --+ satisfies an infinite set 
of equations 


(2n+1)-yndn—k(m+1)bn41—Rtdn—i = Sno, (15) 


the first of which is inhomogeneous (5o0=1), 
while the remaining ones form a recurrent 
homogeneous relation (5,0=0 if 20). Here 


Y¥n=1—g,(n), (16) 
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and it is assumed that 7 satisfies the conditions 
for Eq. (6) to be valid. 

The analytical continuation of ¢o outside the 
convergence strip may be effected by requiring 
(14) to be valid everywhere in the cut plane. 
Disregarding for a moment the first Eq. (15) 
(for 2 =0), one can see that the recurrent relation 
has two linearly independent solutions, since ¢o 
and ¢; may be chosen arbitrarily. Out of this 
double infinity of solutions, condition (14) selects 
one linearly independent solution. In fact it may 
be easily seen that the characteristic equation 
‘“‘A’’ Eq. (19) has a root e such that | ¢| <1, while 
the other root e’=1/e has |e’| >1. Under such 
circumstances, Poincaré’s theorem, see ‘“‘A”’ 
Sec. 3.1, assures us that there is only one solution 
such that 


limgny1/n= €. (17) 


This solution obviously satisfies Eq. (14); for all 
other solutions the ratio tends to e’, and Eq. (14) 
is not satisfied. The only exception occurs on the 
“cuts,” where |¢| =|e’| =1; (this is the reason 
why ¢o is not unambiguously defined on the 
cuts). 

Turning now to the remaining inhomogeneous 
equation, or Eq. (15) for »=0, two different 
cases may present themselves. Either the solution 
satisfying (17) also satisfies the equation 


Yodo — koi =0 (18) 


in which case the inhomogeneous equation cannot 
be satisfied; or the left hand side of (18) is 0, 
and then the arbitrary multiplicative constant 
in the solution can be adjusted so as to make the 
left hand side of Eq. (18) equal to unity, i.e., so 
as to satisfy the whole system (15). 

This is, of course, the familiar relationship: if 
the homogeneous system, which is obtained by 
replacing 6,0 by 0, has a non-trivial solution, 
then the inhomogeneous system has none, and 
vice versa. The former case will occur only for 
special values of the parameter ; these, have 
been called ‘‘eigenvalues.”” For each value of 7, 
there may be several eigenvalues k(n). When k 
approaches an eigenvalue k(n), the multiplicative 
constant tends to infinity, so that ¢o has a” pole 
singularity at k=k(n). On the other hand it'may 
be easily seen from the recurrent relation that 
the sequence ¢o, $1, «++, etc. where: do=1, ---, 
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odn=¢nbo™, ++: remains finite, so that all the 
coefficients ¢, have a pole singularity of, at most, 
the same degree as ¢o. Once the eigenvalue k(n) 
is known, the behavior of the sequence ¢p 
at k=k(n) can be computed directly from the 
equations 
do=1; yo—kbi=limgo =0; 
71¢1—2kG2—koo=0, ---, etc., (19) 

i.e., by solving the homogeneous system, with the 
initial conditions ¢o>=1, ¢1=70/k. 

The following formulae are of use in the actual 
evaluation of ¢o. From the system (15) one easily 
derives an expression of ¢o~! in terms of ¢$1/¢o, 


then of ¢2/¢:, ---. One arrives finally at the con- 


tinued fraction® 


8 
b= : (20) 
b: 


c ;. imei hadi —Bu—-1/(Ynut— An) 
Bn =k'n?/(4n?—1); 
An = [hn /(2n—1) ]on/Gn-1. (21) 


The continued fraction ‘‘A” Eq. (25) is ob- 
tained on passing to the limit for n=.’ The 
customary way of evaluation consists in breaking 
up the fraction at the mth denominator, i.e., 
setting \,=0 in Eq. (20). One has then 


got = U,/ Va, (22) 


where U,, and V, are both solutions of the recur- 
rent relation 
Watt = YnWn— BaWn—1 (23) 


NI 
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where 
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. psodhy Waller, Arkiv f. Mat. Astron. Fysik, 34A, No. 
,4and 5. 

7 It will be noticed that the equation as printed in “A” 
contains a slip. 
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with the initial values 
Uo=1, Ui=yo, Vo=0, Vi=1. (24) 
The exact expression (20) can also be written 
b0-*=(Un—dnUn-1)/(Vn—AnVn-1). (25)! 


A more rapidly convergent expression for ¢ 7! 
can obviously be obtained if instead of setting 
An =0 in Eq. (20), we replace \, by the limit, that 
follows from Eq. (17) 


A=limd, =ke/2=4(1—(1—#)4). (26) 


The expression 
oo =(Un —dU n-1)/(Vn—AVa-1) (22’) 


was in fact found to be far more satisfactory than 
(22) in the numerical evaluations, see next 
section. 

An interesting limiting case arises when for 
some reason the coefficients gm() are negligible 
for m>n. Then 


Ya=Ynu1 =" =1 (27) 
and one can easily show® that 


$n/n—1= Qn(1/k)/Qn-1(1/R), (28) 


where Q, is the mth Legendre function of the 
second kind. This may be fed into Eqs. (21) and 
(20) or (25) to evaluate @o in a finite form. An 
especially simple example of this kind occurs 
when 7—© so that, see Eq. (6), 


yo(©) =71() =*+-- =1, 
do(k, ©) =Qo(1/k) = Artanhk/k (29) 


as one can easily prove. 
Finally we wish to derive an expression for the 
derivative 0¢0/dk. Deriving Eq. (14) we get 


(2n+1)yn0Gbn/Ok —k(n+1)0Gbn41/dk 
—knddn1/OR=(n+1)bnpitndn (30) 


Multiplying Eq. (14) by —0¢,/dk and (30) by 
+¢, and adding, one obtains 


A n —-A a+ = Nbn—1d2t (n+ 1) dada ii 5n00Gn/OR, 


® We spare the reader the derivation of Eqs. (22) to (25), 
which are well-known in the theory of continued fractions. 
One can also arrive at them directly,-setting: 


on=Wrk-*(nl)—1.3 os (2n— 4), Wn=0Un— Ve 


and inserting into Eq. (15). 
* See for instance I. Waller, reference 6, especially the 
first paper. 











where 
A,=nk (Gn—10n/ ok — $n9Gn—1/ dk) 


(in particular : Ay=0). Noticing that lim,..4,=0 
and summing over we have 


«  0¢o/ak=2 L(n+1)badets. (31) 


2.3 Numerical Evaluation of ¢0(k, 7) 


As we shall see; when & is real and within the 
interval —1<k<-+1, ¢o has a real pole n(k) 
in the 7-plane, such that »>0. This is what we 
call the “‘main pole,”’ i.e., the pole with the largest 
real part, which is of paramount importance in 
the method of steepest descent, Eqs. (10), (11), 
(12). For small values of & the function n(k) can 
be obtained from an expansion in powers of k?, 
that will be discussed later for the general case, 
see Eq. (65). For the special case M=1 we have 
obtained four coefficients of the expansion, thus 


n=k?+(11/15)k*+ (1563/1575) k® 
+(70709/118125)k®+---. 


This was used for an evaluation of 9, 7’, and 7”’ 
for k <0.5. 

When 0.5 <k <1, however, it became necessary 
to find the connection between y and k by a 
numerical investigation of the function ¢o as 
illustrated by Fig. 2. Here go is plotted as a 
function of k? !° for selected values of n, and the 
pole singularity of ¢9 appears as a zero for ¢o"', 
the position of which on the & axis varies as 7 
varies. This gives k as a function of n, or vice versa. 

The figure is qualitatively correct for any 
slowing down element (any //)." Quantitatively 
we have carried out the program only in the case 
of hydrogen (M=1). The calculation involves 
the following steps: 

First, the coefficients g,(7) are computed for a 
selected value of n, by means of the relation 


Sn42(n) =n(n)(2n+1—m)/(2n+4+n) (32) 


and the values go=1/(1+7), g:=1(n+3). (Un- 
fortunately a relation as simple as (32) does not 
exist when M +1.) 

Next a table of yo---yn and §1---B, is set up 


10 It is easy to see that U, and Vz satisfying Eqs. (23) 
and (24) are even functions of k, so that ¢o, Eq. (22), is 
also even. 

_ "In particular it is always true that the zero-point n(k) 
increases from zero to + while k* varies from 0 to +1. 
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TABLE I. 
c (Eq. 
k ” wv 9” R (48a)) R(i—k) 
0.0 0 2 1 1 
0.1 0.01007 0.2030 2.091 1.007 
0.2 0.04124 0.4254 2.402 1.029 0.823 
0.3 0.09670 0.695 3.06 1.073 0.752 
0.4 0.1832 1.057 4.31 1.15 0.696 
0.5 0.314 1.60 6.5 1.2 0.534 0.655 
0.5918* 0.5 2.483 12.8 1.456 0.539 0.594 
0.64 0.637 3.223 18.44 1.61 0.541 0.58 
0.7252* 1.0 5.587 41.1 2.01 0.543 0.553 
0.8952* 3.5 38.615 737 4.98 0.546 0.522 
1 ) ~2.36y? = ~11.17_% ~1.189 ¢. 0.548 0.500 








for a given k, up to a sufficiently high m, and the 
sequences U and V are computed by means of 
the homogeneous recurrent relation (23) (n=1, 
2, --+) starting from the initial values (24). The 
expression (22’) is then found to converge satis- 
factorily to the value of ¢o~1(k, n). This process 
is repeated for several values of 2, and one of the 
curves in Fig. 2 is obtained. 

In practice it is only necessary to evaluate 
¢o! crudely for a few points so as to have an 
idea of the position of the zero-point. Then ¢o 
is evaluated more accurately for two or three 
k?-values in the neighborhood of the zero-point, 
which is then obtained by interpolation. It is 
also possible to estimate by interpolation the 
derivative 0¢9"!/dk at the zero “point ; a more 
accurate evaluation is obtained {however, from 
Eq. (31) or 


Ago 1/dk = —2 Yi (+1) dnbnsr/o?. (33) 
n=0 
It may be pointed out that one has (see reference 
8) 


¢o-'on=(1-3-- -(2n—1)/n! Jk 
X(Un—d0'Vn). (34) 


At the zero-point the term in V, vanishes. 
Finally 


Abo-1/ak = —2 S[1-3- + -(2n—1)/ntP 
XK (2n+1)E2"UU arr (35) 


involving only known quantities. It may be 
easily shown that the series converges like 


Yi n(2d/k)**= Din e. 


The rather tedious procedure we have de- 
scribed was actually carried out only for three 7 
values, indicated by an asterisk in the table 
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below. It then turned out that in this region 7 
is almost exactly linear in (1—k)-! so that 
accurate interpolation is easy. This behavior cor- 
responds to formulae (48), (48a). As a conse- 
quence it has been possible to compute without 
undue labor a table of the function 7() and its 
derivatives n’(k) and 7/’(k). 

In order to complete the table required by 
the saddle-point formulae (11) and (12), one 
has to evaluate R, Eq. (9). 

Now the function 7(k) is defined by the 
equation : ¢o!(k, 7) =0, so that 


dbo /dk+n'(k)dGo*/dn =0, 
or 


which may be computed from the value of the 
expression (35). The results are summarized in 
the Table I, which includes the data for k<0.5 
obtained from the series expansion for 7 already 
given and the expansion for R 


R-1=1—(2/3)k?— (17/15)! 
+ (48176/23625)k°+---. 


2.4 Asymptotic Formulae for k(n) When 7 


An inspection of the values in Table I, to- 
gether with Eq. (12) shows that when we make 
the distance from the source z larger and larger 
(keeping the energy u constant), we are led to 
larger and larger values of ». At the same time 
k(n)—1, and e—1, so that the convergence of 
the sequence ¢, to zero becomes very slow (see 
Eq. (17)). This makes the convergence of the 
expressions (22) or (22’) unsuitable for numerical 
work. 

Although the y’s are very close to unity when 
n is large, it is just their difference from unity 
that determines the difference 1—k(n), i.e., the 
quantity we wish to determine. In fact, as will 
appear from the following, the differences 
£n=1—vy, cannot here be neglected up to a large 
value of . This makes also the method based on 
the smallness of the g,’s (see Eqs. (27) and (28)) 
perfectly useless in the present case. 

On the other hand, as we shall see, the recur- 
rent system (15) takes for large 7’s a simple 
asymptotic form, that makes the problem easier 
than one might think. 

In the first place, a simple asymptotic ex- 
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= —n'(k)/(a60-1/ak) (36) 
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pression may be given for the coefficients ga(n), 
when »—. Going back to the scattering func- 
tion g, Eq. (2), we make use of the known 
theorem, that if a function with a maximum is 
raised to a high power, the ensuing sharp maxi- 
mum is of Gaussian shape. Setting 4=cos® in 
Eq. (3) and developing InG(@) for smalf @ 


InG(@) = — 6?/2M 
+ (0*/24M)(1—3/M*)+---. (37) 


When this is substituted into Eq. (2) the 0?-term 
yields a Gaussian, which decays to a negligible 
value before the ©*-term makes itself felt. (If 7 
is large, i.e. : 7 >M.) Within the same approxima- 
tion one may replace the factor (M?—1-+-y?)-* 
simply by M-, so that finally 


g(cosO, 7) ~(a/rM) exp(—79?/M), (38) 


(n+1 has been replaced by 7 in the exponent, for 
the same reasons). In evaluating the integrals 
(4) one may again make use of the fact that g, 
Eq. (38), decays to a negligible value as soon as 
@ >(M/n)?, which is a small angle. The main 
contribution to the integral comes therefore from 
small @-values,” for which one may use the well 
known approximation 


P,(cos®) = Jo([u+3]9) (39) 


where Jo is the* Bessel function of zero order. 
Inserting (38) and (39) into (4) one finds 


&n(n) =(a/n) expl—M(n+3)?/4n]. (40) 


This expression has been compared with exact 
numerical values by Marshak, with very good 
agreement (see ‘‘M,” footnote on page 231). 

It may next be noticed that, 7 being large, the 
exponential in Eq. (40) is a slowly variable 
function of in the whole region where it is not 
negligibly small. This suggests the introduction 
of a.variable o=(M/4n)*(n+4), the step in=1 
corresponding to a very small step in ao: 
do =(M/4n)*, so that g, may be regarded as a 


2 It may be pointed out that this is not true if becomes 
very large. One may show, however, that (provided 7 is 
large) the formula (40) represents gn(n) correctly up to ” 
values such that Mn?/4n>>1, so that the exponential 
becomes exceedingly small. In particular in the case of 
hydrogen it is possible to derive from Eq. (32) a closed 
expression for gx when both m and 7 are large, no matter 
what the ratio ”/n is. For >>» the behavior of gn as a 
function of * becomes oscillatory and differs radically 
from Eq. (40). These values are, however, so small that 
the difference does not matter. 

















smooth function of a practically continuous 
variable o. 

Let us now turn to the study of the system 
(14) when 7» is large and k tends to a pole k(n). 
As we have seen already, the poles k(n) may also 
be characterized as the “eigenvalues” of the 
parameter k, i.e., the values for which there exists 
a non-trivial solution of the completely homo- 
geneous system 


(2n+1)Y¥nbn—R(n +1) bn41—kndn_1 =0, (41) 
(n=0, 1, 2, me -) 


subject to the condition (14). The first equation 
(41) is now 


vobo = kd. (42) 


Using the difference notation 


bbn+4 = Pn41— dn; bon = 3(d¢n44 + 5$n-1) ’ (43) 
= bn = Obn+4 mie 5bn—}, 


the remaining equations of the system may be 
put into the form 


bony = [2 /(n+1) ]dbny 
+[(2n+1)/k(n+1)l(vn—k) on, (44) 


or alternatively, 
Pda t(n+3)1bbn+(2—2kyn)dn=0. (45) 


The difference notation emphasizes the similarity 
to an eigenvalue problem of the Sturm-Liouville 
type, and in particular to a Schrédinger equa- 
tion. 

We assume now that 7 is real and >0. It may 
be shown later that an eigenvalue k is then 
necessarily real (see Appendix A). Since the 
intervals —«o <k<—1 and +1<k<+o are 
excluded, and since the eigenvalues occur in 
pairs of opposite sign (¢o being an even function 
of k) we may limit our search to the interval 
0<k<l. 

A further limitation is given by the fact that 
a positive k must be larger than some at least of 
the yn’s.4 In fact, if k<~yn for all n’s, Eq. (42) 
shows first that (assuming for instance ¢o>0): 


In the latter case we may compare the expression 
2—2ky, with E— V(x), “2” being the energy and 2k7y_, 
the potential. The eigenvalue problem then is of the type 
encountered when the energy level is given and a propor- 
tionality constant in the potential must be found. 

4 This is analogous to the theorem that the energy must 
_ than the minimum of the potential (see reference 
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$1> 0 or: 5¢;>0; subsequently Eq. (44) shows 
that: 5¢3;,2>0, ---, etc., so that ¢, increases 
monotonically with , and cannot tend to zero. 

Since, for large , yn >Yo2%1—a/n, we have 
finally to search for an eigenvalue & in the small 
interval 


1—a/n<k<1 (46) 


showing that 1—: is at most of the order of 1/7. 

Again using Eq. (42) and (44) we easily see 
that 6¢;, --- and similarly 6¢:, d¢2, --- are at 
most of the order of 1/n. Although the argument 
is not valid up to indefinitely high values of n, 
we may see that the statement is true even there 
from Eq. (17), since 1—e is of the order of 1/7 
at the most. . 

Thus, ¢, is shown to be a slowly variable 
function of ” of the same kind as g,(), and we 
are justified in regarding it as a continuous func- 
tion of the variable o above defined. According 
to (46) we get k?=1+k,/n (or R~1—h;/n). 
Inserting this, together with the expression (40), 
into (45), and dividing by 6c?= M/4n, we obtain 


5° /50?+ 0715/50 
+8[ —ki/M+(a/M)(1+kin)e-” ]o=0. 


In the limit y—> «©, 50-0, the differences may be 
replaced with derivatives:and the term k:n7 
may be neglected, so that, with 


8a/M= 2(M-+1)?/M?, 
the equation becomes 


d*¢/do?+o—do/de 
+[—8k:/M+2M-(M+1)’e-"]¢=0 (47) 


which was reproduced in ‘‘M”’ Eq. (169).15 This 
equation, together with the boundary condition 
to be explained below, may be regarded as the 
radial Schrédinger equation for a two-dimen- 
sional particle, —8k,/M being the energy and 
—2[(M+1)/M}e-” being the potential. o is 
identified with the distance from the origin. For 
all values M=1, 2, --- the equation has only 
one bound level. The argument shows that ki 
approaches a finite value when 7—«. A more 
precise definition of k; is 


ky =lim['9(1—£)]. (48) 


16 For comparison let s=2e¢. Marshak’s k; corresponds 
to our ki /M. 






































































Now to the boundary conditions; these are 
¢—0 aso; gregularatco=0. (49) 


The first condition does not require any com- 
ment. The second implies 


do¢/do=0; 
d’¢/do* = $[4ki/M— {(M+1)/M}?] (50) 


for «=0. That these are the correct conditions 
may be seen on comparing them with the dif- 
ferences 5¢9 and 6%¢» obtained by extrapolation 
from 6¢; and 6¢:, as computed from Eqs. (42) 
and (45), again neglecting terms of higher order 
in 1/7. 

Summarizing the results obtained so far, we 
can say that the function k(n) for large 7 can be 
determined approximately by solving the radial 
Schrédinger equation for a mass-point moving 
with zero angular momentum in a plane under 
the action of a Gaussian potential. Furthermore, 
one can prove that even for M=1, when the 
well has its maximum depth, the equation 
admits only one discrete eigenvalue. For M 
tending to infinity the well becomes so shallow, 
that it is barely sufficient for binding, ki/M 
tends to a very small though finite value. 

Having evaluated k; numerically, the behavior 
of & for large n’s is given to a first approximation 
by Eq. (48). Within the same approximation we 
easily get an expression for R from Eqs. (33) and 
(36). Since ¢, is a slowly variable function of n, 
we may set: 


, oe ~ (60)-f - «do, 
and (1+1)¢ndni1~("+4)¢,? so that: 
an-t/ak= —[8n/Mor(O)][ $*(o)odo: 


moreover k~1—k;/n, dn/dk~n?/k; so that 
finally 


R= 9M6%(0)| 8h f ¢*(a) ode. ] (51) 


Thus, 
(R/n)o=lim(R/n) 


exists and may be easily evaluated once the 
eigenfunction ¢(c) is known. 
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2.5 Higher Approximations 


In order to study the asymptotic behavior of 
the neutron density it is desirable to obtain 
some further information about k(n) when 7 is 
large. Let us write 


n=k,(1—k)“—c, (48a) 
where c may be regarded as a function of & or 
alternatively of ». We shall prove that c tends 


to a finite value c. when 7—, i.e., when k-1. 
We can write, therefore: 


ky 





k~w1— +0(n-). (48b) 


tle 


In order to evaluate c. we might try to improve 
the method of the previous section, retaining 
terms of a higher order in 1/7. In particular, we 
ought to correct for the errors incurred in 
replacing the finite differences with derivatives, 
errors which are, as one easily sees, of the order 
of (d0)?=(M/4n). It is much easier, however, to 
arrive at this goal by following a different 
method, that we have developed and which was 
adopted by Marshak in his report. It consists in 
going back to the integral equation, of which the 
system (15) is the Legendre development (see 
“A” Eq. (24) or ““M” (163)), and introducing 
directly into it the approximation (38). Let us 
use the same notation as in ‘‘A’’, where w was 
the unit vector representing the direction of 
motion, and yp the cosine of the angle between o 
and the z axis. 

We have shown that the Legendre coefficients 
gon vary slowly when 2 varies, and are markedly 
different from zero over a range of m values of 
the order of (4n/M)?. This means that the angular 
distribution function ¢(u), of which the @¢, are 
the Legendre coefficients, extends over a narrow 
solid’ angle around the pole n»=1, having an 
aperture of the order of (M/4n)*. We may then 
use some suitable projection of the unit sphere on 
a plane tangent to the sphere at the pole, such 
that the pole is represented by the origin of a 
system of cartesian or polar coordinates in this 
plane, and such that the small area in which ¢ 
is different from zero is not appreciably distorted 
by the projection. Then arc cosy is approximately 
measured by the distance s of the represen- 
tative point from the origin, and the angle 
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§=arc cos(@-w’) is approximately measured by 
the distance S between the representative points 
of w and a’. It is, however, convenient to choose 
the unit of length in the plane in such a way 
that it corresponds to an arc of (M/4n)! radians, 
so that the eigenfunction occupies an area in the 
plane of order unity. 

Let us first preserve the same degree of ap- 
proximation as in the previous section. Writing 
the homogeneous integral equation corresponding 
to the system (41)! in the form 


(1 -ntigh ~~ (-~aieled> f go(u’)dw’ (52) 


we see that all terms are of order 1/7. Conse- 
quently, we may set the factor »=1 on the left 
side, and (1 —y) = — (arc cosy)?/2 = — Ms?/8n, on 
the right-hand side, remembering what we said 
about the units. Similarly, we have 


dw =(M/4n)ds, » 


ds being the element of area in the plane; we 
also write ¢(s) instead of ¢(u). Remembering 
now Eqs. (38) and (48), Eq. (52) becomes 


4k,o(s) + (M/2)s?¢(s) 
tele f exp(—S?/4)4(s’)ds’=0, (53) 


where the integral term on the right-hand side 
may be written also symbolically as: ae¢(s), 
A being the Laplacian operator in the plane. It 
is then clear that the equation can be consider- 
ably simplified by means of a two-dimensional 
Fourier transformation 


be =5 (6) = (1/2m) f 4(s) exp(ie-s)ds. (54) 


We indicate the Fourier transform with the 
same letter ¢, but set the variable vector o as an 
index to avoid confusion. Owing to the fact that 
¢(s) depends only on the modulus of s, ¢, also 
depends only on the modulus o = |@|. On apply- 
ing the Fourier transformation the operator e 
becomes simply e-** whilst 


F(s*p) = —Agde = — (d?/do?+0-!d/da) be. 


_ 16In the same way as “A” Eq. (24) corresponds to the 
inhomogeneous system (15). 


On making these substitutions, the equation 
immediately reduces to Eq. (47) of the preceding 
section. This is indeed not surprising, as there is 
the following rather trivial connection between 
the two methods. 

A development in Legendre polynomials is 
essentially a development in eigensolutions of the 
wave equation on the sphere, whilst the Fourier 
transformation is a development of ¢ in eigen- 
solutions of the wave equation in the plane. On 
a small polar cap on the sphere, such that the 
curvature may be neglected, the first develop- 
ment is practically equivalent to the second, this 
being the deeper reason for the connection (39), 
as is well known. The inverse of Eq. (54), or 


$(s) =(1/2m) f penalties 


“ f $eJo(s)odo (55) 


is, in fact, the limiting form of the Legendre 
development ‘‘A” Eq. (11), apart from a dif- 
ferent normalization. 

We now turn to the next higher approxima- 
tion. This does not present any special difficulty, 
and we shall only sketch the main steps. Since it 
is now important to consider the distortion in the 
projection on the plane, we must decide upon 
the type of projection we want to use. We choose, 
for instance, the homalographic projection 


s=(4n/M)!2 sin(} arc cosy) =[8n(1—n)/M]}. 
(S56) 


The polar angle on the plane: ¢ remains equal to 
the longitude on the sphere, of course. One has 
then exactly 


1—yu=Ms?/8n; dw=(M/4n)sdsdy. (57) 


We must use the full expression (37) where the 
arc distance @ is given by 


(4n/M) 0? =S?+(M/4n) {S*/12 —s*s’2/2 
+ss’ cos(g—¢’)-(s?+s’)/4}, (58) 
where 
S?=(s—s’)?=5?+5'2—2ss’ cos(e—’). (59) 
Equation (58) is derived from the cosine theorem 
of spherical trigonometry. Within the same ap- 


proximation we may not replace n by 7-++1 in the 
exponent of g, as in Eq. (38), and we must also 
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TABLE II. 
M=1 2 12 16 
m=1 0.689 2.24 2.90 
n2=11/15 0.600 1.42 1.81 








use a better approximation for the factor 
(M?—sin*@)—?. Finally we find that the integral 
equation may be written 


ue) +r 4hsco(s) — (Mhi/2)s*6(s) 


+ (a/64xM) - exp(—S?/4)$(s")fds’}=0, (60) 


where U(¢) is the left hand side of Eq. (53). 
Moreover, terms of order n~? are neglected, and 
k has been expanded as in Eq. (48b). Finally, f is 
defined by 


f=St+(M?/2)[(s?—s”)?— S%(s?-+s") ] 
+8(2M—1)S%. (61) 


We can now evaluate the second-order coef- 
ficient c. of the eigenvalue by means of the 
mean-value theorem of perturbation theory. 
Multiplying Eq. (60) by ¢(s), and integrating 
with respect to ds, we find as usual that the 
term U(@#) gives only a contribution of the 
order: »~*.!7 Therefore, we must have 


46. f ¢*(s)\ds = (M/2) f s°¢?(s)ds 


~ (a/64ekM) ip exp(— S/4)¢(s) 


X$(s’)fdsds’, (62) 


where ¢ is now the zero-order solution. 

This solves in principle the problem of com- 
puting the second order correction, i.e., the coef- 
ficient Co. It is also possible to apply to this 
formula a Fourier transformation so as to express 
the integrals in terms of the function ¢, that 
can be evaluated more simply than ¢(s). Nu- 
merical results for various M values will be 
published by Mr. Marshall. 


1! This is a consequence of the fact that ¢ differs from 
the zero-order solution (of Eq. (53)) only by a term of the 
first order, and from the fact that the kernel of Eq. (53) is 
symmetric. 





2.6 Justification of the Method of Steepest 
Descent 


In order to fill the gaps that were left in the 
derivation of the Eqs. (11) and (12), we shall 
now first of all collect all the available informa- 
tion about the poles of the function @p, i.e., the 
roots of the equation 


S(k, 1) =¢0-1(k, 9) =0. (63) 


The integration path in the 2 plane, Eq. (7), 
passes through the origin k=0; this is a con- 
venient starting point for our investigation. It 
was shown in “‘A”’ that when k-0 any root 7(k) 
of Eq. (63) must tend to a root of any one 
amongst the equations: yo(n) =0; y1() =0; ---. 
Now 7=0 is a root of the first equation, since 


vo(0) =1—go(0) =1—a(i—e-%)=0. (64) 


This indicates the existence of a function 7(k) 
satisfying (63) identically, such that 7(0) =0. In 
““A’”’ Sec. 3.2 it was indicated that this function 
may be expanded into a power series 


n= mk? + nok*+-:--. (65) 


See also ‘‘M” Eq. (142b). The first coefficients are 


m= (3y170')—, 
no= mi { (4y0'/Sy2) — (v1 /11) — (yo /2y0') , (66) 


The values of the y’s and their derivatives ap- 
pearing in the formulae refer to »=0 and are 
given in ‘“‘M” Eqs. (85a, b, c, d) and (147), and 
Table X. Some typical values are given in 
Table II. 

The reciprocal development of k? in powers of 
n (with different notations) has been used by 
Waller.*® 

Let us now consider briefly the other branches 
of the function »(k) in the neighborhood of k=0. 
We first examine hydrogen. In this case »=0 is 
the only root of yo=0, since yo=1—(9+1)7. 
The other branches of »(k) are therefore con- 
nected with the remaining equations, 71=0, etc. 
Now for instance y1:=1—(n+3)—, and the root 
is n=—}. Assuming 7(0)=—}, we get the 
development 


n(k) =—(1/2)—(1/15)k?+-+-. (67) 


A numerical investigation (see “A”, Fig. 1), has 
shown that the two solutions (65) and (67) have 
a very simple connection. In fact, 7(%) has two 
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branch-points on the imaginary axis: k= +ikp, 
where k,?~0.4. If we start from the origin along 
the imaginary axis with the branch (65) and 
make a loop around one of the branch points, 
we come back to the origin with the value (67). 
Both values, of course, are negative but (67) is 
smaller than (65) which is in fact the “main 
pole’’ of the function ¢o in the 7 plane for these 
values of k. Next we ought to consider branches 
of »(k) such that 7(0) is a root of y2=0, y3=0, 
etc. These branches lie even further to the left 
on the 7-plane and the reader will be spared 
further details. 

Let us now turn to the general case M>1. The 
picture is now slightly more complicated since 
already the equation yo=0 has several roots 
besides 7 =0. These lie, however, considerably to 
the left of the imaginary axis (see “‘M”’ Eq. (22)), 
and will not be investigated further. The equa- 
tion y1=0 has no simple root such as n= —} for 
M=1. It may be proved, however, that the roots 
have ®(n) < —}; the same applies to the roots of 
7y2=0, etc. (see Appendix B). The connection 
between the branches of n(k) associated with 
these roots, and the ‘‘main” branch Eq. (65), 
could be investigated numerically. 

It may be pointed out, however, that our main 
purpose in studying these secondary roots was 
only to show that they lie sufficiently far to the 
left of the main pole, to justify the approxima- 
tion (8). Moreover, it is not really necessary for 
this to be true for all & values, but only for the 
points of a suitable integration path in the 
k-plane, or indeed for the portion of the integra- 
tion path that gives a significant contribution 
to the integral; it does not matter at all if on 
the remaining portions the (k) poles are close 
together and the approximation (8) fails. 

In order to make this point clear, let us 
examine what is perhaps the most critical case, 
namely M=1, z=0. Because z=0, the saddle- 
point, Eq. (12), is the origin k=0 and the path 
of steepest descent is the undeformed path of 
Eq. (7), i.e., the imaginary axis in the & plane. 
Because M=1, the distance 6 between the 
main pole and the next starts with a value $, and 
decreases with increasing |k|, and the approxi- 
mation (8) becomes increasingly worse. On the 
other hand, the exponential factor is, considering 
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Eq. (65) with 9,:=1: 
eunlk) = eu" (68) 


if k=zy. Since wu is large, say u~10, this factor 
becomes negligible before the branch point is 
reached, i.e., before the main pole and the one 
next to it come close together.'* When now the 
k point moves beyond the branch-point, there 
will be two complex conjugate 7 values instead 
of two real ones. It is clear on physical grounds, 
however, that these values of the Fourier vari- 
able k=zy can hardly contribute to the total 
intensity for small values of z, because they 
represent Fourier components of “‘wave-length”’ 
short compared to the average width ~u} of 
the z distribution.” 

Essentially the same considerations apply 
when 2z instead of zero is small, i.e., such that the 
expansion (65) is still rapidly convergent at the 
saddle-point ko. From Eqs. (12) and (65) one 
finds 

2z/u=n' (Ro) =2mkot+---, 
or 
Ro~w2/2un. 


The condition is thus 


RkoXK1, or 2K2uni~u. 


It will be noticed that the approximation (8) 
becomes better as z increases, because the dis- 
tance 67 when & is at the saddle-point ko be- 
comes larger as ko increases (compares Eqs. 
(65) and (67)). It may also be pointed out that 
the case M=1, for which numerical examples 
have been given before, is really the most 
unfavorable case; for heavier elements the ap- 
proximation is not good but excellent,” since the 
distance 67 is considerably larger than $ even at 
k=0. 

Let us now consider what happens when z 
becomes ~u or larger, so that the saddle-point 
ko approaches unity. In the first place, we must 
prove that the integration path can be pulled to 


18 Considering only the quadratic term in Eq. (65) 
involves, of course, an error. The true value of »() at the 
branch point k*? = —0.4 is about 0.34. This makes e*" « e~?-4 
=0.033 instead of e*=0.02. 

19From a mathematical standpoint one would have to 
show that the poles (k) with the largest real part move 
further to the left as y increases. 

20 We refrained from extending our computations to this 
case, because we understand that work on the heavier 
elements is in progress elsewhere. 
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the right in the k-plane so as to pass through the 
saddle-point; to this end we first choose the 
abscissa o in Eq. (7) very large..We know that 
when &(7)—-+ ©, the function ¢o tends to the 
expression (29) for all & points outside the cuts. 
This is a regular analytic function in the & plane, 
so that all the singularities k(n) must move 
toward the cuts when ®(n)—-+ ©. Thus, when 
a is sufficiently large we may deform the integra- 
tion path in the & plane so as to pass through any 
desired point ky on the real axis; a suitable path, 
for instance, is a straight line parallel to the 
imaginary axis: k=ko+dy with, say, |y| <1. 
From k=ko+i we then move to infinity on 


straight lines at an angle &<2/2 with the real 


axis. We then show that only a small portion of 
the central vertical path is important. On this 
central portion we may evaluate the 7-integral 
by means of Eq. (8); in fact, although Eqs. (65) 
and (67) cannot be used when |k| ~ko is com- 
parable to unity, the qualitative statement that 
the secondary pole (67) is considerably to the 
left of the main pole remains true. We then 
expand the exponent un(k)—zk in powers of 
k—ky=ty, as stated before 


un — zk =uno—zko— Zuno’y* 
— (5/6)une!yP+ + 


An estimate of the various terms can be made 
remembering Eq. (48a). The derivatives of the 
slowly variable quantity c may;be neglected, if 
we are interested merely in orders of magnitude. 
Thus 


no ~ki(1—ko)?; 0’ ~2k1(1—Ro); 


The positive sign of m0’ shows that the exponen- 

tial of the expression (69) has indeed a maximum 

at y=0. We show, furthermore, that the ex- 

ponential may be represented by a Gaussian. 

The condition (12) for ko in connection with (70) 

shows that 1 —&p is of order unity when z is com- 
parable with u, and when z>u 


1—ky= (uk;/z)*<1. 


(69) 


(70) 


(71) 
Now from (70) we have: 


no’ ~ 2n0'(1 — ko) = 22/u(1 — ko) : 


hence the quadratic term in (69) is 


— uno’ 'y? = —2(1—Ro)y? = — (y/yo)? 
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where yo=[(1—2o)/z]*#K1 because 2>u >>1. If 
only the quadratic term is retained, the ex- 
ponential becomes small when y> yo. Now since 
no’ ~3no’(1—ko)—, the cubic term is of the 
order of y/(1—o) with respect to the quadratic 
term; for instance, if y=-yo the cubic term is 


yo(1 — ko) (y/o)? =yo(1 — Ro) 


=[2(1—ko) #1. . (73) 


In fact, if z~u, 1—ko~1 and the inequality 
holds true. If on the other hand z >u, we may 
use (71) so that 


[s(1 — ko) y= (Riuz)—*<1, (74) 


The same argument applies a fortiori to the 
higher order terms, which are of the order 
[y/(1—ko) |", 2 >2, with respect to the quadratic 
term. This proves conclusively that the gaussian 
approximation applies to the vertical straight 
part of the path. As regards the inclined parts 
of the path, we know from previous considera- 
tions that (k) moves to the left as k moves 
toward infinity so that e“") becomes even 
smaller. At the same time the factor e~** tends 
to zero. We have thus reached a sufficient justi- 
fication for the steepest descent expression (11), 
even though a closer investigation of upper 
limits might be desirable for purposes of mathe- 
matical rigor. 

A few remarks remain to be made. The path 
we have used is not strictly speaking the path of 
steepest descent; as usual, it was sufficient to use 
a path sufficiently close to the path of steepest 
descent to achieve the result. It may be seen from 
the formula (48a), neglecting the variation of c, 
that the path of steepest descent in the limit of 
large z, or ko close to unity, is a small circle of 
equation : (1—k’)?+-k'? =uk,/2=(1—ko)? if R=’ 
+ik”’, i.e., a circle having the center at k=1 and 
passing through the saddle-point. The significant 
contributions to the integral come from a small 
angular fraction of this circle, of the order of yo 
divided by the radius, i.e., yo/(1—o)<«1 accord- 
ing to (73). This is why it was immaterial to 
replace the circle by a straight line.”! 


21 In this limiting case of z very large, one might also 
present the procedure as an asymptotic expansion with 
respect to 2, i.e., perform the integration with — to k 
first by pulling the integration path in the k plane and 
taking the residue at k(n), this being given by Ea. (48a). 
The result is, however, the same. 
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Another remark of interest is that when 2z is 
very large, we need no longer request u>>1, but 
only the weaker condition 


uz>1. (75) 


In fact, this is seen to ensure the validity of (74) 
and therefore of the Gaussian approximation. At 
the same time it is no longer necessary for u to be 
large in order to enable us to retain only the con- 
tribution from the main pole in Eq. (8). In fact, 
n(k) at the main pole is now large, indeed of the 


order 
n(ko) ~ki(l — ky) ~(ki2/u)* (76) 


while the secondary poles are negative. There- 
fore, the distance 5n between the main pole and 
the one next to it is at least of the order of (76), 
and the factor expressing the ratio of the residues 
or e~“" has an exponent of the order 


udn—un(ko) ~(kyuz)}. 


The condition for the secondary poles to be 
negligible is then precisely the same condition 
(76), ensuring the validity of the method of 
steepest descent. 

Summarizing the conditions under which Eq. 
(11), (12) are expected to hold, we find 


u>1, z arbitrary (77) 





2>1, uz>1. (78) 


2.7 Special Limiting Cases and Numerical Re- 
sults for Hydrogen 


If zu the expression (11) takes a simple form, 
owing to the fact that the saddle-point ko is 
close to the origin and one may neglect all the 
higher powers of & in the series expansions of 7 
and R in powers of k?. For instance, 


R7=y0'(0)+--:, 


as one can see from Eqs. (9) and (20) neglecting 
terms ~k,*. Following ‘‘M” Eq. (85a) we have 
therefore: R-!=&. Similarly we set: 


n(k)=mk?+---, 


and the saddle-point ko is given by: 2/u=1’(Ro) 
=2mko, etc. Finally one finds 


Volz, u) =E"\(4armu)—t exp(—2°/4m.u) (79) 
which coincides with the “age” approximation, 
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“M”’ Eq. (145); see also ‘“‘M”’ Eq. (85c) and our 
Eq. (66). 

Turning now to the other extreme case: z>u, 
we may use Eq. (71) for the saddle-point. This 
follows from Eq. (48a) when we neglect the 
variation of c with k. Correspondingly (ko) is 
obtained from (48a) with c=c,, so that, using 
Eq. (71): 

no = (Ro) = (kiz/u)*— Cu. (80) 
Computing 70” in a similar way, one has finally 


YorA (zu)? exp(—2+2(kiuz)!—c.u), 
A = (4r)—§ki}(R/n) 0. (81) 


The constants in this formula are determined by 
the Eqs. (47), (51), and (62). Apart from a 
slightly different notation and a minor slip, Eq. 
(81) corresponds to ‘‘M”’ Eq. (175). 

The range of validity of the asymptotic 
formula (81) depends on the accuracy with which 
Eq. (48a) represents n() when c is regarded as 
a constant c.. If the error is of the order of 1—k. 
which corresponds to the error ~7~* in Eq. 
(48b), then, as one easily sees, we must expect 
a correction term in the exponent of Eq. (81) 
of the order u!z—!, which would be negligible only 
if z>u*. More generally we may regard the 
three terms in the exponent of Eq. (81) as the 
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Fic. 3. The logarithm of the neutron density Yo as a func- 
tion of the distance z for u=10 and M=1, 
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first terms of an expansion in reciprocal powers 
of 7, i.e., in powers of (w/z). This will converge 
quite slowly, except when z is enormously large. 
There is not much point in computing further 
coefficients of the expansion. 

In the particular case of hydrogen, however, 
the numerical data reveal a remarkable con- 
stancy of ¢, i.e., c approaches c,, sooner than one 
would expect in general, and as a result the 
asymptotic formula (81) is better than one 
might expect.” 

The distribution function has been computed, 
as an example, for hydrogen for u=10, using the 
data of Table I. The result is plotted in Fig. 3, 
where the ‘‘age”’ approximation and the asymp- 
totic formula are included also for comparison. 
The age approximation fails, as one might 
expect, when z becomes comparable to u, so that 
ko is no longer <1. 


3. THE CASE OF VARIABLE MEAN FREE PATH 


In most practically important cases the mean 
free path cannot be considered constant. For 
many moderators, though not for all, it will 
decrease with decreasing velocity of the neutrons. 
At large distances from the source, an equi- 
librium between the primary and the slow 
neutrons is then readily established, so that the 
slow neutron density is determined to a large 
extent by the law for the primary neutrons, i.e., 
r~e-r/'() in the case of a point source. We shall 
see, however, that the asymptotic formula for 
the slow neutrons differs from the above-men- 
tioned law in that it has a smaller (in general 
a fractional) power of the reciprocal distance 
before the exponential. 


3.1 The Asymptotic Behavior of (2, u) 


Our problem is to find an asymptotic formula 
for the neutron density yo(z,u) when 2-0, 
while u is kept fixed at some value. It may be 
pointed out that the range of u values in which 
we are interested is finite, say: 0<u<In(Eo/kT), 
E> being the initial energy. We consider again 
the case of a plane primary source. Again yo» may 

# This statement depends rather critically on the value 
of k; chosen in computing c from Eq. (48a). The eigen- 
value k; is known with limited accuracy, so that the con- 
stancy of c as exhibited in the last column of Table I may 


be fortuitious. This, of course, does not affect the useful- 
ness of Eq. (48a) as an interpolation formula. 
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be expressed in terms of its Fourier-Laplace 
transform ¢o, Eq. (7), but ¢o is given by a dif- 
ferent set of equations. 

We must, in fact, go back to “A” Eq. (2) or 
“M” Eq. (63) and take into account the de- 
pendence of / on the energy. Going through the 
same transformations as those leading to ‘‘A” 
Eq. (24) one finds 


tinted — f o(w-a’, n)b(u')dw’ =1/4e, (82) 


where \ is the Fourier-Laplace transform of 
l(u)y; the connection between \ and ¢ is thus: 


A=L{l(u)L"} if & means Laplace transform. 


We have to obtain ¢ from Eq. (82), and then 
insert ¢9= {dw into Eq. (7). 

In order to study the asymptotic behavior of 
Yo we may try again to pull the integration path 
in the k-plane, see Fig. 1, toward the right until 
we are stopped by a singularity; the position and 
character of this singularity determines the 
asymptotic behavior. Now we shall see that the 
analysis of the singularity in the k-plane when 
®(n) is large can be made on similar lines as in 
Section 2.4. In order to make use of this fact we 
first prove that: 

(a) When ®&(n)>o (this being a suitable constant) the 


convergence abscissaeein the k-plane are independent of 
n® and precisely the convergence strip is 
—1<R(k) <+1 

if we choose the mean free path of the primary neutrons 
1(0) as the unit of length. 

(b) The convergence strip is determined by the fixed 
singular points k = +1, and the character of the singularity 
when k->+1 is independent of 7 as long as R(n) ><. 


For the sake of simplicity we shall prove these 
statements under the assumption 


Lu) =h+he-, (83) 


when /;, 2, € are positive constants. As we said, 


we set 

1(0) =),+/.=1. (84) 
The proof can be easily generalized to a formula 
containing a sum of many exponentials. 


With Eq. (83) one easily expresses the con- 
nection between \ and ¢ as follows: 


A(u, n) =] (nu, n) +heo(u, nt+e). (85) 


23 In sharp contrast with the constant mean free path 
case. 

















Inserting into Eq. (82) we get 
[1 eh }o(u, 2) — f (0-0, n)o(u')de 


=klyo(u, n+) +1/4r. 


Regarding for a moment the right-hand side of 
this equation as given, we notice that the left- 
hand side coincides with that of the integral 
equation “‘A’’ Eq. (24) except that is substi- 
tuted by k/,. Hence (86) can be solved for $(u, 7) 
if kl, is different from any of the “eigenvalues” 
k(n) that we studied before. Now let us choose 
o in such a way that when ®(n)><o the eigen- 
value k(n) with the smallest real part satisfies 


L<R{k(n)}. (87) 


This is always possible since k(n)—1>1, when 
R(n) ++ ©. Then clearly if: —1<@(k)<+1 
(as we shall assume from now on), k/; in Eq. (86) 
can not be equal to an eigenvalue. This proves, 
then, that when ®(n)>o one can use Eq. (86) 
to find $(p, ») if o(u, n+ ¢) is known. If the latter 
is regular, ¢(u, 7) is also regular. 

Now we know that when ®(n)—-+ ©, $(y, 7) 
becomes the Laplace transform of the primary 
neutrons for which the convergence strip is 
—1<@(k)<+1. Thus, for a very large 7, ¢ is 
regular within this strip. Then, according to the 
above statement, we can move in steps 6n=e 
toward smaller values of 7 and prove that ¢ 
remains regular, as long as R(n)>o. On the 
other hand, the convergence strip of ¢$(u, 7) 
cannot be wider than that for (yu, +@),”4 
which becomes singular when kR->-+1. The same 
is expected, therefore, of ¢(u, 7) as long as 
®R(n) >o. This completes the proof of statements 
(a) and (b). 

We are now going to investigate the properties 
of the Fourier-Laplace transform when 7 is very 
large. We shall find that as k->1, ¢ behaves like 
(1—k)*-? where p is a constant <2. The above 
argument shows then that the behavior of ¢ is 
of the same type also for values of » that are 
not large, subject only to the condition R(n) ><. 

We can now drop the special assumption (83), 
since the discussion is equally simple in the 


(86) 


* If it were, the distribution of the slow neutrons would 
decay faster than that of the primary ones with which 
they are in equilibrium, an obvious impossibility. 
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general case, provided /(u) is a decreasing func- 
tion of u. Referring to the form (86) of the 
integral equation, we notice that the connection 
between ¢ and \, in the case of large 7, takes a 
simple form, owing to the fact that the main 
contribution to the Laplace integral comes from 
very small values of u. Therefore, omitting for 
simplicity the remaining variables, 


ee f e-"I(u)y(u)du 


s f e-™[1(0) +ul'(0) +--+ W(u)du, (88) 


so that, remembering Eq. (84) and setting 
l’(0)/1(0) = —y, we find 


A(n) =6(n) +70¢/dn+::>. (89) 


We must expect the successive terms in this 
development to be of decreasing order of mag- 
nitude, for large y, as can also be verified a pos- 
teriort on the final result. This shows, at least, 
that the approximation is consistent. 

Since in the case of large » we are dealing 
mainly with neutrons that have suffered only 
small energy losses, the results obtained for con- 
stant m.f.p. should offer some guidance. There- 
fore, we surmise that we shall have to study the 
function ¢ for small values of #=arc cosy, and set 
w=1-— 8/2, then introducing approximation (38) 
for the scattering function and the variables 
s=(M/4n)—*8. With this change of variable the 
partial derivative in Eq. (89) suffers the trans- 
formation : 0/dn—20/dn+(s/2n)d/ds. Taking this 
into account and introducing Eq. (89) into the 
integral equation, we find 


[(1—k)+ (kMs?/8n) ]o 
— ykuld¢/dn+ (s/2n)d¢/ds } 


~ (a/4nn) f exp( — S?/4)(s’)ds’=1/4r. (90) 


In this equation we neglect terms of higher order 
than 7~!, and thus replace yku with yk before the 
square bracket. Finally, after multiplying with 
nk-! and remembering the abbreviation intro- 
duced after Eq. (53), the equation becomes 


hn — do/dn— (s/2)db/ds + (M/8y)s* 


—(a/ky)e*p=n/4aky; h=(1—k)/ky. (91) 
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In order to solve this equation we consider the 
eigenvalue problem 


—(s/2)dw/ds+(M/8y)s*w 
—(a/ky)e4w=(p—1)w (92) 


which is similar to Eq. (53) and can be treated 
in a similar manner; p—1 corresponds to k in 
Eq. (53) and is the variable parameter. The 
eigenvalues of p form a discrete sequence p, p1, 
p2, -** (see later). These eigenvalues depend on 
k, but when is close to unity we may take them 
equal to their limiting values for k=1, i.e., set 
a/ky=a/y in Eq. (92). We call p the lowest 
eigenvalue, which as we shall see is <2, when k 
is close to unity. Call w, wi, we, --- 
responding eigenfunctions and develop ¢: 


$(n, S)= Din Gn(n)wa(s). 


Inserting into Eq. (91) and using the ortho- 
gonality property of the eigenfunctions w,,: 


(93) 


f WnWmdS = Sam, 
we find 
(hn+pn aa 1)a,— nda,/dn (n/ky)A ny 


where 


(94) 


par wre f "| (95) 


The solution of Eq. (94) contains an integration 
constant that may be determined from the con- 
dition 


a,(+ ©)=A,(1—k)-. (96) 


This follows from Eq. (86), remembering that 
g—0 when 7—+ ©. Therefore, 


o(u, + 0) =[4r(1—Ry) J. (97) 
Multiplying by w,(s) and integrating over ds, 
and setting 

u=1—8?/2~1—(M/8n)s?~1, 


we get Eq. (96). 
The solution of (94) is then 


+0 
an(a) = (Aa/by)eMg! f ehey!-mdx, -(98) 


- 


Examine now the behavior of this expression 
when k—1, t.i.: h-+0, remembering that we are 


the cor- 


WICK 


interested in the singularity of ¢ at this point. 
Now we can see that for an eigenvalue that 
satisfies p>2, the expression (98) remains finite 
when h->0, while if p<2 we can write 


+00 +0 
f e~**x1-edx = he? f e-vy!-edy 
” hn 


= (1—p)!he-*. (99) 


Hence the highest singularity will arise from the 
lowest eigenvalue. We consider, therefore, only 
the first term in the expansion (93) and drop 
henceforward the index mn. Noticing that as 
k-1, h=(1—k)/y, we have finally the behavior 
in this limit 


o~Ay°(1 —p)!w(s)n?-tert—*)/1(1—k)e-*. (100) 


For us the most important part of this formula 
is the last term or: (1—)*-*, that gives, as we 
have said, the singular behavior of ¢ also for 
finite values of 7. This solves, therefore, the 
problem of the asymptotic behavior for large 
distances, for according to a well-known Tau- 
berian theorem it is permissible, in computing 
the asymptotic behavior of the inverse trans- 
form, to consider all factors as constant, except 
the singular term of the type indicated, thus 
obtaining a dependence on z of the type (com- 


pare Eq. (7)) 


+ie 
. + (1/2ni) f eM Bydk 


—tse 


=const.z'-*e-*, (101) 


For a point source, remembering ““M” Eq. (62), 
we get the asymptotic dependence 


Yorr "e’, (102) 


r being the distance from the source measured 
in mean free paths of the primary neutrons. In 
order to use this law we have to solve the eigen- 
value problem Eq. (92) with k=1. The pro- 
cedure that was applied to Eq. (53) can be used 
here; namely, we perform a Fourier transforma- 
tion (Eq. (54)) and notice that 


§(sdw/ds) = —(V_-a)F(w) 
= —(2+0d/dc)F(w). (103) 
Finally we set 


U(c) =e-1"!/ MF (w) (104) 
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and find 


{d?/do?+o0-'d/da+ (4y/M)(2p—3) 
+2[(M+1)/M}e-* 
—(2y/M)?o?} U(c)=0 (105) 


that differs from Eq. (47) in having a different 
potential and a different meaning for the 
“energy” term. Clearly the presence of the 
quadratic term in the “potential” makes the 
eigenvalue spectrum discrete. When y tends to 
zero, the lowest eigenvalue must tend to the 
discrete eigenvalue of problem (47), and the 
higher eigenvalues must crowd together, repro- 
ducing the continuous spectrum. If y is suf- 
ficiently small the second eigenvalue must be 
close to the zero line, i.e., p must be close to 3. 
A very rough evaluation of the lowest eigen- 
value has been made by the Ritz method, using 
the eigenfunction e—*/? with X the variable 
parameter. The minimum condition is 


a(1+d)?-+y-2/2M = M8. 


The y term is often small, so that it is permissible 
to develop A in powers of y. As an example we 
find for carbon, M=12, the result: p=1.5 
—0.427+0.078sy+---. Assuming an energy 
dependence of the m.f.p.: /(u)=2.75+2E, E 
being the energy in Mev, the data in Table III 
have been obtained. 


(106) 


3.2 Remarks on the Energy Spectrum at Large 
Distances 


Using the n-dependence of Eq. (100) and 
inverting the Laplace transformation, it would 
be easy to derive also the dependence of the 
neutron density on wu, i.e., the spectrum. The 
formula, however, would hold only for very 
small u, or energies very near the primary one, 
being derived from an expression valid only for 
very large 7. 

A greater interest attaches the spectrum for 
large u, or in the slow neutron region. This can 
be derived (compare ‘‘A’’ Section 4.2) from the 
position of the first singularity that one meets as 
n moves to the left in the complex plane. 

We must now drop the assumption ®(n) ><, 
that was made in Section 3.1. It is then easy to 
see that the singularity in the 7 plane must occur 
when kil, in Eq. (86) becomes equal to the eigen- 
value k(n) with the largest real part, i.e., the 


TABLE III. Variable mean free path; carbon. 








Initial energy of 





neutrons in Mev: 0 0.5 1 2 
7=0 0.27 0.42 0.59 
p=—o *—0.03 0.53 0.84 








eigenvalue given by Eq. (65), or: k(n) ~(»/m)}, 
when 7 is small and by (48b) if 7 is large. 
We write therefore 


RI © ) =k(n)/(0) 


introducing explicitly the value of the mean 
free paths for zero velocity: /(.o) and for the 
initial velocity : 1(0). 

In order to find the spectrum, we now first 
keep & fixed and invert the Laplace transform 
(compare “A” (22a) and ‘‘A’’ (40)) finding an 
expression of the type 


(107) 


B+ico 


(1/271) o(n)e™dn= F(k)em+---, (108) 


B—iwo 


where 7 is the solution of Eq. (107) and F(R) is 
the residue of ¢ at m, and the terms omitted 
correspond to singularities further to the’ left in 
the complex 7-plane. Unfortunately, itjis not 
easy to determine F(k) accurately, except by 
the kind of numerical work described in ‘‘A” 
Section 5. We know, however, thatffas k—1, 
F(k) behaves like (1—)*-*. For large r that is 
all we need, and we finally find that for large u 
the energy spectrum at large distances, i.e., the 
dependence of Yo on 4, is given by 


Yorwen" (109) 
where 7; is the solution of 
1, =1( ©) =k(n)1(0). (110) 


The author wishes to express his gratitude to 
Dr. Marshak for criticism and for encouraging 
him to bring this work to completion. Thanks 
are also due Drs. Placzek, Wigner, Bethe, and 
Rose for some friendly advice. 


APPENDIX A 


Eigenvalues k(n) when n is real and >0. We 
first prove that in this case: |ga(n)| <1 for all m. 
Equation (2) may be written 


g(u, 0) = (a/4)G?*"'dG/dy. (111) 
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One has then from Eq. (4) 


+1 
len <2x f lgldu=20 f GHG 
— | 
‘=a(n+1)-{1-—e-0}, 


In the interval: 0<7<+ © the maximum of the 
right hand side occurs at »=0 so that 


gn] <a(1—e-*) =1. (112) 


Multiplying now Eq. (41) by ¢,* and summing 
over n we get 


L(2n+1)ra| bap 
=k Yi (w+1) Onssda + baba"). (113) 


Owing to (112): y,=1-—g,>0, therefore k is 
the ratio of two real forms one of which is essen- 
tially positive and must be real, as stated in the 
text. 

Needless to say, this proof assumes that the 
sums in (113) are convergent; according to Eq. 
(17) this will always be the case unless || =1, 
i.e., R real and >+1 or <—1. 

It may be pointed out, however, that the latter 
exceptional values of k may also be regarded as 
eigenvalues, and more precisely as forming the 
continuous spectrum of eigenvalues of Eq. (41). 
Without going into details, we may point out 
that the question is entirely analogous to that 
about the continuous eigenvalues of a differen- 
tial equation such as, for instance, Eq. (47). As 
is well known all positive values of the ‘‘energy”’ 
parameter —8k,/M are regarded as eigenvalues, 
although the corresponding eigensolutions do not 
satisfy the ordinary condition of quadratic 
integrability, but only a weaker condition. En- 
tirely similar considerations apply here; and, 


-. WICK 


needless to say, in the limit in which our system 
may be approximated by Eq. (47) the continuous 
eigenvalues of the latter equation, i.e., those with 
ki <0, go over, according to Eq. (48b), into the 
continuum of real values of k with k>-+1. 


APPENDIX B 


Roots of y:1=0, y2=0, etc. It will suffice to 
prove that |g,|<1 for m=1, 2, when 
R(n) > —}. From Eq. (111) we have, remember- 
ing that G<1, 


|g| <(a/m)dG/dp. 
Therefore, Eq. (4) yields 


+1 
lea(n)| <2a f |Pa(u)|(dG/du)dp. (114) 


For n=1 the integral is quite simple; one finds 
[gil <(M+1)/2M <1 (115) 


as we want. For >1 we consider M=1 first. 
It is easily found that the roots of yz=0 are 
—1+72-?, those of y3=0 are — (3/2) +2(3/2)}, 
etc., i.e., all these roots have R(n) < —}. 

If M>1 we apply Schwartz’s inequality to 
Eq. (114) and find 


| gn|?<(2a)? f P,7dp f (dG/dyu)*dy. 


Now 


f (dG//dy)*dp = f (dG/du)dG <(M?—1)-4 f GdG 


= (2a)—(M?—1)-4 
by a simple majoration. Finally 
| gn|?<2a(M?—1)-42/(2n+1) 
which is <1 for M=2, 3, ---, n=2, 3, -:- 
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A study has been made of the proton groups from the 
reaction of 3.22-Mev deuterons with sulfur in the form, 
primarily, of H2S gas. The following Q values have been 
assigned to the reaction S*(dp)S*: 6.48, 5.69, 4.58, 4.31, 
3.63, 3.33, 2.60, 2.33, 2.06, 1.78, 1.37, 0.85, and 0.18 Mev, 
corresponding to the ground state and twelve excited 
states of S*. Four of these groups have been investigated 
for proton gamma-ray coincidences to confirm this assign- 
ment. The yield as a function of deuteron energy has been 
observed for the six highest energy groups and indication 
of the presence of some broad resonances found. A quali- 


tative measurement of the variation with angle of relative 
yields of the groups has indicated a proton intensity 
distribution that is symmetric for some groups and asym- 
metric for others. The cross section for the reaction for 90° 
observation has been found to be 1.2 barns. The mass 
difference S**—S* has been calculated to be 0.99963 mass 
unit. 

Two low intensity, high energy groups have been 
assigned to the reaction S*(dp)S* with Q values of 8.67 
and 7.85 Mev. This, together with the above observation, 
leads to a value of 1.99691 for the mass difference S*#—S®. 





INTRODUCTION 


HE existence of nuclear energy levels has 
been known for approximately twenty 
years during which period a considerable amount 
of information on them has been compiled. 
The accumulation of evidence has been going 
forward in several laboratories, and in recent 
years the use of improved counting and bom- 
bardment techniques has enabled the extension 
of accurately known energy levels and mass 
values as far as Ne”. Only a moderate amount 
of information is available beyond this element. 
The element selected for the present investi- 
gation was sulfur which normally consists of four 
isotopes: S*, 95.1 percent ; S*, 0.74 percent; S*, 
4.2 percent; and S*, 0.016 percent. Of the 
several methods available for studying nuclear 
energy levels, the one chosen here involves the 
observation of proton groups from transmuta- 
tions induced by deuteron bombardment. A 
preliminary study of this element was reported 
by Smith and Pollard,* who found six groups 
with an average spacing of 0.9 Mev. 
Thin targets of solid sulfur are difficult to use 


* Part of a dissertation presented to the faculty of the 
Graduate School of Yale University in partial fulfillment 
of the requirements for the degree of doctor of philosophy. 

** Now at the RCA laboratories, Princeton, New Jersey. 

*** Assisted by the Office of Naval Research under 
Contract N6ori-44. 

1M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 245 (1937). 

?W. F. Hornyak and T. Lauritsen, Rev, Mod. Phys. 
20, 191 (1948). 

3 Ernest Pollard, Nucleonics 2, No. 4, 1 (1948). 

4E. Smith and E. Pollard, Phys. Rev. 59, 942A (1941). 


inasmuch as this substance readily sublimes. 
However, gaseous H,S is available in 99.9 percent 
pure form, and it was decided to use this as the 
target material. 


EXPERIMENTAL APPARATUS 


The bombardment chamber used in most of 
this work was one especially designed for gaseous 
targets. Aside from the fact that certain elements, 
e.g., neon and argon, can be obtained only in 
gaseous form, this type of target has distinct 
advantages to recommend it; uniform targets 
of any desired degree of thinness may be prepared 
and duplicated with ease and accuracy. This is 
of particular importance if the substance under 
study dissociates under bombardment, as does 
H3S. 

This bombardment chamber, illustrated in 
Fig. 1, consists of two sections: a chamber to 
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Fic. 1. A drawing showing the construction of a chamber 
for bombardment of gaseous targets with deuterons or 
alpha-particles from the Yale University cyclotron. This 
chamber includes a foil changer in the path of the beam 
for altering the bombarding beam energy. 
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Fic. 2. The proton group spectrum for 90° observation 
of the reaction S(dp). An HS target at a pressure of 
10 cm Hg was used. All the groups shown have been 
assigned to the reaction S*(dp)S*, 
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contain the gas and a foil changer to alter the 
deuteron beam energy. The gas chamber is 
isolated from the cyclotron proper by means of 
an aluminum foil. In order to minimize the 
reduction in beam energy, the foil used is quite 
thin, approximately 2 cm of air equivalence, and 
cannot withstand the force due to the difference 
in pressure between the chamber and the cyclo- 
tron. For this reason the foil is supported on the 
vacuum side by a grid formed by drilling No. 55 
holes in a brass plate. The protons produced in 
the nuclear reaction under study are observed 
through a ‘‘proton port’’ sealed by an aluminum 
foil. For most purposes a foil of sufficient thick- 
ness, 3 cm air equivalence or greater, may be 
used, and hence it need not be supported. How- 
ever, for the use of thinner foils a holder has 
been constructed with grids on both sides of the 
foil. The arrangement of the foil changer is clear 
from the figure. The foil in the beam, and hence 
the beam energy reduction, may be selected, 
without breaking the vacuum, by means of the 
knob on a shaft through a Wilson seal. The foil 
selected is locked in position by means of a 
spring-operated catch on the rim of the foil 
changer wheel. 

The bombardment chamber used for 0° ob- 
servations and for proton gamma-ray coincidence 
measurements was constructed by Dr. Benson. 
It, together with the associated equipment and 
techniques, have been described by him else- 
where.® The solid target required by this bom- 


5 B. B. Benson, Rev. Sci. Inst. 17, 533 (1946) and Phys. 
Rev. 73, 7 (1948). 
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bardment.chamber was prepared in the following 
manner. A thin layer of sulfur was deposited by 
evaporation on a clean gold foil. On top of this 
a thin layer of gold was deposited in a similar 
manner. The purpose of this gold coating was to 
inhibit the sublimation of the sulfur target. It 
was found that an uncoated sulfur target of 
1 mg/cm? completely disappeared when in a 
vacuum for a period of several hours. A rough 
calculation using the vapor pressure of sulfur 
showed that this is as expected. Therefore, it 
was impossible to determine accurately the 
thickness of either the sulfur target or the gold 
coating, inasmuch as sulfur was lost in the 
process of applying the gold. 

The absorption method was used to determine 
the proton energies. In this conjunction a me- 
chanical foil changer was used. This instrument 
could be operated by remote control from the 
cyclotron control room and the absorption in the 
path of the protons could be varied in 1-cm 
steps to a total of 164 cm. When it was desired 


Air (dp) 
0 


cm Air 


Fic. 3. The proton group spectrum for 90° observation 
of the reaction of deuterons with air at a pressure of 
10 cm Hg. This information was obtained because of the 
possibility of-air contamination in H2S. The two longest 
range groups are due to nitrogen. The 25-cm group is due 
to oxygen. The 20-cm group is a composite of nitrogen 
and oxygen groups. 














to obtain increments in range of less than 1 cm, 
a gas absorption cell was used. 

Proportional counters were used for proton 
detection. These were constructed under the 
direction of Dr. Martin.* The short recovery time 
of this type of counter allows it to be used at 
high counting rates. When the proper preampli- 
fier is used, the counter pulse shape is quite 
good—0.1 wsec. rise time and 1.0 usec. width, 
and hence short resolving-time (2X10-’ sec.) 
coincidence measurements may be made. Fur- 
thermore, the pulse amplitudes are proportional 
to the initial ionization produced by the particle 
passing through the counter. Thus, by setting 
the level in the counting circuits such that only 
pulses with an amplitude greater than a certain 
fixed value are recorded, one may make use of 
the peak in the Bragg ionization curve to restrict 
observations to only a small interval of range. 
This process is known as ‘‘peaking.”’ 

The associated electronic circuits consisted of 
capacity-neutralized preamplifiers, wide band 
(4 mc/sec.), video amplifiers, and a variable 
resolving time coincidence circuit. These were 
designed by Professor H. A. Schultz and are 
described elsewhere.*-? In addition, a modified 
Higinbotham scale-of-64 circuit was used when 
the counting rate required it. 


EXPERIMENTAL RESULTS 


The proton group structure as observed at 
90°+5° is shown in Fig. 2. In this figure the 
yield, counts per minute per unit beam current, 
is plotted as a function of the absorption, in cm 
air equivalence, in the path of the protons. 
There are ten groups of protons which are clearly 
resolved. The two groups in the neighborhood of 
35 and 50 cm have half-widths larger than those 
of longer range. This would lead one to expect 
that they are multiple. 


IMPURITIES 


As mentioned above, the H2S used was 99.9 
percent pure, the 0.1 percent impurity being due 
to hydrogen, water, and traces of BaCl and 
NaCl.* The hydrogen and barium would not be 

° A. B. Martin, Phys. Rev. 72, 378 (1947). 

(1948) A. Schultz and R. Beringer, Rev. Sci. Inst. 19, 424 


* Matheson Company, Inc., East Rutherford, New 
Jersey, private communication. 
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Fic. 4. The 20- and 25-cm groups from the bombardment 
of H:S and air targets with deuterons of two different 
energies. The variation of relative intensity of the two 
groups with bombarding energy is not the same for the 
two targets. For this reason, it is concluded that the two 
= from the H2S target are not due to the presence 
of air. 


expected to cause complications. The reactions 
with Na and Cl give groups lying within the 
sulfur spectrum.*!® On the other hand, their 
concentrations are at most a fraction of 0.1 
percent and certainly would not be responsible 
for groups of the intensities found. The oxygen 
in water was considered along with that in air, 
which had to be taken into account since the 
manometer system used to introduce the H.S 
into the bombardment chamber could not be 
completely freed of leaks and occluded air. For 
this reason information on the proton groups 
due to air was obtained. The results are shown 
in Fig. 3. It will be noted that there are groups 
in the neighborhood of 20, 25, 40, and 120 cm. 
The two groups at 20 and 25 cm coincide almost 
exactly with groups in the sulfur spectrum. 
These two groups would be expected to have 
different excitation functions, i.e., variations of 
yield with beam energy, depending on whether 
they are due to sulfur or air. This portion of the 
spectrum of the two substances is shown in Fig. 4 
for two different beam energies. It is clear that 
the yield of the longer range sulfur group in- 
creases relative to the shorter range one for a 
decrease in beam energy, while for air just the 
reverse occurs. Furthermore, it was observed 
that in order to account for the intensities of 
the H.S groups air would have to be present to 
the extent of 50 percent, which was certainly not 

*E. B. M. Murrell and C. L. Smith, Proc. Roy. Soc. 


173, 410 (1939). 
1 E, F. Shrader and E. Pollard, Phys. Rev. 59, 277 (1941), 
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the case. From this combined evidence it is 
concluded that the two groups in question are 
due to sulfur. 

A low intensity group, not shown in Fig. 2, 
was noted at 120 cm. However, its intensity was 
so low, about two percent of that of the 100-cm 
group, that no quantitative measurements could 
be made. It was observed that this group’s 
intensity was roughly independent of H.S pres- 
sure. This, in addition to the range, leads one to 
believe that the group is due to nitrogen from 
air. Even though this be the case, no complica- 
tions would be expected from the 40-cm nitrogen 
group inasmuch as the H2S groups in this region 
are considerably more intense than that group 
would be. 


RESOLUTION OF MULTIPLETS 


As mentioned above, the half-widths of two 
of the groups indicate that they may be unre- 


100 
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solved multiplets. There are several factors that 
enter into the resolving power of this method; 
beam homogeneity, target thickness, range and 
angle straggling, and degree of peaking. An 
attempt was made to improve the largest factor, 
beam homogeneity, by using a system of three 
slits in conjunction with the field of the beam 
analyzer magnet. A noticeable improvement, 
reduction of beam half-width from 0.18 to 0.08 
Mev, was obtained but with such a loss in beam 
intensity that satisfactory data could not be 
taken. The target thickness for H:S at 10 cm 
pressure was 3 mm or 0.05 Mev. Range straggling 
is inherent in the absorption method of measuring 
energy and hence would not be circumvented. 
It amounts to 1.9 percent of the range or about 
0.06 Mev at 50 cm. The angle straggling can be 
lessened by improving the geometry of the 
detection. The effect of ‘‘peaking’’ can be elimi- 
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Fic. 5. The resolution of the 35- and 50-cm groups in the H2S spectrum into their components. The 50-cm doublet is 
shown for three different conditions of peaking and geometry. The dotted curves were_obtained graphically. 
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nated by setting the level at such a value that 
further increase causes no decrease in half-width 
of the group. Figure 5 shows the 50-cm multiplet 
for three conditions of peaking and geometry. 
The scatter of the observed points is explicable 
in terms of statistical fluctuations. The dashed 
curve shows the resolution into two groups. This 
was done in the following manner ; the long-range 
edge of the group was reflected graphically about 
a vertical line, so chosen as to give the expected 
half-width for the resulting curve. The curve so 
obtained was subtracted from the observed curve 
to give the long-range side of the shorter range 
group. It will be noticed that the resulting half- 
widths are almost identical. Observations under 
the same conditions as above failed to give any 
clear-cut resolution of the 35-cm group into its 
components. There was some indication for three 
groups, and a graphical analysis such as just 
described was made and is also shown in Fig. 5. 
However, the identification of these three groups 
is not considered to be as positive as that of the 
two 50-cm groups. 


ASSIGNMENT TO ISOTOPES 


In order to check the possibility that the 
abrupt changes in yield at the 50-cm group (see 
Fig. 2) could be explained on the basis of the 
isotope configuration, a proton gamma-ray co- 
incidence study was made. This technique allows 
the location of groups corresponding to ground 
states, inasmuch as no gamma-rays should be 
associated with such groups. The results obtained 
are given in Table I and in Fig. 6. In the latter 
is shown the group structure as observed at 0° 
and with large solid angle proton detection. The 
number of coincidences per 10‘ protons is given 
at the peak of the group concerned. The expected 
number of random coincidences, as determined 
from the relation 27N,N,=N,, has been sub- 
tracted from the number of observed coinci- 
dences. This method of determining the number 
of random coincidences was not precise, inasmuch 
as neither the resolving time r nor the number 
of gamma-rays N, was very well known. r was 
determined by placing a beta-ray source between 
two counters and observing the number of 
coincidences detected. The relation given above 
was then used and the value of 7 obtained was 
210-7 for the setting of the resolving time dial 
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TABLE I. S(dp), 0°, P—+-coincidences. 








Ne 
per 10 
Ny P Ne Nr protons 
Q* Np per per Ne per 104 per 10‘ cor- 
Mev Total sec min. Total protons protons rected 





6.48 {80/000 384 83 9 2.25409 1.54 0.71 

} 80,000 435 153.5 23 2.88406 1.74 1.14 
5.69 80,000 410 84.5 51 638409 1.64 4.74 
3.33 80,000 384 25.5 77 9.6341.1 1.54 8.09 
2.60 80,000 349 51.5 71 888+41.1 1.39 7.49 








*:From analysis of 90° data. 


used in the above. N, was determined by means 
of a counting rate meter calibrated in the region 
used with a scaling circuit. These two factors 
undoubtedly account for the fact that there are 
residual coincidences associated with the longest 
range group. However, the object of prime 
interest was the first high intensity group and 
the results obtained showed that at least the 
prominent member of this group does not corre- 
spond to a ground state. Because of the large 
solid angle required, it was impossible to resolve 
either this group or the next longer range group 
into its components, and hence this method of 
attack was abandoned. Before leaving this sub- 
ject, it might be remarked that the number of 
gamma-rays associated with the individual 
groups seems to be roughly proportional to the 
yield of the group. This would indicate that 
gamma-ray transitions in the residual nucleus 
are more frequently to the ground state than to 
intermediate states. However, it is difficult to 
conclude anything quantitative from these ob- 
servations for the following reasons : the efficiency 
of the gamma-ray counter is energy dependent, 
the gamma-ray intensity is not likely to be 
spherically symmetric, and, furthermore, the 
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Fic. 6. The S(dp) spectrum for 0° observation. The 
numbers at the peaks of the various proton groups give 
the number of proton y-ray coincidences observed per 
10‘ protons counted from that group. 
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TABLE II. S®(dp)S*. 











Level Relative Level spacing 

Mev Mev intensity Mev 
6.48 0 1 

5.69 0.79 0.5 0.79 
4.58 1.90 1 1.11 
4.31 2.47 1:5 0.27 
3.63 2.85 > 0.68 
cK 3.15 8 0.30 
2.60 3.88 4 0.73 
2.33 4.15 6 0.27 
2.06 4.42 4 0.27 
1.78 4.70 4 0.28 
1.37 5.11 5 0.41 
0.85 5.63 15 0.52 
0.18 6.30 8 0.67 








two shortest range groups studied are unresolved 
multiplets. 

In the process of the investigation just de- 
scribed, it was noted that there was a small yield 
of protons even beyond the longest range group 
shown in Fig. 6. The results of a more detailed 
study of this region of the spectrum are given in 
Fig. 7. The left curve was taken with a thick 
solid target and shows the presence of a group 
ending at 148 cm. Observations were made on 
out to an absorption of 195 cm with no indication 
of further groups. The right curve given in 
Fig. 7 was obtained with a thin target, less 
than 1 mg/cm?, and with moderately good 
geometry and peaking. There is definite indica- 
tion of group structure. However, the analysis 
into two groups as shown cannot be considered 
as very reliable, inasmuch as the background 
count is of the same order of magnitude as that 
due to the groups. The longest range group has 
a range in the neighborhood of that that would 
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Fic. 7. Long-range, low intensity proton groups observed 
at 0° with thick (left curve) and thin (right curve) solid 
sulfur targets. The two groups observed have been assigned 
to the reaction S*(dp)S*. 

















DAVISON 


be expected for the ground state group of 
nitrogen. Yet it seems unlikely that there could 
have been enough occluded nitrogen to account 
for even the low yield observed. On the basis of 
yield, about one percent of the longest range 
group in Fig. 6, and the Q value expected from 
existing mass values, it has been concluded 
that these two groups are due to the reaction 
S%(dp)S*, 

The mass values available for S* and S*% 
indicate that the ground state group from the 
reaction S**(dp)S** would have a range of 67 cm 
for 90° observation. This is almost precisely the 
observed range of the long-range member of the 
first doublet. For this reason one is tempted to 
assume that the multiplet structure in the sulfur 
spectrum is due to the overlapping of the S* 
and S*> spectra. It is regrettable that proton 
gamma-ray coincidence measurements could not 
be made on this doublet. However, the intensities 
of the members of each multiplet are very nearly 
the same, whereas the concentration of S*® is 23 
times that of S* which would require that the 
cross section for the S*(dp)S** reaction be about 
20 times that of the S**(dp)S* reaction. While 
this is not out of the realm of possibility, it does 
seem unlikely. Therefore, on the basis of the 
existing evidence it appears that one must 
conclude that all extept the two long-range low 
intensity groups (Fig. 7) are due to the reaction 
S*(dp)S*. This matter will have to await 
definite settlement until separated isotopes are 
available. 


Q VALUES 


The Q, energy change, values of the reactions 
may be calculated from the Q equation: 


Q= [(Mn+My,)/MyJE,— [(M,—Ms)/M,JEs 
—2[(M,MzE,Es)*/M, ] cosé, 


obtained by applying conservation of energy and 
momentum to the reaction. The masses Mn, Mp, 
and Mz of the nucleus formed, the proton and 
the deuteron and the angle of observation, 6, 
relative to the direction of the beam, are all 
known. It remains to determine the beam energy, 
Es, and the proton energies, E,. The mean 
beam energy was found by Martin® to be 
3.68+0.05 Mev with a half-width of 0.18+-0.05 
Mev. Recent observations by Pollard, Sailor, 
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and Wyly agree with these values. The value of 
the beam energy that must be used for the 
observations with gas targets must be reduced 
(average value used was 3.22 Mev) due to the 
presence of the aluminum foil and 4.22 cm of 
gas in the path of the beam. The latter correction 
involves the stopping power of H.S, which was 
obtained in the following manner. It was ob- 
served that after a long run the position and 
amplitude of the 100-cm group were changed 
relative to their values at the start. The group 
moved out in range and down in amplitude. 
Both of these effects are readily explained in 
terms of loss of sulfur from the target due to 
dissociation of the H:S by the deuteron beam. 
This loss was confirmed by the appearance of 
solid sulfur in the bottom of the bombardment 
chamber. The increase in range observed is due 
to two processes: increase in beam energy and 
decrease of absorption of the three cm of gas in 
the proton path, both of which are caused by 
the decreased stopping power of the gas. The 
effective stopping power, S, at any time can be 
expressed by the relation 


(fraction of H2S) X SH2s 
+(fraction of Hz) XSH.=S. 


The fraction of H.S at the end of the run can 
be obtained from the yield relative to that at the 
start of the run and the stopping power of H:2 is 
known to be 0.22.1 A plot of change in range vs. 
stopping power of HS was calculated for an 
observed change in sulfur content of 75 percent. 
From the observed change in range, 3.5 cm for 
gas at a pressure of 20 cm, it was concluded 
that the stopping power of H.S is 1.3 relative to 
air. Strictly speaking, this is a composite stopping 
power inasmuch as the actual stopping power is 
a function of the velocity of the particle and 
thus is different for the 10-cm deuterons and 
100-cm protons. This value was used for all 
proton groups. However, the error thus intro- 
duced is quite small, being only 0.02 Mev for 
the shortest range group for a change in stopping 
power of 30 percent. 

The values of the mean proton energies corre- 
sponding to the various groups were calculated 
according to the method outlined by Livingston 


1 See reference 1, p. 272. 


TABLE III. S*®(dp)S*. 











Q Level ’ Relative Level 
Mev Mev intensity spacing 
8.67 0 1 0.82 
7.85 0.82 1 








and Bethe! in which corrections are made for the 
variation of aluminum stopping power with 
range, and for range and angle straggling. Re- 
finements of this method are being worked out 
by Humphreys and Motz! in order that correc- 
tions for beam inhomogeneity and peaking level 
may be made. The Q values obtained are given 
in Table II, together with the proposed energy 
level scheme, the relative intensities of the levels, 
and the separation of the levels. In determining 
the relative intensities, account had to be taken 
of the loss of sulfur during the period of observa- 
tion. Figure 8 shows the relation obtained for 
H.2S remaining vs. amount of’ bombardment in 
microampere minutes. This curve was obtained 
by observing the decrease in amplitude of the 
100-cm proton group after a known amount of 
bombardment. Part of the scatter of the points 
is due to statistical fluctuations, which are indi- 
cated as errors. The effect of changes in counting 
level could not be assessed, but every attempt 
was made to minimize it. These data also allow 


Dissociation 
of 
HS Target 





Bombardment (x amp, min) 


Fic. 8. A curve showing the rate of dissociation of H:S 
by 3.2-Mev deuterons. This curve was used to calculate a 
cross section for dissociation of H2S and to correct proton 
group intensities. 


122R. F. Humphreys and H. T. Motz, Phys. Rev. 74, 
1232(A) (1948). ‘ 
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Fic. 9. Energy level diagrams comparing the experi- 
mental results given in Table II with the theoretical 
results obtained by Wigner. The energy scale of the 
theoretical diagram has been adjusted so that the ground 
states and second excited states agree in the two cases. 


a calculation of the cross section for dissociation 
of H2S by 3.2-Mev deuterons. The value obtained 
is 

Cdiss = 4.8 X 10-16 cm?. 


It is difficult to assign an error to this figure 
because, in addition to the errors in the observa- 
tions, there are errors in the cross-sectional area 
and uniformity of the beam. . 

The Q values for the S*(dp)S* reaction were 
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Fic. 10. The excitation functions for the ground state 
and first five excited states of the reaction $*(dp)S*® for 
90° observation and the fourth and fifth excited states for 
64° observation. The presence of broad resonances is 
indicated in several instances. 
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calculated indirectly, inasmuch as the target 
thickness was not precisely known. It was 
assumed that the longest-range high intensity 
group observed at 0° has a Q of 6.48 Mev. The 
difference in Q value between this group and the 
low intensity group in question was calculated 
using a modification of the Q equation. Then by 
adding this AQ to 6.48 Mev the values given in 
Table III were obtained. The remarks made 
above concerning the uncertainty about the 
excited state must be born in mind in considering 
this table. 

An analysis of the various sources of errors 
involved in the experimental method together 
with the repeatability of the data has led to an 
assignment of a probable error of +0.11 Mev to 
the Q values and of +0.05 Mev to the level 
spacing for the reaction S**(dp)S*. The probable 
error assigned to the Q values for the reaction 
S3(dp)S* is +0.25 Mev. 

The energy level scheme based on Table II is 
given diagrammatically in Fig. 9. Also included 
in that figure is an energy level diagram obtained 
from theoretical considerations by Wigner! for 
4n+1 nuclei with one more neutron than proton, 
to which class S* belongs. In the latter diagram 
the energy scale is not specified and in this figure 
has been expanded (linearly) to fit the second 
excited state. Only qualitative comparison can 
be made with the experimental results, yet there 
is a striking similarity between the two. 


REACTION CROSS SECTION 


In order to calculate the cross section of the 
S*(dp)S* reaction, an integral numbers vs. range 
curve was taken by setting the counting level as 
low as possible. In this manner was determined 
the total number of particles corresponding to 
the end group that were emitted within the solid 
angle subtended by the counter. Knowing the 
beam intensity, time of observation, and number 
of sulfur nuclei in the target volume, one may 
calculate the cross section for the reaction that 
leaves the nucleus in the ground state. This was 
found to be 1.9X10-°§ cm?=1.9x10~ barn. 
Using the information above on the relative 
intensities of the various groups, one may calcu- 


late the cross sections for the total reaction. It 


3 E, Wigner, Phys. Rev. 51, 106 (1937). 
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was noted that for the three longest range groups 
there is substantial agreement between relative 
yields as determined from the integral curve and 
from the peaked curve. Hence, it is perfectly 
satisfactory—in fact, preferable—to obtain this 
information from the peaked data. The cross 
section obtained is 


(oS*2(dp))90° = 1.2 X 10-* cm? = 1.2 barns, 


which applies to 90° observation only inasmuch 
as the angular distribution of proton intensities 
is not spherically symmetric. The error in this 
figure is probably at least 50 percent and cannot 
be definitely assigned because many of the errors 
involved cannot be accurately estimated with 
the present experimental arrangement. 


MASS VALUES 


From the ground state Q values obtained 
above and the mass spectrographically deter- 
mined masses of H! and H? (taken from Segré’s 
table) the following mass differences may be 
calculated. 


S* —S* = 0.99963 +0.00012, 
S*—S* = 1.99691 +0.00037. 


Using the mass spectrographically determined 
value'* of the mass of S*, the masses of S*® and 
S* may be obtained. These, together with 
Okuda’s and Ogota’s value," are given in Table 
IV. 

From the above mass differences one may 
calculate the mass difference ratio: 


(S%—S#) /(S4—S#) =0,50059-+0.00015. 


TABLE IV. Mass values. 








From S(dp) From mass spectrograph® 


31.98089 +0.00007 
33.97711+0.00033 


Nucleus 


Sz wa 
S# 32.98052 +0.00020 
S* 33.97780 +0.00044 











® See reference 14. 


This is in very good agreement with the value of 
0.50066+0.00015 obtained by Townes!® from 
recent measurements on the microwave spectrum 
of the molecule OCS. 


EXCITATION FUNCTIONS 


Using the bombardment chamber foil changer 
described above, an investigation was made of 
the variation of the intensity of the six longest 
range groups of the reaction S*(dp)S* as a 
function of beam energy. The results obtained 
are shown in Fig. 10. The beam energies and 
Q values indicated are extrapolated values. The 
loss of target due to dissociation has been cor- 
rected for by means of the curve in Fig. 8. The 
errors assigned are based on those expected from 
statistical fluctuations and do not include the 
effects of changes in counting level. The latter 
were minimized by taking the observations in as 
rapid sequence as possible. Where assigned errors 
will allow, straight lines have been drawn. The 
lack of a resonance in the compound nucleus 
within the range of energies covered would be 
indicated by a nearly linear excitation function. 
This appears to be the case for Q; and Q, and 
possibly for Q;. The curves for Qo and Q, indicate 
the presence of a resonance slightly below 2.6 








Fic. 11. The 50-cm doublet of 
the S#(dp)S* reaction as ob- 
served for four beam energies 
and two angles of observation 
(90° and 64°). These results 
demonstrate the possibility of 
resolving a suspected multiplet 
by the proper choice of bom- 
barding energy and angle of 
observation. 
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™“ T, Okuda and K. Ogota, Phys. Rev. 60, 690(L) (1941). 
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16C, H. Townes, private communication, June 22, 1948. C. H. Townes, A. N. Holden, and F. R. Merritt, Phys. 


Rev. 74, 1113 (1948). 
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TABLE V. Relative yields at various angles for S*(dp)S*. 











Yield 
90° 64° 0° 
Level Relative to Qo, 90° Relative to Qo, 0° 
0 1 1.5 1 
1 0.5 1.2 3 
2 1 1 0.5 
3 15 5 0.5 
4 5 6 2 
5 8 9 6 
6 4 _ _ 
7 6 6 4 
s 4 —_ _ 
do 4 5 5 
Qo 5 7 ae 
Ou 15 18 15 








Mev. That for Q2 indicates the presence of a 
resonance above 3.4 Mev. The resonances for 
the various groups would not be expected to 
fall at the same place inasmuch as their location 


is dependent on the angular momentum quantum | 


numbers of the particles involved. These reso- 
nances are expected to be broad inasmuch as the 
levels in the compound nucleus are believed 
quite closely spaced and the beam energy is not 
sharply defined. 

Figure 10 also gives the results of a similar 
study for Qs, and Qs; at 64° observation. The 
curve for Qs is essentially identical with that 
obtained at 90°. However, for Q, the observa- 
tions at 2.93 Mev differ by more than the 
assigned errors and the curve for 64° indicates a 
resonance in the neighborhood of 3.2 Mev. There 
is some indication of such a resonance in the 90° 
data but not to the same degree. 

In the process of these investigations the 
curves shown in Fig. 11 were obtained for the 
50-cm doublet. They show how the resolution 
of a suspected multiplet into its various compo- 
nents might be facilitated by the proper choice 
of beam energy and angle of observation. At 
2.63 Mev and 90° the long-range member has 
been suppressed, where as at 2.93 and 64° the 
two components are almost equal in amplitude. 
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This effect was also observed in conjunction 
with the 20-cm group in air (Fig. 4) which is 
composed of overlapping oxygen and nitrogen 
groups. This method requires, however, that the 
excitation functions for the components be 
markedly different which, in general, may not 
be the case. 


ANGULAR VARIATIONS 


As mentioned above, the intensity of a proton 
group is dependent on the angle of observation. 
This dependence is related to the angular mo- 
mentum quantum numbers of the particles in- 
volved in the reaction. This effect has been 


-studied in considerable detail for several reac- 


tions.!® With the present equipment it was not 
possible to make a detailed study for this 
reaction. Nevertheless, observations were made 
at 90°, 64°, and 0°, and their results are shown 
in Table V. The 90° and 64° data were taken 
with the gas bombardment chamber, and hence 
it was possible to correlate the two by taking 
into consideration the geometrical differences 
involved. The 0° information was obtained with 
a solid target whose thickness could not be 
precisely determined. The results given in Table 
IV seem to indicate the following about the 
symmetry of the proton intensity patterns. Those 
resulting from Qoeand Q, are definitely asym- 
metric; those from Qe and Q3 are symmetric; 
those caused by the remaining groups are some- 
what asymmetric. ’ 
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A method employing a modified Schuler tube for the excitation of the spectral lines of 
milligram quantities of material is discussed. The spin of Sn" is found to be one-half, and the 
stability of the pair In™*—Sn" to the nuclear transition In'*—Sn" is highly forbidden on the 


basis of a spin change of four. 





INTRODUCTION! 


MONG the many stable isotopes there are 
but three known pairs of neighboring iso- 
bars : 4gCd!48 — ggIn™* 4g In445— 59Sn15, and 5;Sb!3 — 
3le'8, Neighboring isobars are isotopes having 
the same atomic mass number and differing in 
nuclear charge by one unit. Since all six members 
of these isobaric pairs occur naturally, their 
lifetimes must be at least of the same order as the 
age of the earth, about 10° years. The stability of 
these pairs against beta-decay is remarkable since 
we know from experience with beta-active iso- 
topes that whenever beta-decay is energetically 
possible, the decay half-life of the nucleus is 
reasonably short, ranging up to about 10° years. 
A possible explanation of this stability is that, 
although a beta-transition is energetically pos- 
sible, it does not occur because the spin change 
from one nucleus to the other is highly “for- 
bidden.”” The isobar of higher charge would 
decay by electron capture if it were the ener- 
getically unstable one. This decay would result 
in a slow disappearance of the isobar of higher 
charge and an increase in abundance of the isobar 
of lower charge. Since we do not observe this 
process, the best we can do is to assign a lower 
limit to the half-life of this isobar of about 10° 
years, the age of the earth. 

Bethe and Bacher have calculated that when 
the isobar of lower charge is the energetically 
unstable member of the pair, the lifetime must 
be of the order of 10'° years if the beta-process is 
to be undetectable by present techniques. 

From the known lifetimes of naturally oc- 
curring radioactive isotopes, a lifetime of 10° 
years seems more probable than a lifetime of 10'® 


* Now at University of Idaho, Moscow, Idaho. 
( oan Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 83 
1936). 


years. Therefore, it would be more likely that, 
in the case of these stable neighboring isobars, 
it is the isobar of greater charge which is the 
energetically unstable one. Bethe and Bacher 
have calculated that if the isobar of higher 
charge is the unstable one and the energy of the 
emitted neutrino is less than 25,000 electron 
volts, or approximately one-twentieth of an 
electron mass, a change in the nuclear moment of 
two units would give a lifetime of 10° years or 
greater. If the change in nuclear moment is 
three units, the energy of the emitted neutrino 
could be as great as 500,000 volts, equivalent to 
approximately one electron mass, and the life- 
time could still be 10° years or greater. 

The purpose of the present investigation is to 
determine whether the nuclear spin change 
involved in the transition Sn"® to In" would 
make this a highly “‘forbidden’”’ transition. 

I have been fortunate to obtain from the 
Manhattan District thirty-nine milligrams of tin 
enriched in the isotope Sn"5, Sn"5 constitutes 
but 0.44 percent of naturally occurring tin. The 
major fraction of the tin sample was Sn™* with 
Sn"5 making up most of the remainder. There 
were probably small percentages of the other tin 
isotopes also present. 


DESCRIPTION OF APPARATUS 


The spectrographic apparatus consisted of a 
one-meter, flint glass, three-prism spectrograph 
crossed with a Fabry-Perot interferometer. The 
etalon was placed between the collimator lens 
and the first prism. The two quartz plates of the 
etalon were separated by a spacer consisting of 
three, seventeen-millimeter, Invar pins set in 
equally spaced holes which were drilled in a 
brass ring.,The plates rested on the pins, which 
protruded beyond the brass ring at both ends. A 
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silver coating was evaporated onto the plates to 
a reflecting power of about eighty-five percent. 

The light source was a water or liquid-air 
cooled Schuler? tube through which an exciting 
gas was continuously circulated. The gas cir- 
culation was proposed by Schuler to decrease the 
rate of diffusion from the hollow cathode of the 
material under investigation. Obviously this pre- 
caution is important when working with milli- 
gram quantities of material. In the modification 
employed in this experiment the gas which 
leaves the Schuler tube is passed through a 
purifying system before it is returned. 

Helium and argon were used as exciting gases. 
Helium was passed through the apparatus in the 
following order : Schuler tube; a liquid-air cooled, 
charcoal trap; a liquid-air trap; a single-stage 
mercury diffusion pump used as a circulating 
pump, another liquid-air trap; and, again, the 
Schuler tube. Argon was passed through in the 


~~ 
- = 
eter of inside hole, .1” or 4” 


\ | 
L 
5 length, depending on Schuler 


J tube used. C. Copper tube for 
transferring the gas from the 
Schuler tube to the purifier. 
D. Upper part of aluminum 
insert, 13?” inside diameter, 12” 
height. Z. Cathode hole of alu- 
minum insert, 4” or ?” diam- 
eter, }” to 3” length. F. Cir- 
culating holes, 7; diameter, 
closely spaced. G. Aluminum 
anode with hole }” or 7%” in 
diameter depending on cathode 
hole diameter used. H. Alu- 
minum wire. J. Tungsten lead. 
J. Pyrex glass electrical insu- 
lator. K. Pyrex plate glass 
window. L. Wax seals. M. 
Water cooling tubes to prevent 
wax from melting when Schuler 
tube is run hot and freezing 
when it is immersed in liquid 
air. 


Fic. 1. The Schuler tube. 
A. Copper tube, 93” long, 13” 
diameter, 7,” wall thickness. 
B. Copper end piece, }’’ diam- 























2H. Schuler and H. Gollnow, Zeits. f. Physik 93, 611 
(1935). 
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following manner: Schuler tube; a calcium. 
coated bulb used as an argon purifier ; the liquid- 
air trap; the circulating pump; the other 
liquid-air trap; and, again, the Schuler tube. 

The Schuler tube was constructed as shown in 
Fig. 1. The power supply was a 1000-volt, full- 
wave rectifier. The voltage drop across the tube 
was 200-450 volts; the current was 300-600 
milliamperes. 

The argon purifier consisted of a two-mil- 
limeter calcium tungsten gap in a Pyrex bulb. 
The purifier must be prepared in the following 
manner before it is ready for use. The bulb is 
first evacuated to a high vacuum. Then approxi- 


-mately two centimeters of mercury pressure of 


argon is introduced and the calcium arc started. 
The arc runs as a flame arc, depositing finely 
divided calcium metal over the entire inner 
surface of the bulb. The arc is initiated by a 
Tesla coil type discharge. 

Now the purifier is ready for use. The finely 
divided calcium which has been deposited on the 
walls of the bulb will combine chemically with 
almost all gases except the noble ones and 
therefore keeps the argon free from contamina- 
tion. 

On the assumption that a glow discharge 
produced in the bulb increased the efficiency of 
the clean-up, a Tesla coil was sometimes con- 
nected to the tungsten electrode. 

Although the calcium flame arc itself is a good 
method of purifying argon gas, it was not used 
in this case for two reasons: first, the gas 
pressures used (0.7-7 mm) were not sufficiently 
high to maintain a stable arc; second, there was 
a danger of carrying the calcium dust into other 
parts of the system along with the circulating 
gas. 


EXPERIMENTAL PROCEDURE 


In investigating hyperfine structure we are 
concerned with lines whose wave-length dif- 
ferences are very small. If the Doppler broaden- 
ing is allowed to approach the magnitude of the 
separation of the lines, it is evident that the 
components will not be resolvable. Therefore, 
it is necessary to choose a source that will reduce 
the Doppler broadening to a minimum. 

A source widely used for hyperfine structure 
analysis is the Schuler tube, a modification of the 
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Paschen hollow cathode discharge tube, which 
excites primarily the arc and first spark lines of 
the elements. The Schuler modification reduces 
the Doppler broadening by allowing the cathode 
to be cooled. 

The Schuler tube operates in the following 
manner. The tube is filled with a noble gas at 
pressures varying from approximately two cen- 
timeters to less than one millimeter of mercury 
pressure. When the voltage is applied across the 
tube, the gas is excited and ionized. The major 
part of the discharge takes place in the cathode 
hole. The ionized gas atoms strike the walls of 
the cathode hole and sputter the material on the 
walls into the hole. Any material on the bottom 
of the cathode hole is similarly sputtered. Some 
of the gas atoms are in a metastable state and 
will undergo collisions of the second kind with 
atoms of the sputtered material. The atoms of the 
sputtered material excited by these collisions will 
emit light of the lower energy of the spectrum of 
the material when they return to the ground 
state. 

Previous experience by the author with Pb” 
and Fe’ (to be published later) has indicated 
that in order to obtain intense spectral lines of 
the element to be investigated, it is necessary 
that a large part of the surface of the cathode 
hole be covered by the element. The larger the 
area of the hole surface covered, the greater will 
be the number of atoms of the covering material 
sputtered into the hole and the greater the 
number excited. 

With 50 milligrams of lead in the bottom of 
the cathode hole, lead lines were excited only 
after ‘‘conditioning” the tube by running the 
discharge for many hours. When the lead was 
plated on the walls of the cathode hole, the lines 
appeared immediately. 

With milligram quantities of iron in the 
bottom of the cathode hole, iron lines could not 
be excited by the same ‘‘conditioning’”’ procedure 
used with lead. However, when the iron was 
plated on the walls of the cathode hole, the iron 
lines appeared almost immediately. 

This difference in the methods needed to 
excite the lead and iron lines seems to indicate 
that the lead eventually coated the walls of the 
cathode hole sufficiently sputtering from the 
bottom; while in the case of iron, the walls of 
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Fic. 2. Level scheme for the line Sn JJ 5799.3 
(5d *D5j2—4f?F72) showing the separation of the com- 
ponents of the odd isotope. The zero indicates the position 
of the even isotope component. The separations are ex- 
pressed in units of 107? cm™. 


the cathode hole remained relatively uncoated 
because of the slower sputtering rate of iron.® 

Sn"5 lines were excited very strongly from the 
39 milligrams of tin placed in the bottom of a 
cathode hole 3” in diameter and 3” long drilled 
in an aluminum block. Before argon or helium 
exciting gas was introduced the discharge was 
run with a charge of hydrogen for several 15- 
minute periods, with fresh hydrogen for each 
period. This procedure was adopted when the 
plating and conditioning methods used with 
lead and iron failed with tin. It was thought that 
the sputtering rate of tin might be improved and 
the binding between the sputtered tin and the 
aluminum walls enhanced if the surfaces were 
first reduced by bombardment with atomic 
hydrogen. After the hydrogen bombardment the 
exciting gas was introduced at approximately 0.7 
mm of mercury pressure. 

When the hydrogen bombardment was not 
used before the exciting gas discharge was 
started, no tin lines appeared and a globule of 
tin was found at the bottom of the cathode hole 
at the end of the run. When the bombardment 
with hydrogen was used, tin lines were obtained, 


3 J. Strong, Procedures in Experimental Physics (Prentice - 
Hall, Inc., New York, 1943), pp. 163-164. 
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Fic. 3. Level scheme for the line Sn J 45631.9 
(2p 1So—3s 8P;). 
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and there was no globule of tin found at the 
bottom of the hole and the walls appeared to be 
coated with tin. 

When the discharge tube was first started, 
after having stood under a vacuum over-night, 
mercury and hydrogen lines were very strong, 
and tin lines were absent or very weak. In order to 
obtain any high intensity it was necessary to run 
the discharge for fifteen minutes, then pump out 
the exciting gas, and then repeat the process four 
or five times. By this time the mercury and 
hydrogen faded out, and the tin lines became 
bright. 

The \d\6452.8, 5799.3, and 5631.9 lines were 
photographed in from one to five minutes on 
Super-pancropress plates. The \6844.3 line was 
photographed with the same exposure on East- 
man Infra-Red Plates, the best plate being the 
Eastman 103a-F Plate. 


EXPERIMENTAL RESULTS 
Sn15 


Three Sn JJ lines and one Sn I line were 
analyzed. The three Sn JJ lines were +5 


5799.3 (5d 2Dsy2—4f 2F 1/2), 
6452.8 (65 2S1;2—6p *P 3/2), 
6844.3 (65 2S1;2—6p ?P 1/2). 

4U. A. Sawyer and W. W. McCornich, Phys. Rev. 54, 


71 (1938). 
5 J. B. Green and R. A. Loring, Phys. Rev. 30, 574 (1927). 
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Fic. 4. Level scheme for the line Sn IJ \6452.8 
(6S 2Si/2— 6p ?P 3/2). 


The Sn J line was 
5631.9 (2p 1So—3s *P3). 


None of the other lines lying within the visible 
spectrum and identified as belonging to tin 
showed any structure. 


Sn 11 25799.3 (5d ?D5/2—4f? Fz2) 


This line has three components. The very 
strong central component belongs to the even 
isotope Sn", It is approximately in the center 
of gravity of the two components belonging to 
Sn. 

We know the upper term 4f ?F is single because 
the line \5589.4 (5d ?D3;2—4f?F72) is single.® 
Therefore the structure in line \5799.3 must be 
due to the lower term 5d 2D5,2. For this term J 
is equal to 5/2. If J is smaller than J, this term 
would be capable of splitting into 2/+-1, or six 
sub-levels. Since the number of sub-levels is two, 
J must be greater than J, and the number of 
sub-levels equal to 27+1. Therefore J is 4. Thus 
the assignment of a value of one-half to the 
nuclear spin of Sn! is unambiguous. 

The stronger Sn!!5 component of this line lies 
towards the violet. Since the quantum weight of 
a term is 2F+1, the term value with the larger 
F value lies deeper. This fact indicates that the 


6S. Tolansky, Proc. Roy. Soc. London A144, 574 (1934). 
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magnetic moment is negative. Figure 2 illustrates 
the level scheme for this line. 


Sn 725631.9 (2p 1S)—3s 3P,) 


This line also has three components. Here 
again the central component is due to the even 
isotope and lies between the two components due 
to the isotope Sn", The lower state 2p 1S» has a 
J value of zero. It therefore remains single no 
matter what the J value. Since the upper state 
3s ®P, has a J value of unity, the value of J must 
be equal to one-half in order that there be only 
two components belonging to Sn"™5, 

Here also the larger F value lies deeper, and 
consequently the magnetic moment is negative. 
The level scheme is shown in Fig. 3. 

The components in this line were not well 
resolved and therefore the exact values of the 
intervals cannot. be determined by a micrometer 
measurement. 

Together with the analysis of the preceding 
line 45799.3, this analysis shows conclusively 
that the nuclear spin of Sn" is one-half and that 
the magnetic moment is negative. 


Sn 17 26452.8 (6s 2S12—6p 2P 3/2) 


This line has three components. The strong 
central maximum belongs to the even isotope, 
and the two side components belong to the odd 
isotopes Sn™5, Since all p?P3/2 terms previously 
investigated have shown very small structure, 
we may assume a similar situation in the case of 
the upper term. The 6s *S1/2 term has a J value 
of one-half. In such a case the greatest possible 
number of components is two, no matter what the 
I value. Consequently we can get no information 
about the nuclear spin by merely counting the 
components. 

Careful analysis of the microphotometer trace 
of this line showed the intervals to be in general 
agreement with an J value of one-half. ’ 

The ratio of intensities of the two components 
of Sn!!5 is one to four and one-half. This ratio is 
not in as good an agreement with an J value of 
one-half as is the interval ratio, since such an I 
value should yield an intensity ratio of one to 
three. It does, however, correspond more closely 
to an I value of one-half than to any other value 
of J. Note that here too the terms are inverted. 
The level scheme is shown in Fig. 4. 
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Sn 17 26844.3 (6s *S1j2—6p ?P 1/2) 


This line has four components. The strong 
component belongs to the even isotope, and the 
three much weaker components belong to the 
odd isotope Sn"™5, Those values which would 
make the ratio of the displacements from the 
center three to one were used as the separation 
of the sub-levels of the lower term. The level 
scheme is shown in Fig. 5. 

Here also the intervals are not incompatible 
with an J value of one-half. Although the com- 
ponent that is observed to be displaced 51 10- 
cm~ from the even isotope position should be 
33 X10-* cm away, it is too difficult to deter- 
mine the position of this component, since it is 
so close to the intense even isotope component. 

Thus we see that the assignment of a nuclear 
spin of one-half to Sn™® on the basis of the 
analyses of 5799.3 and 5631.9 is also given 
fairly good support by the analyses of \6452.8 
and \6844.3. 

To calculate the nuclear magnetic moment, the 
fine structure separation of the 6s 2S1;2 term ob- 
tained from the analysis of the \6452.8 line was 
used. From the Goudsmit’ formula it was calcu- 
lated that the nuclear magnetic moment is 
—0.86 nuclear magnetons. 
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Fic. 5. Level scheme for the line Sn IJ 6844.3 
(6s 2Sy—6p 2P}). 


7S. Goudsmit, Phys. Rev. 43, 636 (1933). 
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TABLE I. 
Separations in units Width of 
of 107? cm=!* structure 
5799.3 
Tolansky 152 0 —239 391 
Gurevitch 176 0 252 428 
5631.9 
Tolansky 158 0 82 240 
Gurevitch 149 0 88 237 
6844.3 
Tolansky 100 65 0 181 281 
Gurevitch 100 51 0 162 262 
6452.8 
Tolansky 53 0 154 207 
Gurevitch 51 0 147 198 








* Refers to distance from position of odd isotope component to 
position of even isotope component. The even isotope component is at 
zero. 

g(Z) 
—1.78 
—1.72 


—0.89 nuclear magnetons 
—0.86 nuclear magnetons 


Tolansky 
Gurevitch 


Tolansky® carried out an analysis for these 
same four lines during an investigation of the 
nuclear spins of Sn”? and Sn", It is interesting to 
compare the structure which he found for these 
lines with that which I found in this investigation 
of Sn"5 (Table I). 

It may be that the lines investigated by To- 
lansky and myself give the same structure for all 
three isotopes: Sn™5, Sn"7, and Sn", and that 
the discrepancies noted are the result of diffi- 
culties in measuring such wide and relatively 
unresolved lines. 


DISCUSSION OF EXPERIMENTAL RESULTS 


Since we now know that the nuclear spin of 
Sn"5 is one-half, and that the nuclear spin of In!5 
is nine-halves,’ we can say that the transition 
from Sny2!!® to Ing;2!!® is a “forbidden” one on 
the basis of a spin change of four. 

It is interesting to note that the other stable 
neighboring isobaric pair whose spins we know, 


8S. Millman, I. I. Rabi, and J. R. Zacharias, Phys. Rev. 
53, 384 (1938). 
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Cd12""*—Ing2"*, also has the large spin dif- 
ference of four,®® which makes it a ‘‘forbidden” 
transition. We know the spin! !°—" of but one of 
the members of the remaining stable neighboring 
isobaric pair Sb7/2!**—Te,!, 

There are two neighboring isobaric pairs 
whose spin transition is known,!*—!” which are 
radioactive and have very long lifetimes: 
K4!° to Cao*® and Rb3,28" to Sro/28”. The fact that 
these have very long half-lives fits in well with 
the hypothesis that it is the large spin change 
that makes these transitions ‘‘forbidden.”’ 

There is another long-lived radioactive neigh- 
boring isobar whose spin difference!® with its 


‘neighbor we do not know, Os;!87 to Res,2'8”. 


All these stable and relatively stable neigh- 
boring isobars whose nuclear spins we know seem 
to indicate that the ‘‘forbidden”’ character of the 
transitions between neighbors is a result of their 
large spin differences. Finally, now that samples 
of elements enriched in almost any particular 
isotope can be obtained, it should soon be pos- 
sible to complete this study on the stability of 
isobaric pairs. 
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The absorption of neutrons in rhodium as a function of 
their time of flight was studied with the Cornell slow 
neutron velocity spectrometer in the energy range of 
0.0044 to 330 ev. A resonance was observed at an energy 
of 1.21+0.02 ev. No other resonances were observed. 
Values of the Breit-Wigner parameters, which best seem 
to fit the experimental results for a resonance energy of 
1.21 ev, are 2750+200 barns for the cross section at 
resonance (o,) and 0.21+0.01 ev for the level width (I). 
The Breit-Wigner formula fits the experimental data in 
the low energy region. The coefficient of the 1/v term is 
0.295+0.005 barn/ysec./m and the constant term (taken 


as the scattering cross section) is 62 barns. Values for 
the strength of the resonance (¢,I*) were computed from 
the minimum cross section on the low energy side of the 
resonance, from the 1/v slope, from an activity plot, and 
from the chosen Breit-Wigner parameters. The average of 
these values of o,I? is 117+8 barn-ev*. Self-absorption 
measurements were made to check the results of the time- 
of-flight measurements. The resonance cross section ob- 
tained from the self-absorption measurements is 3120+50 
barns, which is in closer agreement with the results of the 
spectrometer measurements than with those of previous 
investigators. 





I. INTRODUCTION 


HE absorption of slow neutrons by rhodium 
has been investigated by a number of 
workers. Experimental results were first obtained 
by various workers using indirect methods for 
determining neutron energies. These have been 
summarized by Bethe.! Values for the resonance 
cross section and the width of the resonance have 
been obtained from mutual and self-absorption 
measurements.?~* Baker and Bacher®> measured 
the resonance energy by time-of-flight measure- 
ments. A recent investigation of slow neutron 
absorption in rhodium was undertaken with a 
crystal spectrometer by Sturm.® 
This investigation of neutron absorption in 
rhodium with a slow neutron velocity spec- 
trometer was conducted for two reasons. First, 
there were indications that rhodium has only 
one resonance in the energy range so far inves- 
tigated and that the resonance level is wide so 
that the Doppler width is small compared to the 
resonance width. Hence the investigation of 


* Now at The George Washington University, Wash- 
ington, D.C. 

1H, A. Bethe, Rev. Mod. Phys. 9, 113 (1937). 

2 Manley, Goldsmith, and Schwinger, Phys. Rev. 55, 
39 (1939) ; Manley, Hornbostel, and Goldsmith, Phys, Rev. 
55, 1116 (1939). 

( 3 Hornbostel, Goldsmith, and Manley, Phys. Rev. 58, 18 
1940). 
( 4Feeney, LaPointe, and Rasetti, Phys. Rev. 61, 469 
1942). 
( oi) P. Baker and R. F. Bacher, Phys. Rev. 59, 332 
1941). 
6 William J. Sturm, Phys. Rev. 71, 757 (1947). 


neutron absorption in rhodium should be ex- 
tremely useful in determining the validity of 
the Breit-Wigner theory.” Second, the values of 
the resonance energy, the cross section at 
resonance, and the width of the resonance were 
in doubt since previous investigators were unable 
to obtain consistent results. 

As a check on the results obtained from the 
experiments with the spectrometer, the cross 
section at resonance was also determined by 
self-absorption experiments similar to those of 
Hornbostel e¢ al.* 


II. APPARATUS AND EXPERIMENTAL 
PROCEDURE 


In this investigation the transmission of neu- 
trons by various rhodium absorbers was mea- 
sured as a function of the time of flight of the 
neutrons. The neutron velocity spectrometer 
used in these time-of-flight measurements is 
similar to that used by McDaniel’ and has been 
described in detail by Jones.’ The timing ap- 
paratus records the number of neutrons arriving 
at a detector as a function of the time of flight 
of the neutrons from the source to the detector. 
In many respects, the procedure for measuring 
the transmission of neutrons by rhodium was 
similar to that described previously.® *-!° 


7 G. Breit and E. Wigner, Phys. Rev. 49, 519 (1936). 

8 Boyce D. McDaniel, Phys. Rev. 70, 832 (1946). 

® Wm. B. Jones, Jr., Phys. Rev. 72, 362 (1947). 
“see” Baker, and McDaniel, Phys. Rev. 69, 443 
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The source-detector distance was three meters. 
A water moderator® served as the source of the 
slow neutrons. The detector was a BF; ionization 
chamber, whose active length was 10 cm. The 
repetition frequencies used were 200, 250, and 
2500 c.p.s. The on-times used were 5, 10, 40, and 
100 usec. 

The random background in this experiment 
was about three total counts per minute and 
amounted to about one-half percent of the 
recorded counts for most of the data; occasion- 
ally it was as high as two percent. Because of the 
collimator,’ the fast neutron background was 
negligible except at high energies. For example, 
at energies of 30 ev the fast neutron background 
was only one percent of the total counting rate, 
whereas at energies of 100 ev it was about 10 
percent. 

The sum of the various time lags in the timing 
apparatus is obtained from the fast neutron dis- 
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Fic. 1. Sensitivity function (SF) for 5-usec. on-time. 
The solid curve is the measured fast neutron time dis- 
regs or SF. The dashed curve shows the ideal shape 
of the a 
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tribution which we shall call the sensitivity 
function, SF. A typical SF for an on-time of § 
usec. is shown in Fig. 1. The sensitivity function 
was obtained frequently, and the time delay was 
found to be 7.5+0.2 usec. 

As was mentioned in Section I, self-absorption 
measurements were made in order to check the 
results of the spectrometer measurements. In the 
self-absorption measurements the arc of the 
cyclotron was unmodulated and the deuteron 
beam was about 100 microamperes. A rhodium 
disk, having a thickness of 15.9 mg/cm?, was 
used as a detector and rhodium disks, having 
thicknesses of 43.4 and 83.9 mg/cm?, were used 


_as absorbers. A 206-mg/cm? rhodium disk was 


used as a monitor. A more detailed description 
of the rhodium disks is given in Section III. The 
detector (or detector and absorber) was placed 
just above the monitor so that the detector (or 
detector and absorber) and the monitor were in 
the same vertical plane. Hence both detector (or 
detector and absorber) and the monitor received 
the same neutron flux. Both sides of the com- 
bination were covered with 0.9-g/cm? Cd sheet 
to absorb the thermal neutrons. The entire 
assembly was placed inside the collimator at a 
distance of 70 cm from the face of the water 
tank. The assembly was irradiated for 10 
minutes to bring owt the 4.2-minute period. The 
detector and monitor were placed in known and 
reproducible positions inside lead shields which 
housed Geiger counters. The output of each 
Geiger counter was connected to a discriminating 
amplifier which coupled into a scale-of-64 circuit 
and thence to mechanical counters. Data taking 
was started six minutes after the irradiation 
ended, so that the 44-second period activity was 
practically negligible. Counts were taken for 2 
minutes for both the detector and the monitor. 
To guard against changes in sensitivity of the 
counters or the amplifiers, each foil was placed 
in the other shield and counts again taken for 
two minutes. This cycle was repeated until the 
background counts became as high as 1-10 per- 
cent of the total counts in a two-minute period. 
The background was about the same for each 
Geiger counter and was 0.35 scaled count/ 
minute. A minimum of one hour elapsed between 
successive irradiations of the detector ; hence, no 
correction for earlier irradiations was required. 
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TABLE I. Values of experimental parameters. 
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Repetition 


Absorber 








Condition On-time frequency thickness Time of flight Energy 
number usec. c/sec. g/cm? psec./m ev Moderator Filter 
1 10 2500 1.99 4-61 1.4-330 Water 0.9 g/cm? Cd 
y. 10 2500 1.58 24-61 1.4-9.1 Water 0.9 g/cm? Cd 
70-107 0.46—1.06 
3 5 2500 0.496 47-66 1.2-2.3 Water 0.9 g/cm? Cd 
4 5 2500 0.0434 57-75 0.92-1.6 Water 0.9 g/cm? Cd 
5 5 2500 0.206 57-75 0.92-1.6 Water 0.9 g/cm? Cd 
6 10 2500 0.496 70-107 0.46-1.06 Water 0.9 g/cm? Cd 
7 100 200 1.58 64-750 0.0092-1.3 Water none 
and tray 
8g 40 250 1.58 103-245 0.087-0.49 Water none 
and tray 
9 100 200 0.412 720-1090 0.0044—0.010 Water none 
and tray 








Three runs were taken with each absorber. The 
entire procedure was, of course, standardized to 
obtain reproducible results. The consistency of 
the results of the three runs attests to the 
effectiveness of the standardization. 

The following procedure was used to compute 


‘the transmission. The background counts are 


subtracted from the total counts. The ratio, A, 
of the detector-with-absorber counts to the 
monitor counts is obtained. The ratio, W, of 
detector-without-absorber counts to the monitor 
counts is obtained. The ratio, A/W, is the trans- 
mission. The possibility of difference between 
counters was taken into account by computing 
the transmission for each orientation and ob- 
taining an average, weighted according to the 


total number of counts obtained in each orien- 
tation. 


Ill. RESULTS 


The transmission of neutrons by various thick- 
nesses of rhodium absorbers was measured in the 
time-of-flight interval from 4.0 to 1090 usec./m, 
corresponding to an energy range of 0.0044 to 
330 ev. A resonance was found at an energy of 
1.21 ev, or at a time of flight of 65.8 usec./m. 
No resonances were found at higher energies. 
However, the resolution became progressively 
poorer with an increase in energy, and, hence, 
weak resonances probably would not be de- 
tectable at the highest energies measured. 

The values of pertinent experimental param- 
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Fic. 3. Measured transmission of Rh in the energy region 0.5—10 ev. 


eters used are listed in Table I. The different ex- 
perimental conditions are each assigned numbers 
for identification purposes. A legend accompanies 
each graph showing experimental data. The 
legend indicates the condition number, the 
on-time, the repetition frequency, and the ab- 
sorber thickness in that order. The rhodium 
absorbers used were uniform disks, 2} inches in 
diameter, cut from rolled sheet. The absorbers 


were obtained from Baker and Company, who. 
stated that an analysis of the rhodium showed it 
to have a minimum purity of 99.85 percent, most 
of the impurities being other noble metals. 

The measured transmissions of the various 
thicknesses of absorber are shown in Figs. 2-S. 
All the data have been corrected for backgrounds 
and time lags. The statistical error of the points 
is indicated by the-lengths of the vertical lines 
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through the points. In cases where the statistical 
error is less than the diameter of the plotted 
points, no vertical line is drawn. 

The variation of the total cross section with 
time of flight in the low energy region is shown 
in Fig. 6. The cross section is obtained from the 
measured transmission by the relation 


T =exp(—on), 


where 7 =transmission, o=cross section, and 
n=absorber thickness. The equation of the solid 
curve drawn through the experimental points is 


o = (0.295 +0.005)t(1+ 8650¢-*) + (642), ° 


where go is the total cross section in barns (10-*4 
cm?/atom), ¢ is the time of flight in ysec./m and 
6 is a constant term taken to be the scattering 
cross section. This equation is discussed in 
Section IV. There are variations in the trans- 
mission at the lowest measured energies which 
are outside the statistical error and which may 
be due to the crystaline structure of rhodium. 
The lattice constant of rhodium metal is 3.8A. 
Neutrons of this wave-length have an energy of 
0.0057 ev or a time of flight of 960 yusec./m. 

A curve giving the total cross section as a 
function of the energy on logarithmic scales is 
shown in Fig. 7. Only those data are plotted 
which best represent the cross section in the 
regions where data are obtained with several 
thicknesses of absorber. The maximum measured 
cross section is about 2400 barns. At an energy 
of 0.025 ev the total cross section is about 150 
barns. The minimum cross section on the low 
energy side of the resonance is about 73 barns 


TIME OF FLIGHT IN psec 


and occurs at an energy of 0.25 ev, or at a time 
of flight of 145 usec. /m. 

In the self-absorption experiments, the fol- 
lowing transmissions were obtained : 0.710+0.008 
for the 43.4-mg/cm? absorber and 0.504+0.012 
for the 83.9-mg/cm? absorber. The errors are the 
r.m.s. deviations of the three separate runs with 
each absorber. For both absorbers the r.m.s. 
deviation is greater than the probable statistical 
error in the number of counts obtained. 


IV. DISCUSSION 


We are now concerned with the problem of 
obtaining the actual transmission (or cross sec- 
tion) from the measured transmission in order 
that the values of the parameters in the Breit- 
Wigner one-level formula may be obtained. The 
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Fic. 7. Total cross section 
of Rh in the energy region 
investigated, namely, 0.004- 
300 ev. No correction has 
been made for apparatus 
resolution or Doppler effect. 
Both cross section and neu- 
tron energy are on logarith- 
mic scales. 








Breit-Wigner one-level formula is given" by 
(EZ) =(E,/E }'Lo,/(1+(4/T*)(E-E,)*) ], 


where o,(E) is the absorption cross section for 
neutrons of energy E, o, is the cross section at 
exact resonance, E, is the resonance energy, and 
I’ is the width of the resonance level. The mea- 
sured transmission can be taken as the actual 
transmission in regions where the transmission 


varies slowly with energy (eg., in the 1/v 
region). However, in the region of a resonance, it 
may be necessary to make large corrections in 
order to obtain the actual transmission. The pro- 
cedure used in the analysis of the data is similar 
in many respects to that used by McDaniel.® 
Values for the parameters, o, and [ in the 
Breit-Wigner formula, are chosen such that the 
experimental data in the resonance region are 
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Fic. 8. Resolution function for 
5.5-usec. on-time and 1.2-ev 
neutrons. The solid curve is the 
resolution function. It is derived 
' from the sensitivity function 
shown by the dashed line (and 
also in Fig. 5). 
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11H. A. Bethe, Rev. Mod. Phys. 9, 140 (1937). 
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reasonably well fitted by the formula. Since it is 
the total cross section that is measured, one has 
to subtract from it the scattering cross section to 
get the absorption cross section. 

To obtain the scattering cross section, the pro- 
cedure suggested by McDaniel e¢ al. was used. 
In the low energy region (E?/E,<1), the Breit- 
Wigner formula can be written in the approxi- 
mate form o,(£)=k(E,/E)#(1+2E/E,), where 
k=0,I?/4E,?, provided that 4£,2/T2>1. Hence, 


60 65 70 75 
TIME OF FLIGHT IN PSEG/M 


the total cross section in the low energy region is 
o(t) =kt/t-(1+2t,2/#)+0., where ¢ is the time of 
flight, ¢, is the time of flight corresponding to the 
resonance energy, E,, and a, is the scattering 
cross section. The constants, k and o,, were 
chosen so that the resultant curve, a(t) vs. t, fits 
the experimental points in Fig. 6. The values 
chosen are k=19.4+0.3 barns and o,=6+2 
barns. 

Next the Doppler effect must be taken into 





1.0 


0.8 


Fic. 10. Comparison of mea- 
, sured transmission with the 
transmission obtained from the 
Breit-Wigner formula with and 
without corrections. The dots 
are the measured transmissions. 
The dashed curve is the trans- 
mission obtained from the Breit- 
Wigner formula without any 
corrections. The solid curve is 
the (expected) transmission ob- ap 
tained from the Breit-Wigner 
formula after corrections have 
been made for the Doppler effect 0.2 
and apparatus resolution. 
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2 McDaniel, Sutton, Lavatelli, and Anderson, Phys. Rev. 72, 729 (1947). 
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account. Since the Debye temperature for rho- 
dium metal is 370°K," the Doppler width, A, is 
found to be 0.038 ev for Z,=1.21 ev. For this 
value of A and the chosen values of o, and I, 
the effective cross section" is computed by 
numerical integration. The transmission, for each 
absorber thickness, is then computed as a func- 
tion of the time of flight. The effect of the 
apparatus resolution of the transmission must 
next be considered. 

The resolution function is the sensitivity of any 
one channel of the detector to neutrons of 
various times of flight. The resolution function 
for an on-time of 5.5 yusec., a source-detector 
distance of three meters, and 1.2-ev neutrons is 
shown in Fig. 8 (the dashed curve shows the 
sensitivity function). 

Using this resolution function, an expected 
transmission curve is obtained. That is, after 
having chosen the parameters in the Breit- 
Witner formula, an effective cross section which 
takes into account the Doppler effect is com- 
puted, and the corresponding transmission curves 
for several thicknesses of absorber are obtained. 
These transmission curves are multiplied by the 
resolution function, and the product is integrated 
numerically to give points on the transmission 
curves which one would expect to obtain experi- 
mentally with the apparatus. The expected 
transmissions are compared with the measured 


18 Frederick Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940), p. 110. 





transmissions and the parameters adjusted until 
the best fit is found between the expected and 
the measured transmission curves in the reso- 
nance region. 

The expected transmission curves, using values 
for the parameters which yield the best fit to the 
measured curves, are shown in Fig. 9. The solid 
curves are the expected transmissions with the 
dots showing the experimental data. The values 
of the parameters yielding this correspondence 
are E,=1.21+0.02.ev, ¢-=2750+200 barns and 
T'=0.21+0.01 ev. The errors given are estimated 
and are based on statistical errors and resolution. 
Figure 10 shows the effect of the corrections. The 
assumed transmission obtained from the Breit- 
Wigner formula for the 0.0434-g/cm? absorber 
with [!=0.21 ev and ¢,=2750 barns is shown by 
the dashed line. The solid line is the expected 
transmission and shows how the assumed trans- 
mission is modified by the Doppler effect and the 
finite resolution. The dots are the experimental 
data. It is interesting to note that the corrections 
are not very large. 

No correction was made for the effect of the 
apparatus resolution function on the transmission 
in the low energy region. If the transmission 
varies linearly with time of flight, the measured 
transmission is equal to the actual transmission. 
Hence, a resolution correction is unnecessary, 
since the variation of the transmission with time 
of flight is almost linear within a resolution width 
in the low energy region. 
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It has been pointed out by Jones’ that a study 
of the behavior of the activity integral for a 
resonance as a function of the absorber thickness 
is useful in obtaining information about the 
values of the Breit-Wigner parameters. The 
activity, A, for a particular absorber thickness 
resulting from a resonance is defined by the rela- 
tion, A = {'(1—T)dy, where T is the transmission 
of the absorber as a function of the time of flight, 
t, and dy=dt/t,, where ¢, is the time of flight cor- 
responding to the resonance energy, E,. The 
limits of the integral are taken as the values of ¢ 
on either side of the resonance where JT ~ 1. It can 
be shown that, for thin absorbers (i.e., ¢,n<1), 
A=nnlo,/4E,, and for thick absorbers 


A =[nnI"o, ]!/2E,. 


In this study the Doppler effect and apparatus 
resolution may be neglected in obtaining ex- 
pressions for A. 

A plot of the activities for the various thick- 
nesses of absorber as a function of the square root 
of the absorber thickness is shown in Fig. 11. 
From the slope of ‘this curve the value of ¢,I? 
is 120+12 barn-ev?. Other values of ¢,T?, in barn- 
ev’, are: 121+11 computed from the chosen 
Breit-Wigner parameters, 114-++-2 computed from 
the slope of o, vs. ¢ in the 1/v region, and 112+3 
computed from the minimum cross section on 
the low energy side of the resonance. 

The self-absorption data were analyzed by the 
method used by Hornbostel e¢ al.* For the 43.4- 
mg/cm? absorber, the coefficient of self-indica- 
tion, K,, is found to be 9.14 cm?/g, which gives 
a value of 3120+-50 barns for the cross section at 
resonance. Hornbostel found K, to be 11.5 
cm?/g and o, 4100 barns. Computations were not 
made for the 83.9-mg/cm? absorber, since the 


approximations made in the analysis are no 
longer valid for such a thickness. It is of interest 
to note that the transmissions obtained in this 
experiment are higher for both absorber thick- 
nesses than those obtained by Hornbostel.*? The 
measurements above give a transmission of 0.71 
and 0.50 for the 43.4- and the 83.9-mg/cm? 
absorbers, respectively, whereas the correspond- 
ing values of the transmission obtained by 
Hornbostel are 0.59 and 0.43. The discrepancy 
may be due to the fact that Hornbostel had to 
make a large obliquity correction since his 
source-detector distance was small (more than a 
factor of ten smaller than the source-detector 
distance used in this experiment). In the present 
experiment the maximum apparent thickness is 
only 1.5 percent greater than the actual thickness 
of the absorber. 

Finally, it should be noted that, for elements 
in the neighborhood of rhodium, the expected 
spacing between energy levels is about 10 to 30 
ev, for small kinetic energy of the neutron. For 
example, in indium’ and in iodine® the spacing 
between levels is in this range. However, the data 
obtained in this investigation seem to indicate 
that, for rhodium, the spacing between levels is 
more than 300 ev. 
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The ranges of tritons and alpha-particles formed in the slow neutron reaction *Li(n,a) *H 
have been measured in a cloud chamber and found to be Rz=10.4+0.2 mm and R3q =60.0 
+0.6 mm in air at N.T.P.; the corresponding Q values, derived from the blue-printed Cornell 
energy vs. range curves, disagree, and the Q derived by the proton relation is also in disac- 
cordance with other data. The discrepancies suggest the establishment of a new point on the 
proton energy vs. range curve, viz., Rp, =20.0 mm, E,=0.88 Mev, which means a reduction of 


the energy by about 6 percent. 





INTRODUCTION 


HE energy released when lithium reacts 
with slow neutrons 


3°Li+ o'm—2tHe+ 5H+Q 


can be determined from the mean range of either 
one of the released particles by means of the 
energy range relations for alpha-particles or 
protons, considering the law of conservation of 
momentum. The Q values reported in earlier 
investigations are somewhat higher than the 
value calculated from the isotopic weights of the 
nuclei involved in the reaction and do not seem 
to be consistent with other transmutation data. 
Consequently, the ranges of the two particles have 
now been carefully remeasured, and the results 
were used for a discussion of the reliability of the 
energy range relations. 

By proper choice of the experimental condi- 
tions it was possible to select the paired tracks 
of the ‘Li(z,a)8H reaction and, therefore, a 
moderate number of tracks should be expected 
to give good values of the mean ranges. It may 
be added that conditions should also be favorable 
for finding weak groups provided that the groups 
are not too close to each other. We have found, 
however, only one group and, thus, no evidence 
of the existence of a Li reaction by which the *H 
nucleus is left in an excited state. 


EXPERIMENTAL ARRANGEMENTS 


Foils carrying thin evaporated layers of 
lithium fluoride were suspended in the middle of 
a 25-cm cloud chamber, and the lithium was 
exposed to neutrons produced by deuteron bom- 


bardment of lithium or beryllium and slowed 
down by means of paraffin. 

In the first part of the investigation, when 
studying the range of the short alpha-tracks, 
the support was a mica foil having a stopping 
power equivalent to 12 mm of air, supplied on 
each side with a lithium fluoride layer with a 
stopping power of 0.65 mm of air. The tritons 
could penetrate the mica foil, but the alpha- 
particles were stopped. Thus, only those alpha- 
particles gave tracks which were ejected from one 
of the lithium layers directly into the chamber 
gas. The tracks could be recognized as formed in 
the lithium reaction and selected from other 
tracks by means of the accompanying triton 
penetrating the mica foil in the opposite direction 
and giving a fainter track in the other half part 
of the chamber. A typical example of the paired 
tracks is given in Fig. 1A. The cloud chamber 
contained helium, ethyl alcohol, and a small 
amount of boric acid ethyl ester, the total 
pressure being about 32 cm of Hg. The stopping 
power of the gas was determined by measuring 
the tracks of the boron disintegrations produced 
by slow neutrons in the gas of the chamber, and 
were easily identified by their characteristic 
features.* This is a convenient method of con- 
trolling the stopping power when short range 
particles are studied. 

The triton tracks were studied under the fol- 
lowing conditions. On one side of an extremely 
thin gold foil a lithium fluoride layer was evapo- 

*J. K. Bgggild, Kgl. Danske Vid. Sels. Math.-Fys. 
Medd 23, No. 4 (1945). (The total mean range, 11.35 mm 
of air, given here for the main group of boron tracks is 
revised to 11.50 mm because of small corrections in the 


stopping power of the gas mixture and in the value of the 
polonium alpha-range used to control the stopping power.) 
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rated, having a stopping power of 1.4 mm of air. 
The chamber contained air and the vapors of a 
mixture of ethyl alcohol and water in equal 
portions, the total pressure being about 62 cm. 
The stopping power of the gas was determined 
by means of alpha-tracks from a thorium C source 
inside the chamber. The tritons could easily be 
recognized by means of the accompanying short, 
denser alpha-tracks, as it appears from Fig. 1B. 
Corrections were applied for the stopping power 
of the LiF layer and also of the gold foil for 
tritons penetrating it. 

Figure 2 shows the range distribution of 95 
alpha-tracks from the *Li reaction and of the 





Fic. 1A. Paired tracks from a lithium disintegration. 
The chamber is filled with helium at low pressure in 
order to get alpha-tracks suitable for measurement. The 
dense track downward from the foil corresponds to the 
alpha-particle, the fainter track traversing the whole 
upper half part of the chamber belongs to the triton which 
has penetrated the mica foil carrying the lithium layers. 
Compare the different appearance of the track of a 
recoiling proton—to the right of the alpha-triton tracks 
and almost parallel to them—starting below the foil, 
penetrating it, and ending in the upper part of the 
chamber, the density increasing along the whole track. 





Fic. 1B. Triton track with accompanying alpha-track 
from a lithium disintegration. The chamber contained air 
with the pressure high enough to stop the triton in the gas. 
The obtuse-angled track intersecting the triton track near 
its end is to be ascribed to. the fast neutron reaction 


74N (n,a) s“B. 


tracks of boron disintegrations used as control. 
Figure 3 illustrates the distribution of 159 
triton tracks. The mean range of the alpha- 
particles was found to be 10.4+0.2 mm and 
that of the tritons 60.0+0.6 mm in air at N.T.P., 
the maximum errors being estimat¢d to be about 
2 percent of the alpha-particle range and 1 
percent of the triton range. The very few tracks 
shorter than the characteristic groups are sup- 
posed to be spurious—either originating in the 
lithium reaction, the length being reduced by 
some local defects, e.g., droplets on the foil, or in 
events in the gas accidentally resembling the 
tracks from the lithium reaction. 

Using the energy range relations for alpha- 
particles (Cornell 1938!) and for protons (Cornell 
1937 revised”), the following energy values are 


1M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 
18 (1938). 
2H. A. Bethe, Phys. Rev. 53, 313 (1938). 
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Fic. 2. Distribution of alpha-tracks from the 3*Li(n,a) :7H 
reaction and of tracks from the 5s!°B(n,q) ;’Li* reaction 
used to determine the stopping power of the gas in the 
cloud chamber. The mean range of the alpha-particles is 
found to be 10.4 mm; the value used for the total mean 
a of the main group of the boron disintegration is 
11.5 mm. 


obtained : 


E.=1.955 Mev, Q’=7/3-E,=4.56+0.08 Mev, 
E,=0.937 Mev, Q” =7/4-3E,=4.92+0.03 Mev, 


where £, is the energy of an alpha-particle with 
a mean range amounting to 10.4 mm, and £, is 
that of a proton having a range of 20.0 mm, which 
is one-third of the triton range 60.0 mm. The 
fact that the difference between the two values 
of Q obtained is larger than the estimated maxi- 
mum errors, indicates that at least one of the 
energy range relations is somewhat incorrect. 


DISCUSSION 


The energy range relation for alpha-particles 
is considered reliable at the present time, but 
recent investigations on reaction cycles* indicate 
that the revised proton relation gives too high 
energy values, in the case of 10-mm protons by 
about 10 percent. It thus seems reasonable to 
consider our Q’ value, determined from the 
alpha-particle range, as fairly reliable and to 
establish a new point on the proton relation by 
combining our triton range with the triton energy 
as calculated from Q’ and by converting the 
values in the usual way into range and energy 
of a proton. The energy of a 20.0-mm proton 
should thus be 


4/7-4-(4.56+0.08) =0.870+0.015 Mev. 


By substituting for Q’ the Q value calculated 
from the isotopic weights (Q=4.65+0.06 Mev, 


31. Cornog, W. Franzen, and W. E. Stephens, Phys. Rev. 
74, 1 (1948). 





Range in mm of air 


Fic. 3. Distribution of triton tracks from the 
3°Li(n,a) :3H reaction. The mean range is found to be 60.0 
mm. 


‘using Mattauch’s! values and Q=4.64, using 


those of Segré®), the proton energy 0.885-+0.011 
Mev is obtained. 

Another way of determining the Q value is to 
combine the ‘Li(m,v)*H reaction with the 
SLi(p,a) *He reaction: 


®Li-+n—‘He+*H+Q 
‘Li+'H—‘He+*He+Q, 
Q=Q,+(n—H)— ?H—*He) ; 


here, (n—H) =0.755+0.016 Mev,® and 


(7H —*He) =0.011-0.002 Mev.? 
Thus, 
Q=(Q,+(0.744+0.016) Mev. 


With Perlow’s* Q,=3.945+0.06 Mev, as de- 
termined from the alpha-range by a method 
which is fairly insensitive to the alpha-relation, 
Q=4.69+0.06 is obtained, the corresponding 
proton energy being 0.895+0.011 Mev. 

The three proton energy values given above 
are in reasonable agreement, and the accuracy 
of the mean value, 0.883 Mev, corresponding to 
20.0-mm proton range, is probably better than 
2 percent. This proton energy is about 6 percent 
smaller than that given by the revised Cornell 
relation, viz., 0.937 Mev, and even somewhat 
smaller than that given by the Livingston and 
Bethe? relation from 1937, viz., 0.91 Mev. 


4J. Mattauch, Kernphysikalische Tabellen (Berlin, 1942). 
a ; 45) Segré, Atomic Energy Commission Report MDDC 

6 W. E. Stephens, Rev. Mod. Phys. 19, 19 (1947). 

7R. J. Watts and D. Williams, Phys. Rev. 70, 640 (1946). 

8G. J. Perlow, Phys. Rev. 58, 218 (1940). 

®M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 268 (1937). 
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As to previous range measurements, it appears 
that our triton range, 60.0++0.6 mm, is in agree- 
ment with that found by Livingston and 
Hoffman,” viz. 59.0++0.6 mm, and also with that 
found by Rumbaugh, Roberts, and Hafstad," 
viz., 61 mm (which is, however, not claimed to 
be very accurate). The latter authors have 
determined the alpha-range, too, but their 


10M. S. Livingston and J. G. Hoffman, Phys. Rev. 53, 


227 (1938). 
1 L, R. Rumbaugh, R. B. Roberts, and L. H. Hafstad, 


Phys. Rev. 54, 657 (1938). 


value, 11.8 mm, exceeds ours by more than 10 
percent and leads to Q=4.97 Mev, which is in 
serious disagreement with the data given above. 

In conclusion, the authors wish to express 
their gratitude to Professor Niels Bohr, who 
placed at their disposal the facilities of the 
institute, for his kind interest and valuable 
advice regarding this investigation. Our thanks 
are also due Mr. O. B. Nielsen, civil engineer, 
and Mr. S. Holm for valuable assistance during 
the experiments. 
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Thresholds for Fast Neutron Fission in Thorium and Uranium* 


W. E. SHoupp anv J. E. Hii 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 


(Received November 10, 1948) 


The threshold energy for fast neutron fission of thorium and uranium has been measured 
by using the neutrons from thin lithium films through the Li’(p,m) reaction. Neutron energy 
fission thresholds were found to be 1.0.0.1 Mev for U** and 1.10+0.05 Mev for Th?®. 


INTRODUCTION 


HE reaction Li’(p,m)Be’ provides a con- 

venient source of fast neutrons, the maxi- 
mum energy of which is determined by the 
energy of the bombarding protons. These neu- 
trons may be used to investigate the threshold 
of any fast neutron reaction which occurs with 
an observable cross section within the range of 
neutron energies available. Preliminary reports! 
were published for the thresholds of fast neutron 
fission in uranium and thorium obtained by this 
method. This paper gives a more complete 
description of these experiments, together with 
the results of experiments on the threshold of 
fast neutron fission in uranium, in which the 
neutrons were obtained from thin foils of lithium 
bombarded with protons. As a part of this 
problem, the yield of neutrons from thin foils of 


*This work was completed in 1941 and has been 
recently declassified. Even though more accurate values 
may have been made since then, these results are of value 
due to their historical importance and may serve some use 
until more ggg values are ong available. 

1R. O. Haxby, W. E. Shou et E. Stephens, and 
W. H. Wells, Phys. Rev. 57, 1088A (1940). 


lithium was measured as a function of the energy 
of the bombarding protons.? 


THICK TARGET EXPERIMENTS 


In these experiments the uranium and thorium 
targets were, bombarded with neutrons obtained 
from thick targets of lithium metal or lithium 








Fic. 1. Arrangement for measuring neutron fission. 


2 J. E. Hill and W. E. Shoupp, Phys. Rev. 73, 931 (1948). 
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Fic. 2. Number of fissions produced in thorium per 
microcoulomb of protons incident on lithium as a function 
of the maximum energy of the neutrons. 


hydride bombarded with protons, accelerated in 
the Westinghouse pressure electrostatic .gener- 
ator,? and analyzed magnetically. The proton 
current was measured by means of a current 
integrator and the energy of the incident protons 
was measured by means of a generating volt- 
meter. The voltmeter was calibrated before and 
after each run by checking the threshold for the 
lithium (p,m) reaction. The fission fragments 
were detected by means of a 1-cm deep air 
ionization chamber. A potential of 2000 volts 
was impressed on the collector plate of the 
chamber. The pulses produced by the fission 
particles were amplified by means of a linear 
amplifier and were either counted visually by 
observing the kicks on an oscilloscope screen, 
or—when necessary—were sent to a scale of 
eight circuit and a mechanical recorder. The 
scaling circuit was biased to respond only to 
fission fragments. This was easily accomplished 
since the fission pulses were, in general, several 
times the size of the pulses from natural alpha- 
particles. In the case of uranium fission the ion 


*R. O. Haxby, W. E. Shoupp, W. E. Stephens, and 
W. H. Wells, Phys. Rev. 58, 162 (1940). 


chamber was surrounded by about one cm of 
boron carbide and two mm of sheet cadmium, 
to reduce the slow neutron fission in U5 as much 
as possible. Figure 1 shows the geometrical 
arrangement of the apparatus as used in these 
experiments. 

Equation (1) enables us to calculate the maxi- 
mum energy of the neutrons, E,, produced in 
the forward direction by the reaction for each 
value of the energy of the bombarding protons, 
Ep, from the relation 


(En)! = $(Ep— Evo)'+$(En)?. (1) 


The quantity Epo is the threshold proton energy 
which will just cause neutrons to be emitted 
from the lithium target and was taken as 1.85 
Mev for the reaction Li’(p,2)Be’. More recent 
works carried out at Westinghouse Research 
Laboratories‘ and the University of Wisconsin,* ® 
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Fic. 3. Number of fissions produced in uranium per 
microcoulomb of protons incident on lithium as a function 
of the maximum energy of the neutrons. 


4 W. E. Shoupp, B. Jennings, W. Jones, and M. Garbuny, 
to be published. : 

5 ia) O. Hanson and D. L. Benedict, Phys. Rev. 65, 33 
(1944), 

®R. G. Herb, M.I.T. Conference on Electrostatic and 
High Energy Accelerators, June 8, 1948. 
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Fic. 4. Uranium fission count as 
a function of proton energy. 
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using independent methods, indicates that this 
threshold is in the neighborhood of 1.881 Mev. 

In Fig. 2 the number of fissions produced in 
thorium per microcoulomb of protons incident 
on the lithium is plotted as a function of the 
maximum energy of the neutrons. This gives an 
upper limit for the fast neutron fission threshold 
for thorium of Q,=1.10 Mev+0.05. 

Figure 3 gives a similar curve for uranium. 
It will be noted that in this case there are always 
some fission pulses for all neutron energies, but 
that there is a sharp increase at about Q,=0.35 
Mev. This break was previously interpreted as 
the threshold energy for the fast neutron fission 


in U8. The fission counts obtained below this >» 


energy were observed as soon as neutrons were 
obtained and were attributed to slow neutron 
fission in U**5, The above data were obtained by 
visual observation of the pulses on an oscillo- 
scope screen. The average counting rate for 
visual observation was kept less than one per 
second in order to avoid missing counts. Conse- 
quently, it was impractical to obtain large num- 
bers of counts by this method. Therefore, the 
statistical uncertainty in the points in Figs. 2 
and 3 is rather large. In the case of uranium the 
presence of the slow neutron fission in U**5 makes 


| — 
0.6 0.7 MEV. 


0.2 0.3 0.4 0.5 
MAXIMUM NEUTRON ENERGY 


the determination of the fast neutron fission 
threshold, by visual counting methods, very 
uncertain. 

The uranium experiment was repeated using 
an amplifier and scale of eight biased so that 
only fission pulses were recorded. The resulting 
data thus taken are shown in Fig. 4. Again the 
slow neutron fission in U*** makes it difficult to 
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Fic. 5. Construction of lithium evaporator. 
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Fic. 6. Uranium fission. count 
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target. 
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choose the threshold for fast neutron fission, but 
there is clearly an abrupt change of slope at 
Q,=0.42 Mev which is in fair agreement with 
the result of Fig. 3 considering the few points 
and poor statistics of the earlier experiment. 


THIN TARGET EXPERIMENTS 


Because of the uncertainty introduced into 
the determination of the fast neutron fission 
threshold for uranium by the slow neutron fission 
in U5, it was decided to use a thin target of 
lithium as a neutron source. This procedure 
should give a much smaller yield of slow neutrons 
in proportion to fast neutrons for proton energies 
sufficiently above the threshold of the reaction 
Li’(p,n)Be? and thus reduce the fission yield 
from U5, with a corresponding improvement in 
the fast neutron fission threshold measurement. 

The thin lithium targets were evaporated in a 
vacuum onto a tantalum sheet which could be 
turned from the evaporating position through 
180° to a position under the proton beam. The 
construction of the evaporator is shown in Fig. 5. 
This design permitted easy cleaning of the 
tantalum sheet before evaporation of the lithium 
target, by bombarding the sheet with high energy 
protons, and also made possible an easy check to 
determine if any background of neutrons was 


1.2 
ENERGY 


being produced from lithium or other contami- 
nation in the tube, by merely turning the target 
out from under the beam. In no case was any 
neutron background observed. 

With the exception of the above changes in 
the neutron source, the uranium experiment was 
repeated as outlined above. The result is shown 
in Fig. 6. The equivalent thickness of the lithium 
target was estimated in terms of kilovolts by 






































observing the half-width of the lithium gamma- 
ray resonance which occurs for protons of 440 
kilovolts. The results of this experiment (Fig. 7) 
using a lithium target having an equivalent 
thickness of 170 kilovolts have been recently 
published.? By comparing Figs. 6 and 7, it is 
clear that the change of slope interpreted as the 
onset of fast neutron fission in the thick target 
experiments was in reality only the beginning of 
the second and the strongest neutron maximum 
and that the threshold for fast neutron fission 
is much higher. From Fig. 6, an upper limit can 
be set for the fast neutron fission threshold, Q,, 
of about 1.0+0.1 Mev. The maxima in the 
uranium fission yield at proton energies of 1.9 
and 2.3 Mev are due to maxima in the neutron 
yield from the Li’(p,”) reaction.? 


DISCUSSION 


From the fast neutron fission thresholds for 
uranium and thorium the critical energies of 
fission for the nuclei U® and Th™* may be 
estimated. The critical energy for fission, Ey, is 
the sum of the fast neutron fission threshold, 
Qn, and the binding energy of the neutron, En. 
If E, is taken equal to 5.2 Mev for U*® and 5.2 
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Mev for Th™*, the corresponding critical energies 
for fission are 6.2 Mev and 6.3 Mev. Bohr and 
Wheeler’ have calculated these critical energies 
for fission from theoretical considerations and 
find the values 5.9 Mev and 6.8 Mev for U”® 
and Th*%, respectively. More recent and refined 
calculations® yield even higher values for these — 
critical energies. The discrepancy, however, does 
not lie in the experimental determination of the 
thresholds, and the present results should serve 
as the basis for the refinement of the liquid drop 
theory for fission. While the experimental value 
of Q, for thorium was obtained from thick target 
data, the value is probably very near to the true 
threshold since there is only one stable isotope 
of thorium and there is no slow neutron fission 
to obscure the fast neutron fission threshold as 
in the case of uranium. Since the experimentally 
determined threshold is only an upper limit to 
the true threshold, the fast neutron fission 
thresholds for thorium and possibly also U?** 
might be expected to be too high rather than 
too low. 

7N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 


8S. Frankel and N. Metropolis, Phys. Rev. 72, 914 
(1947). 
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The relative probabilities of K creation and beta-emission are calculated for both molecular 


and atomic tritium. This ratio is shown to be 0.0035 for the molecule and 0.0065 for the atom, 
assuming the maximum kinetic energy of the beta-rays to be 16.9 kev. 


HEN beta-disintegration takes place, the 

electron emitted usually enters one of the 
continuum states of the product nucleus and is 
called a beta-particle; we shall refer to this 
process as “‘beta-emission.’’ There is, however, a 
finite probability that the emitted electron will 
enter one of the discrete (bound) energy levels of 
the product nucleus; e.g., when atomic tritium 
decays, the created electron may become a bound 
electron of He*. This process will be called 
“bound electron creation.’”’ In particular, we 





shall speak of ‘‘K creation” when the created 
electron enters the K shell of the product 
nucleus. The general characteristics of bound 
electron creation have been considered by 
Daudel, Benoist, Jacques, Jean, and Lecoin.’~* 
It should be emphasized that the nuclear transi- 


1R. Daudel, P. Benoist, R. Jacques, and M. Jean, 
Comptes Rendus Acad. Sci. (Paris) 224, 1427 (1947). 

2?R. Daudel, M. Jean, and M. Lecoin, Comptes Rendus 
Acad. Sci. (Paris) 225, 290 (1947). 

3R. Daudel, M. Jean, and M. Lecoin, J. de phys. et 
rad. 8, Series 8, 238 (1947). 
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tion is the same whether the process in question 
is beta-emission or bound electron creation. 

In this paper we shall calculate the ratio of the 
transition probability for K creation to that for 
beta-emission for molecular and atomic tritium. 
By “molecular tritium’? we mean a hydrogen 
molecule one of whose nuclei has mass three; 
the mass of the other is immaterial. When 
molecular tritium undergoes beta-disintegration, 
the H? nucleus becomes a He? nucleus, and an 
electron is created. This results in a hybrid 
structure consisting of a hydrogen nucleus and a 
He’ nucleus, surrounded by two or three elec- 
trons, depending upon whether beta-emission of 
bound electron creation has occurred. Loosely 
speaking, these electrons can be considered to 
occupy the familiar stationary states of H, Het, 
and He. The theory shows that bound electron 
creation is improbable except when the created 
electron. occupies the K shell about the He 
nucleus. For reasons to be explained later, the two 
electrons initially present in the molecule will not 
necessarily occupy the He K shell after beta- 
disintegration has occurred. 

The investigators mentioned above have 
derived* an expression giving the ratio of the 
transition probabilities for K creation and beta- 
emission in the general case. If the K shell 
binding energy is much smaller than both the 
rest energy of the electron and the maximum 
kinetic energy of the beta-rays, this expression 
reduces to 


P(Nx)/Ps=0.0653(2—Nx)Z"Eg-}, (1) 


where Nx is the number of initially present 
molecular electrons occupying the He K shell 
(Nx=0, 1, 2), P(Vx) is the transition probability 


F 1G. 1. Coordinates used for a ‘‘tritium molecule.’’ The 
triton is at A, the other hydrogen nucleus at B. The elec- 
trons are at 1 and 2. 


P. M. SHERK 


for K creation with this value of Nx, Pe is the 
transition probability for beta-emission, Z’ is 
the effective charge of the product nucleus, and 
Ez is the maximum kinetic energy of the beta- 
rays in kev. 

Let Po be the probability that Nx=0, P; the 
probability that Nx=1, and P2 the probability 
that Nx=2. It is clear that if Px is the total 
transition probability for K creation, 


Px/Pa=PoLP(0)/Ps]+PiLP(1)/Ps]. (2) 


It is not feasible to calculate Po directly, but it 
can be found from P; and P2, since Po +Pi+P, 
=1. 

The next step is the calculation of P; and P,, 
Before the beta-disintegration occurs, the two 
initially present molecular electrons are in the 
ground state of Hz; we denote their exact wave 
function by u™(r, re), where r; and fe are the 
position vectors of the electrons. Because the 
disintegration takes place in a time which is short 
compared with atomic electron periods, it may 
be assumed that the wave function of the initial 
electrons is unchanged by the disintegration. 
u™ will not, however, be a stationary state wave 
function for these electrons after the disintegra- 
tion has taken place. We denote the exact wave 
functions of the new stationary states by u(r, re). 
They are the solutions of the wave equation of 
the initial electrons in the new nuclear field, and 
therefore form a complete orthonormal set. To 
determine the probability of occupation of a 
given stationary state we let 


u™ (ri, T2) = Ly Qaua(Ti, 12). 
Here \ stands for the six quantum numbers of 
the two-electron system. We may disregard the 


spin dependence of the wave functions since only 
singlet states are involved. Then 


ay =f fardrustum, 


and |a,|? will be the probability that the state 
is occupied. One of these stationary states will be 
similar to the He ground state 1s? (both electrons 
in the He K shell). We denote its exact wave 
function by %100,100(T1, f2). Its occupation am- 
plitude is 


2100, wom ff dead rat soa roche (3) 








Av —- Fr 
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Since uw” and t100,100 cannot be determined 
exactly, we approximate them as follows :4 


uM=C[uA(r1)u8(re) +u4(re)u?(r1) |, 
where 
wA(r,) =(1/(4)* (Zu /ao)! expl —(Zam/ao)r,], 
and 
u®(r,) =[1/(m)*](Zm/ao)* expl —(Zu/ao)s,], 


with y=1, 2. The meanings of 7, and s, are as 
shown in Fig. 1. 


4100, 100=%100(T1)%100(T2), 
where 


uroo(t,) =[1/(x)*](Z'/ao)} exp[ — (Z’/ao)r,]. 


Here C=0.586, Zy =1.166, Z’ =1.688, and ap is 
the Bohr radius. The integral in (3) may now be 
evaluated using spherical coordinates, and gives 
the value 


P» - | 2100, 100|? = 0.37. 


The calculation of P; is much more com- 
plicated, because P; is the probability that one 
electron will be in the He K shell, while the 
other is in any other shell. The calculation of P; 
thus involves the summation of an infinite series; 
this is accomplished by the use of the closure 
theorem 


2 Un" (ti) Un(t2) = 6(r1 = fo). 
The result is P,;=0.57. From these values it 
follows that Pp =0.06. Because of the approxima- 
tions used, the second decimal places in P; and 
P; are in doubt. Hence, the value given for Po 
represents merely the order of magnitude. 

We are now in a position to calculate Px/Ps 
using (1) and (2). It is important to note that 
in (1) Z’ is the effective nuclear charge appearing 
in the wave function of the created electron; it 
_4L, Pauling and E. B. Wilson, Introduction to Quantum 


Mechanics (McGraw-Hill Book Company, Inc., New York, 
1935), pp. 184, 345. 


will differ from two if the initial electrons exert 
an appreciable screening effect upon the created 
electron. If one of the initial electrons is in the 
He K shell (Vx=1), the wave function of the 
created electron resembles that of a ground state 
He electron, hence Z’=1.688 in this case. If 
neither of the initial electrons is in the He K shell 
(Nx=0), we can take Z’=2. Substituting the 
appropriate values in (1) and (2), we have 


Px/Ps = 0.24F,-3. 


Taking for Eg the recently published® value 16.9 
kev, we have 
Px/Ps=0.0035. 


It should be noted that the approximations made 
in these calculations scarcely justify the retention 
of two significant figures. 

The calculation of Px/P, for atomic tritium 
is similar but much simpler, giving the result 


Px/Ps = 0.45Eg-3. 


For a bare tritium nucleus Px/P, is simply 
P(0)/Ps (see Eq. (2)), which has the value 
1.04 Eg-3. 

Types of bound electron creation other than 
the K creation are, of course, possible, but it can 
be shown that the sum of the transition proba- 
bilities for these other processes is much less than 
Px. Hence, if P is the total transition probability 
for beta-disintegration, 


P=>P3+Pxr=Ps(1+Px/Ps). 
Since Ps is fixed, P is greater for atomic tritium 


than for molecular tritium; in other words, the 
lifetime of atomic tritium is less than that of 


‘molecular tritium. This, then, is a case in which, 


according to present theory, the chemical state 
of a radioactive substance does influence its 
lifetime. 

The author is deeply indebted to Professor A. 
Nordsieck for his friendly guidance and many 
valuable suggestions. 


5S. Curran, J. Angus, and A. Cockcroft, Nature 302 
(1948). 
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Attempts to treat the differential equation for the radial component of the Eigenfunktion 
of a rotating harmonic oscillator by the W.K.B. or alternative methods, have encountered 
difficulties because of the nature of the equation. The interval from r=0 to r= ©, on which 
the equation has to be considered, includes both a singular point and a turning point. About 
these points the Stokes’ phenomenon is involved, and the elementary asymptotic solutions 
fail to remain valid. Known theory which is applicable to the equation in intervals which 
contain such critical points is here called upon to yield an equation for the Eigenwerte, and to 
produce descriptions of the solutions over the complete range of the variable. 





I. INTRODUCTION 


HE equation for the radial component F 

of the Eigenfunktion of a rotating harmonic 

oscillator is, with a suitable choice of units and 
in familiar notation, 


(@F/dr*) ++((E— V/B.) — (U(l-+1)/r) ]F =0,' 
with 
V = (w?/4B,)(r—1)?. 
In terms of the symbols 


A=(E/we)—§, a=B./we, 


it assumes the form 


(@F/dr®) —[((r—1)2/402) — (24+1/2a) 
+ (l(1+-1)/r?) ]F=0. 


The value of the constant a is small—generally 
very small—and Eq. (1.1) therefore involves the 
“large parameter,” 1/a. The point r=1 at which 
the coefficient of the highest power of this 
parameter becomes zero in a turning point for the 
equation, and is therefore critical, as is also the 
point r=0 at which the equation is singular. The 
problem to be considered is that of determining 
the characteristic \-values for which the equation 
admits of a solution that vanishes both at r=0 


(1.1) 


*This paper was written while the author was on 
research leave under a grant from the Wisconsin Alumni 
Research Foundation. 

1Cf. J. E. Rosenthal and L. Motz, “Application of a 
new mathematical method to vibration rotation inter- 
action,” Proc. Nat. Acad. Sci. 23, 259-265 (1937). We 
have chosen to depart from the notation of this paper by 
writing 7 and / in the place of p and J, in order to avoid a 
later confusion of symbols. 


and at r= ©, and of describing the characteristic 
solutions which have that property.? 


II. THE SOLUTION AROUND r=0 


Since the function sought is to vanish at r=0, 
we begin by a consideration of Eq. (1.1) in an 
interval abutting this point. At r=0 the equation 
is singular (except when /=0) ‘and has the 
exponents (/+1) and —/. A solution of the type 
sought thus always exists, and is unique 
except for an arbitrary multiplicative factor 
independent of r. 


2 This paper was written after a reading of that by 
Rosenthal and Motz cited in reference 1. The authors of 
that paper attempted the solution of the problem here 
considered by a procedure which may be briefly described 
as follows: With v any non-negative integer, the function 
Y is taken to be a solution of the equation 


(d? Y/dr?)— {((r—1)?/4a2) — (20+-1/2a)} Y=0, 


which vanishes at r=. The differences (A—v) and 
(log F—log Y) are then assumed to be expressible as power 
series in a. Recurrence formulas for the coefficients of these 
series are obtained by substituting the assumed forms of A 
and F into Eq. (1.1), and by taking, suitable regard of the 
boundary conditions the coefficients are formally deter- 
mined. The calculations are laborious and, unfortunately, 
generally futile, since the results are divergent by virtue 
of their involving infinite discontinuities. No reason is 
advanced to support any presumption that the method 
ever yields a usuable result, for even in the exceptional 
case in which the most glaring cause of failure does not 
manifest itself, only formal manipulations are described 
and no consideration is given to the rather essential matter 
of validity. That such a method of attack upon this 
problem was foredoomed to failure might well have been 
predicted. For, in the first place, the comparison of a 
solution F of an equation which is singular at r=0 with a 
solution Y of a non-singular equation might well have been 
appraised as unpromising. In the second place, asymptotic 
representations, such as the assumed power series in a 
would in this case be, familiarly fail to maintain their 
validity over intervals that contain a turning point. In 
the light of these facts, the title of the paper in question 
might well be regarded as a bit naive, rather bombastic, 
and, what is worst, wholly misleading. 
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Equation (1.1) near r=0 is of a type which has 
been considered by the author, and for which the 
forms of the solutions are accordingly known.’ 
As it stands the equation is not of the normal 
form assumed in (L. ’35). It may be normalized, 
however, by the change of variables 


r=27/4, F=2'u, (2.1) 


which gives it the form 


(du /dz*) + { (2[(1 —2?/4)? — 2a(2+1) ]/ — 1602) 
+ (3 —(21-+1)?/2*)ju=0. (2.2) 


It is then of the type 

(d?u/dz*) + { py? + (3 —A?/2*) }u=0, 
which is basic to (L. ’35), and conforms to it 
with 


p=1/4a, 


e=2{(1—(2/4))@—2a(2A+1)}}, (9 39 


It is an essential hypothesis of (L. ’35) that 
the function g be bounded from zero except near 
z=0 on the interval concerned. This restricts the 
interval in the present instance to exclude the 
points at which 


(1—(2°/4))?— 2a(24+1) =0, 


namely, the points r=1+(2a(2A+1))!. The 
results which may be taken from (L. ’35) are 
accordingly valid for r on a range 


0=rSb, with b<1—(2a(2A+1))*. (2.4) 





In terms of the functions 


=f es 


namely, in this case, 
= (i/2a) f {(1—r)?—2a(2A+1) }idr, (2.5) 
0 


the paper (L. ’35) describes a solution u; of Eq. 
(2.2), which vanishes at z=0, by the formulas 


Uy = (£+4/ pty) { E-FJe(E)+(E/p)O(1)}, (2.6) 


3 R. E. Langer, “On the asymptotic solutions of ordinary 
differential equations, with reference to the Stokes’ 
ghenqmenen about a singular point,” Trans. Am. Math. 

. 37, 397-416 (1935). We shall refer to this paper 
briefly by the notation (L. ’35). 
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when | | is small or of moderate magnitude, and 
ur =(1/pty?) {cre*[1]+cce-*[1]}, (2.7) 


when |é| is large. As usual Jg denotes here the 
Bessel function of the first kind of the order 8. 
The symbol O(1) stands for a bounded function 
of r and p, and [x ] is intended to denote a quan- 
tity which differs from x by at most terms of the 
order of 1/é or of the order of (logp)/p. When 
argz=0, as is the case when 7 is on the interval 
(2.4), the coefficients to be used in the formula 
(2.7) are 


€1=(1/(2m)!) exp(—(8+4)x1/2), 
C2=(1/(2)*) exp((8+4)21/2). 


The formula (2.7) is explicit only to terms of 
the order of (logp)/p, which means in the present 
instance terms of the order of aloga. It is, 
therefore, clearly useless to retain in the symbols 
involved by it any terms of the order of a@ or its 
higher powers. We may therefore use as appro- 
priate equivalents the following: 


g~z(1—r), 
E~i{(1—(1—1)?/4a)+(A+}4) log(1—r)}, 
(&/p)~{1—(1—r)?}. 


The formula (2.7) thus becomes 


tu, = (exp((/+1)xt/2) /(2m)'p') 
K {(-1) 4#(1t1-—-1) 41 
Xexp(—1—(1—7)?/4a)[1] 
+(1—r)* exp(1—(1—r)?/4a)[1]}. 


Ill. THE SOLUTION AROUND r=1 


(2.8) 


(2.9) 





On an interval containing the turning point 


_r=1, Eq. (1.1) is of the form 


(d?F/dr*) — {o*xo+ox1t+x2}F=0, (3.1) 
with 
o=1/a, xo=r—1/2, x1= —(A+4), 
x2=1(1+1)/Pr’. (3.2) 


This is again a type which has been considered 
by the author, and for which the forms of the 
solutions are known.‘ The equation is normal, 


*R. E. Langer,“The asymptotic solutions of certain 
linear ordinary differential equations of the second order,” 
Trans. Am. Math. Soc. 36, 90-106 (1934). We shall refer 
to this paper briefly by the notation (L. '34). 
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as that is defined in (L. ’34), and for it 
k=(A/2)+4, g=(r—-1), &=(r—1)?/2a, 
6=1(1+1)/7r?.5 


It is supposed in (L. ’34) that the interval in 
question is one upon which the function 


fi@elar 


is bounded except near r=1. This is readily seen 
to exclude the point r=0 in the present case, but 
to impose no other condition. We may therefore 
take r in this section to have a range 


(3.3) 


aS=r<o, with 0<a<b. (3.4) 


A solution of Eq. (1.1) which vanishes at r= 
is denoted in (L. ’34) by uo 2. For values of r such 
that (r—1) is positive and sufficiently large, the 
form of this solution is given as 


Uo,2=(1/o%p})£* exp(—34)[1], 
namely, in terms of the original variables as 


Uo,2=(1/04(2a)*)(r—1)* 
Xexp(—(r—1)?/4a)[1]. 


For values of r near the turning point this solu- 
tion is given to be of the form 


uo, 2>= (1/atg?) iwT(- 3)/T(4—k)) My, a(&) 
+(P'(3)/T (3 —k)) Mz, -14(&) } +loge/oO(1), 


with M;,41/4 designating the confluent hyper- 
geometric function usually so denoted.* By use 
of the gamma-function relations 


T(3)=(x)', I(—4)=—2(x)}, 
I(x) (1—x) =2/sinrx, 
T(x) 0 (4+<x) = (3) #2!-20(2x),7 


(3.5) 


(3.6) 


and, in terms of the original variables, it is thus 


5 It will be observed that certain symbols have here a 
meaning which is different from that which was assigned 
them in Section II. No confusion need arise from this, 
since the results are to be expressed promptly in terms of 
the original variables. 

6 Cf. E. T. Whittaker and G. N. Watson, A Course in 
Modern Analysis (Cambridge University Press, London, 
1927), fourth edition, p. 337. 

7™Cf. N. Nielsen, Handbuch der Theorie der Gamma- 
funktion (B. G. Teubner, Leipzig, 1906), pp. 14, 19. 
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found that near the turning point 


Uo, 2=(1/(mr)to*(r —1)4) 
X {2 sin(Aw/2)P(A/2+1) Mi, a((r —1)?/20) 
+cos(Ar/2)T (A+ 1/2) M;, -ya((r = 1)?/2a) } 
+a logaO(1i). (3.7) 


When , is on the interval (3.4), but r<1, the 
relation (r—1)=(1—7) exp(m?) gives 


y= (1—r) exp(z?) 


and 


&=(1—7)?/2a exp(277). (3.8) 


Accordingly, arg§=2z, and for values of 7 not 
too near r=1 it is then given that 


uo,2=1/o%p){[ A», 1% JE* exp(3é) 
+[A2,2% Jé exp(—36)}, 
with 
A21%) = —a{(—72 exp(2kai)/T (4 —Rk)T (2—)) 
— (t exp(2kat)/T($—-k)T(Z—F))}, 
A220) = —a{(t exp(—(k—4)at)/T(4—k)T ($+) 
— (¢ exp(— (k+4)at)/T(¢—k)T(Z+2))}. 


These latter evaluations are easily reduced by 
means of the relations (3.6), and are thus found 


to be 


exp((2k —4)t) sin(2k —})xI'(2k+3) 
4 (w)122*-4 | 





Ao 1O) 


Ao2%D=1. 
In terms of the original variables, therefore, 
exp(— (1/4a) +Az7) 
| at(2a)* 
Xexp((1/2a) —Awi)P'(A+1)[sinar ] 
X (1-1)? exp(—1— (1 —1)?/4a) 
+(1—r)* exp(1—(1—r)?/4a)(1]}. 





{—(2/n)tam4 


Uo, 2 >= 


(3.9) 
IV. THE CHARACTERISTIC VALUES AND 
FUNCTIONS 


Formulas (2.9) and (3.9) are both valid 
between 0 and 1 on the interval a=r=b. They 
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describe, respectively, solutions which vanish at 
r=0 and at r=. These solutions must be 
multiples of each other if the equation is to 
admit a characteristic solution (Eigenfunktion). 
This will evidently be so if and only if 


(- 1) a (2/m)4a>+4 
Xexp(1/2a+Am2)P'(A+1)[sindr ], 
namely, if 


(sind ]= (2/2)! 
X((—1)! exp(Ami) /T(A+1)a**! exp(1/2a)). (4.1) 


This is, therefore, the characteristic equation 
whose roots are the A-Eigenwerte. 

The left-hand member of Eq. (4.1) stands for 
a quantity which differs from sin\w by a term 
of at most the order of a loga. Since (at least for 
moderate values of A) the right-hand member 
is small relative to aloga, Eq. (4.1) can be 
assured to give only the result 


sindx = O(a loga). 


The characteristic values thus differ from in- 
tegers by terms of at most the order of a loga, 
namely, 


A\=v+O(a loga), (4.2) 


with v an integer. 

Let us designate the characteristic solution by 
F, It is a multiple of the function z!u;, of Section 
II, and likewise of uo,2 of Section III. If, for con- 
venience, we determine it by the relation 


F=p-@ ely, (4.3) 


formula (2.6) shows it to have, for values of r 
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near r=0, the form 


F=({1—(1—-r)?}1/(1—2)) (EOP Ti4(8) 
+ {1-(1—r)*}O(1)}, (4.4) 


with é as given in Section II. Although this value 
of ~ is purely imaginary, the term &-“+» J,,;(&) 
is real. It may be written alternatively as 
|€|-“+)71,,(|&|). For values of r between 0 and 
1, but not too near either 0 or 1, the form as 
obtained from (2.9) is 


F=((4a)'*"/(2m)4) {((—1)' 81-1) 
Xexp(—1—(1—17)?/4a)[1] 
+(1—r)* exp(1—(1—r)?/4a)[1]}. (4.5) 


The relation between F and uo. is easily. 
determined from (4.3) and a comparison of 
formulas (2.9) and (3.9). It is thus found that 


F=((4a)'*1(2a)* exp(1/4a—Amt)/(22)*) uo, 2. 


In accordance with (4.2) we may use in this the 
evaluation 


exp(—Azt) = (—1)°[1]. 


The formula (3.7) thus shows that for values of 
r near r=1 


F=((—1)*(4c)+1(2e)*e!/44/av2) 
X {2 sin(Aw/2)TP(A/2+1) Mi1/4((r —1)?2/2a) 
+cos(Aw/2)P(A+1/2) 
X Mi, -14((r—1)?/2a) + O(a! loga)}, (4.6) 


with k=)/2+4. Finally, for values of r that are 


larger than 1 and not too near 1, the formula 
(3.5) shows that 


F=((—1)*(4a)"¥e¥*#/(2n)#)(r—1)> 


Xexp(—(r—1)?/4a)[1]. (4.7) 
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Thallium-activated sodium iodide crystals may be used as efficient detectors of gamma-rays 
and other ionizing radiations. The crystals are used in combination with a photo-multiplier 
after the manner of Kallmann. Curves are given which show the duration of the light emission 
process, the distribution of light pulse sizes, the energy discrimination possibilities, and the 
dependence of number of counting events on photo-multiplier voltage and amplifier gain. 
Comparison curves are shown for NaI(T1) and anthracene. A description is given of the method 
of preparation of polycrystalline samples and single crystal specimens of the sodium iodide- 
thallium phosphor. A few remarks are made concerning the combination of alkali halide 


phosphor crystals with photographic plates. 





I. INTRODUCTION 


HE detection of beta-particles and gamma- 
rays by the combination of a luminescent 
crystal (phosphor) and a photo-multiplier vac- 
uum tube has been successfully demonstrated 
by many investigators.'~* The earliest work in 
which large crystalline samples were used was 
performed by H. Kallmann.'! Kallmann showed 
that large clear pieces of napththalene pro- 
duced measurable scintillations when exposed to 
gamma- and beta-radiation from radium. Other 
luminescent materials have since been reported 
in the literature. Among these are anthracene, 
calcium tungstate,® phenanthrene,** and others. 
Since present-day photo-multiplier tubes have 
a serious ‘‘noise’’ background at room tempera- 
ture,’ it is important that the phosphor provide 
as large a light flash as possible. Other important 
properties of a useful phosphor are: the spectrum 
of the light flash, the duration and rise of the 
light pulse, the material density, and, finally, 
the chemical composition of the phosphor. The 
magnitude (and spectrum) and duration of the 
light flash are of special significance since these 
properties determine the signal to noise ratio. 


*The major part of these results was presented at a 
recent conference (July, 1948), on high speed counters, at 
the University of Rochester. 

1H. Kallmann, Natur and Technik (July, 1947). 

2 J. W. Coltman and F. H. Marshall, Phys. Rev. 72, 528 
(1947). 

3M. Deutsch, Nucleonics 2, 58 (1948). 

4G. B. Collins and R. C. Hoyt, Phys. Rev. 73, 1259 


948). * 

5P. R. Bell, Phys. Rev. 73, 1405 (1948). 

6 R. J. Moon, Phys. Rev. 73, 1210 (1948). 

** M. Deutsch: Rochester Conference. 

7R. W. Engstrom, J. Opt. Soc. Am. 37, 420 (1947). 


(1 


Amplified noise pulses are, unfortunately, not 
small compared with light flashes in naphthalene, 
calcium tungstate, and anthracene. Conse- 
quently, there are important advantages in 
cooling the photo-multiplier tube to low tem- 
peratures at which the frequency of occurrence 
of noise pulses becomes insignificant compared 
with the signal. On the other hand, the experi- 
mental difficulties in cooling the tube may prove 
to be a disadvantage in some experiments. 

Of those phosphors mentioned above, an- 
thracene produces relatively large light flashes® 
in short times® (~0.05-microsecond duration) 
and matches, in its emission, the region of high 
spectral sensitivity of the 931 or 1P21 photo- 
multiplier tubes. With respect to the remaining 
above-mentioned characteristics of useful phos- 
phors, anthracene has a small density (1.25 
g/cm*) and is composed of elements of low 
atomic number (1, 6). Anthracene light flashes 
for, say, 1.0-Mev gamma-rays are not many 
times the size of photo-multiplier noise pulses, 
and, for a reason not yet understood, it appears 
that heavy particle pulses produce smaller scin- 
tillations than beta-particles of equivalent en- 
ergy. It is, therefore desirable to search further 
for a phosphor, more dense than anthracene, 
having constituents of higher atomic number, 
which provides larger light flashes than anthra- 
cene. It would also be desirable if such a phosphor 
would give large light flashes for heavy particles, 
such as alpha-particles. At the present time no 
phosphor has been reported which can be ob- 


8L.F. Wouters, Phys. Rev. 74, 489 (1948); G. B. Collins, 
Phys. Rev. 74, 1543 (1948). 
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tained in large crystals, and which possesses 
the desirable characteristics discussed above. 

It is the purpose of this article to present some 
of the properties of a material which is an 
efficient phosphor for alpha-, beta-, and gamma- 
radiations.* It has been found that sodium 
iodide, with a small thallium iodide impurity, 
possesses many desirable properties of a radiation 
detector. In the case of Nal(T1) the light flashes 
are sufficiently large so that in most instances 
(e.g., 0.5-Mev gamma-rays) cooling of the photo- 
multiplier is unnecessary. The density of Nal 
is 3.67 grams/cc, and a medium atomic number 
(I=53) is available in the phosphor. Large clear 
crystals can be prepared by relatively simple 
means. These features make the use of Nal(T1) 
quite convenient for the counting of gamma- and 
beta-radiation. It is also true that heavy particle 
pulses are large. It cannot be said that Nal(T1) 
has all the desirable properties of a phosphor 
which might be used for the general counting and 
measuring of ionizing radiation, for, as it will be 
shown, Nal(Tl) is not as fast as the organic 
phosphor materials. A practical disadvantage of 
Nal(TI) is the fact that this material is highly 
hygroscopic, although this difficulty has been 
avoided by enclosure of the sample, as will be 
shown below. In summary, Nal(TI), in its 
present form, would seem to be a useful material 
for alpha-, beta-, and gamma-radiations in those 
cases where resolving times are not required to 
be less than one or two microseconds. 

In the following sections some experiences 
have been collected which concern the use of 
Nal(T1) as a detector of gamma-rays. Data on 


the decay of luminescence of sodium iodide will: 


be reported and some observations made on 
combinations of various phosphors and a photo- 
graphic plate. 


II. GENERAL 


R. W. Pohl?® and his co-workers have studied 
the alkali halide crystals with thallium im- 
purities. In particular, this group has examined 
luminescence produced by ultraviolet light and 
the absorption of light in alkali halide phosphors. 
Much experimental and theoretical material on 


*R. Hofstadter, Phys. Rev. 74, 100 (1948). 
10 Bibliography in article by R. Hilsch (11). 
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such phosphors now exists!!—" for the significant 
reason that these phosphors are among the most 
simple now known. Nevertheless, the exact 
nature of the short-lived fluorescence is probably 
not completely understood at the present time. 
The thallous ion is probably responsible for the 
observed behavior. 

In connection with the material of this paper, 
the experimental results of W. von Meyeren'® 
and R. Hilsch!” are of interest. These authors 
have studied the spectral distribution of the 
emitted fluorescent light, as well as absorption 
of light by the alkali halide-thallium phosphors. 
Absorption by the base materials has been studied 
by R. Hilsch and R. W. Pohl'® and by E. G. 
Schneider and H. M. O’Bryan.!* Unfortunately, 
Nal(Tl) has not been studied in emission, 
although its absorption is given by R. Hilsch." 

The experimental findings in some of the 
alkali halides (NaCl, KCl, RbCl, NaBr, KBr, 
KI) may be summarized in the following way. 
With a small (0.001 to 0.1 molar percent) 
thallium impurity these phosphors show lumines- 
cence lying in the near ultraviolet, and, in the 
case of KI, extending into the violet and blue 
region of the visible spectrum. With larger im- 
purities (0.1 to 5 molar percent) the luminescence 
spectrum shifts towards the visible region.! 
With very large impurities the luminescent light 





Fic. 1. Phosphor tube mounted on photo-multiplier. 


1939). Hilsch, Proc. Phys. Soc. London 49, extra part, 40 

12 P, Pringsheim, Rev. Mod. Phys. 14, 132 (1942). 

13 J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. 
184A, 366 (1945). 

4 F, Seitz, J. Chem. Phys. 6, 150 (1937). 

16 N. F. Mott and R. W. Gurney, Electronic Processes in 
mar Crystals (Oxford University Press, London, 1940), 


PW. von Meyeren, Zeits. f. Physik 61, 329 (1930). 

17 R. Hilsch, Zeits. f. Physik 44, 860 (1927 » 

18 R, Hilsch and R. W. Pohl, Zeits. f. Physik 59, 812 
(1930). 

19 E. G. Schneider and H. M. O’Bryan, Phys. Rev. 51, 
293 (1937). 
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Fic. 2. Active region of tube of Fig. 1. 


tends to be white. The time decay of the lumines- 
cent process varies also with the amount and kind 
of added impurity. There is a tendency to show 
a greater phosphorescent component as the 
amount of impurity increases. The above-men- 
tioned emission of light is produced by stimula- 
tion by ultraviolet light lying in the absorption 
band or bands of the phosphors. The emitted 
light produced by ionizing radiation is probably, 
but not necessarily, the same as that produced 
by ultraviolet light. 

The absorption of light by the alkali halide- 
thallium phosphors generally consists of the ab- 
sorption by the base material in addition to the 
specific absorption bands introduced by the 
added impurity. The impurity absorption bands 
lie just beyond the emission’bands on the side of 
shorter wave-lengths. It is fortunate that there 
is little overlap, and this fact makes the alkali 
halide phosphors quite transparent to their own 
fluorescent radiation. As an example, KI1(T1) 
absorbs in bands at 2870A and 2360A, whereas 
the emitted light (under ultraviolet excitation) 
extends from 3200A to 5000A. Such results have 
been stated for room temperature conditions. 
The emission of light has also been studied at 
temperatures above and below room tempera- 
ture.!® In the case of Nal(Tl), the absorption 
bands lie at 2930A and 2340A. The absorption of 
longer wave-lengths extends as far as 3200A. 

Not much seems to be known of the period of 
decay of fluorescence in the thallium-activated 
alkali halide phosphors, although W. Bunger 
and W. Flechsig®® have studied KCl with TICl 
impurity and have found a decay at least as fast 
as 50 microseconds. W. Bunger®! has observed 
high quantum efficiencies, of the order of 50 to 
80 percent in KCI(T1) phosphors, under excita- 
tion by ultraviolet light. 

20W. Bunger and W. Flechsig, Zeits. f. Physik 67, 42 


(1931). 
*1W. Bunger, Zeits. f. Physik 66, 311 (1930). 


III. EXPERIMENTAL 
A. Apparatus 


In these experiments the photo-multiplier was 
mounted in a tube socket, on a small brass frame, 
within a light-tight galvanized iron box of 
33-inch wall thickness. The phosphor was en- 
closed in a quartz tube of ;-in. outside diameter 
and 1-mm wall thickness. The quartz tube was 
placed, in a horizontal position, in contact with 
the photo-multiplier envelope. To prevent motion 
of the quartz tube, a length of adhesive tape was 
wrapped around the quartz tube and photo- 
multiplier envelope. A thin aluminum foil was 
placed between the sticky side of the tape and 
the quartz tube. In this way the phosphor tube 
could be removed easily and replaced easily. The 
aluminum foil also served as a reflector of light. 
Figure 1 shows the type of mounting used. 

In the experiments to be described, the photo- 
multiplier was supplied with a stabilized negative 
voltage at the cathode. The anode load resistance 
was usually 0.1 megohm, although in some tests 
a 10.0-megohm resistance was employed. The 
combined capacitance of photo-multiplier output 
and amplifier input was 20 to 30 micromicro- 
farads. The time constant of the photo-niultiplier 
output circuit was therefore of the order of two 
or three microseconds except in those cases 
where the 10.0-megohm load was used. The 
voltage divider supplying the dynodes was made 
up of resistances of value 33 kilo-ohms each. The 
anode circuit of the photo-multiplier was con- 
nected with a small lead directly to a pream- 
plifier. 

The amplifier used in most of these experiments 
has been the ‘‘Model 501” amplifier, designed by 
W. C. Elmore. It consists of a preamplifier, men- 
tioned above, and a separate chassis containing 
the remaining amplifying stages and power 
supply. The rise time of this amplifier is about 
0.15 microsecond, and the gain is about 300,000. 
In order to see the shape and beginning of light 
pulses, a Sickles delay line has been employed 
with delay time of one microsecond and rise time 
about 0.25 microsecond.*** 

The Model 501 amplifier has two equivalent 
cathode follower outputs. When counting pulses, 

*** The technique employed is similar to that described 


in an article by W. C. Elmore, Nucleonics 2, 16 (March 
1948). 
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one output was brought to the scaling unit 
through a ‘““T”’ fitting and a coaxial cable. An- 
other cable led from the “T”’ fitting and was 
brought to an oscilloscope for routine examina- 
tion of pulses while counting. The second cathode 
follower output was not used when such counting 
was studied. When the photographic studies of 
the rise time of pulses were made, the cable 
leading to the scaling unit was removed, and the 
short cable to the oscilloscope was the only 
output connection of the amplifier. The photo- 
graphic studies of pulse shapes were made with 
the “laboratory oscilloscope’ of the type de- 
scribed by Fitch and Titteron.” In other experi- 
ments, the second output was brought to a slave- 
sweep circuit (Model ‘260, designed by M. 
Sands) which permitted the use of a conventional 
oscilloscope for pulse observation. 

The pulses were counted by a discriminator- 
scaling unit designed by M. Sands. This unit, 
called the ‘‘ten-channel discriminator,’’ has ten 
channels into which all the incoming pulses from 
the amplifier are sorted. The pulses are counted 
in channels according to their height. For ex- 
ample, when 5-volt channels are used. channel 1 
selects pulses from 5 to 10 volts. Channel 2 selects 
pulses from 10-15 volts, and so on. Channel 10 
is a ‘‘surplus’’ channel and registers all pulses not 
already recorded by the other nine channels. A 
totalizer is available which counts all the pulses 
received. A cross check is therefore available to 
see that counts have not been missed. The 
totalizer is a scale of 32, the 9 channels are scales 
of 8, and the surplus channel is a scale of 16. A 
“sliding pulser,” designed by M. Sands and 
W. A. Higinbotham, was also used to check the 
voltage width of the channels. 


B. Preparation of the Phosphors 


Most of the Nal(TI) samples are prepared in 
the following way. Ten grams of Nal reagent 
(Baker and Adamson) are funneled into a half- 
inch quartz tube (closed at the lower end) to a 
depth of two or three inches. A constriction in the 
quartz tube, above the level of the Nal powder, 
permits subsequent sealing off of the sample 
while under vacuum. The quartz tube is con- 
nected to a “‘Hyvac”’ pump through a length of 


2V.L. Fitch and E. W. Titterton, Rev. Sci. Inst. 18, 821 
(1947). 


rubber hose and evacuated. The powder shows 
a tendency to “bump” and may travel rapidly 
throughout the vacuum system. To prevent this, 
a pad of glass wool is placed between the con- 
striction and the end of the quartz tube, adjacent 
to the rubber hose. After evacuation, the quartz 
tube and contents are heated by a gas-air flame 
until the powder melts at about 650°C, at which 
the liquid Nal is pale yellow. The flame is then 
withdrawn and the melt allowed to cool directly. 
During cooling, the Nal crystals are formed and 
may be one or a few millimeters on a side. These 
crystals may be faintly luminescent. A discharge 
in the quartz tube, produced by the conventional 
“leak tester,’’ is a good indicator of the lumines- 
cence of the phosphor. The tube is now taken 
away from the hose, opened to air, and 100 mil- 
ligrams of Tl dropped into the tube. It is replaced 
on the vacuum system after the glass wool has 
been removed and discarded. The quartz tube 
and contents are reheated to melt the Nal and 
to mix the TII with the Nal. After cooling and 
crystallization of the mixture, bright blue 
luminescence of the crystals can be observed with 
the leak tester discharge. The tube may now be 
sealed off for use. 

Useful samples have also been made by mixing 
the two powders and employing a single heating 
process. It is probable that this method is 
equivalent to that described above. However, 
the most successful specimens were made by the 
process involving two meltings. 

A good specimen is not always produced. The 
reason for this is not understood, although it is 
suspected that impurities, overheating, or too 
rapid heating before water vapor is removed may 
be responsible for the poorer specimens. The 





Fic. 3. “Pulser” pulses (above) and Nal(TI) 
pulses (below). 
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poorer specimens are generally gray while the 
best specimens are clearer and white. 

Single crystals have been prepared with sur- 
prising ease by taking the tubes as described, but 
with conical lower ends, suspending them in a 
furnace by a hook and wire, and then lowering 
slowly with a gear train and motor. This method 
of crystal formation, originally proposed by 
Bridgman, usually produces several large crystals. 
Such crystals are extremely efficient phosphors. 
For example, one specimen, containing about 4 
grams, was made in the form of a few large 
crystals, one being quite large, of the order of a 
centimeter on one side. Even though the quartz 
tube was clouded by the heating process and the 
crystal was oblique to the walls, this specimen 
produced almost as many counts and nearly the 
same light output as a mass of 10 grams of small 
crystals when each tube was exposed to radium 
gamma-rays under the same conditions. Larger 
single crystal samples have been successfully 
grown in one-inch quartz tubes. The inner surface 
of such tubes apparently becomes etched in the 
process, and the output of light from these speci- 
mens is probably not as high as one might obtain 
if the surface remained clear. Large crystal 
specimens have been removed from the quartz 
tubes but rapidly ‘‘frost up’”’ and become yellow 
in a humid atmosphere. Undoubtedly more suc- 
cessful results will be obtained when methods are 
developed for protecting the crystal surfaces 
from water vapor. 
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Fic. 4. Decay curves for NalI(TI). 
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Figure 2 shows the active end of the first pre- 
pared phosphor tube of polycrystalline NalI(TI). 
Examination of tube contents shows that the 
clear crystal region extends about two or three 
millimeters from the inside wall. Inside this 
region the material is more like coarse granular 
powder. Shorter specimens of the polycrystalline 
material have been prepared in tubes which, 
when sealed off, are 2.75 inches long. 

Rough experiments have been made to find 
the most desirable amount of impurity. Speci- 
mens made by adding one percent of TII seem 
to give the best results. Samples made with 200 
mg, 50 mg, and 20 mg of TII to 10 grams of Nal 
do not seem to provide as much light output as 
those made with 100 mg of TII, although active 
samples have been prepared with as little as 0.02 
percent TII. However, the method by which 
these samples were made does not insure that the 
actual impurity content of the crystals is that 
determined by the amount added. The formation 
of gray crystals is different in different specimens 
and may also influence the reported findings. It 
has been found, however, that the single crystals 
are always “water white’ and clear, thus indi- 
cating that the crystal is most satisfactorily 
prepared in a furnace under controlled tempera- 
ture conditions. The torching method is probably 
not more than an expedient to obtam samples 
quickly. Counting samples have also been made 
with TICI and TIBr. 


IV. RESULTS 
A. Counting Studies 


In this section some data have been collected 
concerning the use of NalI(T1) as a material in a 
scintillation counter. Such data may also be of 
interest for the theory of ionic crystals, since the 
alkali halide-thallium phosphors are simple 
fluorescent systems. Interesting topics are: (1) 
The duration of the light emission process. 
(2) The amount of light emitted per incident 
energy of ionizing radiation. This amount may 
vary for different particles of the same energy. 
(3) The sensitivity of the alkali halide scintillation 
counter in distinguishing different monoenergetic 
gamma-rays or beta-particles. (4) The spectral 
distribution of the emitted light. (5) The sensi- 
tivity to different radiations, e.g., alpha-par- 
ticles, protons, neutrons, mesons, etc. (6) Mis- 
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Fic. 5. Differential bias curves showing energy discrimina- 
tion for various radioactive sources. 


cellaneous tests designed to see whether the 
alkali halide scintillation counter can serve as a 
general gamma-ray detector. (7) The ‘‘counting 
efficiency” of the crystal material, i.e., the ratio 
of the number of counted events to the ionizing 
flux passing through the crystal material. 

It is not possible to present at this time com- 
plete information on all these points or on other 
interesting topics such as temperature effects. 
However, a certain amount of information is 
available on almost all the topics mentioned. The 
points will be taken up in the above order. 

(1) The emission of light, following the 
ionization produced in the NaI(T1) phosphor by 
a gamma-ray encounter with the phosphor, has 
been studied by photographing the rise of the 
voltage pulse appearing across the anode load 
resistor of the photo-multiplier. In this study the 
anode resistor had a value of 10 megohms. The 
“clipping”’ or differentiating time constant of the 
amplifier was set at 40 microseconds. With this 
long clipping time, the height of the voltage 
pulse is proportional to the integral of the light 
emission curve and, therefore, represents the 


agen C. Elmore and R. Hofstadter, Phys. Rev. 75, 203 
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Fic. 6. Differential bias curves with ten-volt channels for 
radium and thorium sources. 


decay curve of the phosphor. This statement is 
true only if the phosphor decay time is several 
times as long as the amplifier-delay line rise 
time. For these experiments this is, unfor- 
tunately, not the case. Therefore, the quanti- 
tative studies must be considered, for the present, 
only as approximate. 

To observe the effect of the amplifier-delay 
rise time, the phosphor pulses were compared 
with “‘artificial’’ repetitive pulses produced by a 
“Model 100” pulsing circuit. This ‘‘pulser’’ 
manufactures a step pulse with a rise time con- 


. siderably smaller than that of the amplifier- 


delay line combination used in these experiments. 
Therefore, a pulser voltage pulse shows directly 
the rise time of amplifier and delay line. Such 
pulses are shown at the top of Fig. 3. Directly 
below are shown pulses due to gamma-rays 
striking the phosphor, with an.plifier-delay line 
characteristics unchanged. The comparison be- 
tween these photographs permits an approximate 
estimate of the decay time of the phosphor, as 
indicated below. 

Figure 4 shows two plots which were obtained 
from the photographs of Fig. 3. The phosphor 
curves of the two largest pulses were normalized 
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Fic. 7. Behavior obtained with different photo-multiplier 
tubes: amplifier rise time 0.25 microsecond; clipping time 
about two microseconds. 


to the same maximum value. The differences 
between points on such normalized curves and 
the final saturation values of the pulses are the 
values plotted in the curves of Fig. 4. The figure 
shows that, except for the first points, both 
curves are fitted rather well by straight lines on 
semilog plots. When determined in this way, the 
time constants of the decays are 0.25 and 0.26 
+0.05 microsecond. Since the 10-90 percent 
rise time of the ‘‘pulser’’ pulses is 0.27 micro- 
second, it can be seen that the values obtained 
for the phosphor will be only approximate. The 
phosphor measurements are probably correct to 
within 25 percent. The light pulse in this NaI (T1) 
phosphor sample has a total duration, therefore, 
of the order of 0.8 microsecond. Although the 
decays studied appear to be exponential, other 
types of decay are not ruled out, particularly 
since only the larger pulses have been available 
for study. 

In the experiments just described the voltage 
pulses measured were about 1.6 and 2.0 milli- 
volts at the anode of the photo-multiplier. fT 

tt Larger pulses are easily obtained by increasing the 


photo-multiplier voltage. The pulses used are of convenient 
size in working with the 501 amplifier. 
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(2) The photo-multiplier pulse corresponding 
to a single ionization event depends on at least: 
(a) the energy lost in the crystal by the beta- 
particle released by the gamma-ray, (b) the 
region in the polycrystalline sample in which the 
beta-particle is released, and (c) the statistical 
secondary multiplication in the dynodes of the 
photo-multiplier. Item (b) is important since it 
includes the light path, number of reflections and 
transmissions at boundaries, and the absorption 
of light within the sample. The amount of light 
received by the photo-multiplier is, of course, 
further determined by the optical arrangement 
used to direct light from the polycrystalline 


_sample into the photosensitive cathode of the 


photo-multiplier. It may be expected that with 
very large light pulses the voltage pulses will be 
proportional to the amount of light received by 


the photosensitive surface.tftf 


A very rough figure for the amount of light 
emitted in one of the large scintillations due to 
radium gamma-rays may be obtained by com- 
paring the voltage pulses due to gamma-rays and 
those due to a stimulated phosphorescence in the 
crystal. Weak phosphorescence may be excited in 
the phosphor by exposing the phosphor tube to 
a strong ultraviolet source or by producing a 
discharge in it with a “leak tester.’’ It may be 
expected that fore weak phosphorescence indi- 
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Fic. 8. Counting rates at different amplifier gain settings. 


ttt At the Rochester conference on high speed counters, 
Miss Rosalie C. Hoyt presented calculations on such 
matters. 
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vidual photo-multiplier counts will correspond to 
single electrons emitted at the photo-cathode. 

Some of the large pulses due to gamma-rays 
are of the order of twenty-five or thirty times the 
height of pulses observed in phosphorescence, 
when the comparison is made visually on an 
oscilloscope screen. Since the efficiency of the 
photosensitive surface of the photo-multiplier 
lies between two and five percent, the number 
of photons incident on the photosensitive surface 
is of the order of one thousand. We may take 
five or ten percent as a rough estimate of the 
fraction of light collected by the photo-multiplier 
to that emitted by the crystal sample. This figure 
is obtained by estimating the relative aperture. 
We then obtain a probable figure of from 10,000 
to 20,000 photons emitted by Nal(TI) poly- 
crystals due to an energetic gamma-ray from 
radium. This figure is probably a lower limit for 
the number of photons in such a large scintilla- 
tion. Nevertheless, this figure differs consider- 
ably from the value 200,000 photons given by 
Moon® for materials which show smaller light 
efficiencies than NalI(T1). It would be desirable 
to make more accurate determinations of the 
light yields from such phosphors. 

(3) Deutsch* has shown that gamma-ray 
energies can be distinguished in naphthalene 

*3M. Deutsch, Tech. Report No. 3, Laboratory for 


inne Science and Engineering, M.I.T., December 
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counters by means of bias curves, or, in other 
words, by the distribution pattern of pulse 
heights. We have shown that energy discrimina- 
tion is possible with Nal(TI1) scintillations, 
although care must be exercised in the interpreta- 
tion of the bias curves. Figure 5 shows differential 
bias curves taken with the ten-channel dis- 
criminator for radium, thorium (oxide), and C” 
annihilation radiation sources. These curves were 
taken with channels five volts wide. Figure 6 
shows curves for radium and thorium (oxide) 
with ten-volt channels. It can be seen that the 
graphs taken with the ten-volt channels show 
linear behavior at the higher channel numbers. 
It is also observed that the annihilation radiation 
graph is practically linear over its whole length. 
These facts suggest that the behavior in the 
higher channels may be linear (semilog plot) for 
homogeneous gamma-rays. The cobalt 60 curves 
of Fig. 8 are in reasonable agreement with this 
view. 

It can be seen in Fig. 8 that the cobalt 60 
curves show smaller slope than the radium 
curves in the region examined. This is probably 
connected with the fact that the cobalt radiation 
is almost homogeneous (1.2 Mev), while the 
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TABLE I. Results of absorption measurements. 








Total Chi Ch2 Ch3 Ch4 ChS Ch6 Ch7 Ch8 Ch9 





Absorption 
po . 0.59 0.62 0.61 0.53 0.53 0.53 0.45 0.44 0.47 0.43 
cm~! 








radium radiation is complex and has a strong, 
soft component. 

Thus, while the rules of interpretation of these 
curves are not yet clear, it appears that the 
scintillation counter shows possibilities of energy 
discrimination in addition to its normal counting 
function. tTTT 

(4) By placing a luminescent crystal or poly- 
crystalline sample and radioactive source in 
front of the slit of a spectrograph, one may 
obtain a photograph of the spectrum of the light 
emitted by the sample under bombardment. Such 
work has been carried on by Mr. J. C. D. Milton 
and the author and will be reported separately. 
The results will merely be stated here. The light 
from Nal(Tl) samples, when exposed to radium 
gamma-rays, lies in the region 3000A to 4900A 
with maximum lying between 4050 and 4150A. 
The width at half-maximum is generally about 
800A, and there is some evidence of asymmetry 
in regions of smaller wave-lengths. The emission 
band therefore has a considerable visible com- 
ponent. Unfortunately, the spectrum induced by 
ultraviolet light in Nal(T1), with which this data 
can be compared, is unknown. 

(5) Scintillations in NaI(T1) caused by radium 
alpha-particles have already been reported to be 
large compared with gamma-ray scintillations, 
and equal in magnitude to those in ZnS(Ag).° 
There is nothing further to be added at this time. 
Experiments with other particles such as protons, 

tttt Note added in proof: Hofstadter, Milton, and Mc- 
want (Bull. Am. Phys. Soc., No. 1, Jan. 1949, p. 16, E11 
and in an article to be published) by using single crystals 
of Nal(T1), cemented to the photo-inultiplier tube, and 
a collimated Co* gamma-ray source, have shown: (a) 
while the polycrystalline curves show the behavior of 
Figs. 5, 6, 8, 14(a), the single crystal Co® curves show defi- 
nite maxima in pulse size distributions. This fact will 

rmit improved energy discrimination. Similar work has 

n carried out by P. R. Bell with anthracene crystals 
and beta-particle sources. (b) A very close approach to a 
plateau in counting gamma-rays can be obtained. For 
example, a variation of photo-multiplier voltage of 80 in 
720 volts resulted in a change of 9 percent in total counting 
rate. It has been estimated that 93 percent of all Co 
gamma-ray encounters with the crystal are counted. The 


newer curves, corresponding to Fig. 14(a) drop almost to 
zero at higher voltages. 


neutrons, mesons, etc., have not been attempted 
in any detail. 

(6) Various studies of the NaI(TI) scintillation 
counter have been made with the aim of learning 
its general properties when used as a gamma-ray 
detector. Among the topics studied are: (a) Be- 
havior of the counter when different photo- 
multiplier tubes are used. (b) Photo-multiplier 
noise background. (c) Comparison of single 
crystal bias curves with polycrystal bias curves, 
(d) Number of counts as a function of source 
distance. (e) Use of scintillation counter with 
gamma-ray filters. (f) Background with NalI(TI) 


-counter. (g) Comparison of NalI(Tl) with an- 


thracene and naphthalene. 

(a) In these tests a Nal(T1) phosphor tube was 
used both with 'a conventional 931A type and 
with a selected 931A photo-multiplier. The latter 
tube is the one used in most (but not all) of the 
experiments described in this. paper. A com- 
parison of the bias curves shown in Fig. 7 shows 
that the counting behavior is identical within 
experimental error for these two tubes. The only 
difference between the two cases rests in the 
operating voltages. The selected tube required 
432 volts and the other tube 478 volts to obtain 
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the results of Fig. 7. Curves taken with naph- 
thalene are also shown in Fig. 7. It is perhaps 
fortuitious that the comparison is as close as 
has been found, for it is probable that some 
unselected tubes have equal noise level and lower 
photosensitivity than the two tubes tested. 

(b) The noise level of a 1P21 photo-multiplier 
tube, with which the data of Fig. 8 were obtained, 
is too small to show as a curve in this figure. The 
noise pulses occurred at the rate of 1 pulse per 
200 seconds and appeared in the first channel, 
although an occasional pulse appeared in a higher 
channel. The bias chosen in these tests might cor- 
respond to average operating conditions. 

(c) It has already been mentioned above that 
a small Nal(T1) sample (~4 grams) in the form 
of a few large crystals gave results comparable 
with a larger sample (10 grams) of polycrystalline 
material. Most of the inside surface of the 
former ‘‘single’”’ crystal tube was frosted in the 
process of preparation. One clear oval portion, 
on the wall of the quartz tube, was not attacked. 
The tube was therefore mounted so that the 
clear portion faced the sensitive surface of the 
photo-multiplier. The pulse distributions ob- 
tained with this sample and witha polycrystalline 
sample were examined and found to be identical 
for equal numbers of counted pulses. tfft 

(d) If the observed pulses are due to direct 
transmission of gamma-rays from the source to 
the crystal specimen, the number of pulses should 
fall off as the inverse square of the distance. 
Figure 9 shows the results of making such a test. 
The background counting rate was subtracted 
for all points. At the largest distance (100 cm) 


the background correction amounts to 16 percent. , 


Conformity with the inverse square law is there- 
for obtained, implying that counting of scattered 
gamma-rays can at most be a small effect for the 
bias and photo-multiplier voltages used. 

(e) Figures 10 and 11 show the results of tests 
performed by placing lead absorbers of different 
thicknesses in front of a thorium source. From 
Fig. 10 one can calculate absorption coefficients 
from the straight lines for the different channels. 
The results are given in Table I. 

It may be seen that, although the accuracy is 
not high, the transition to higher channels cor- 
responds to measuring harder components, a 
result to be expected. The average value of 0.45 
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cm! for the last four channels compares with a 
calculated value of 0.47 cm™ for the energy 2.62 
Mev, which is the well-known thorium line. 
Considering the accuracy of this experiment, the 
measured result is in satisfactory agreement with 
the calculated value. 

The curves of channels 1 to 4 show deviations 
from straight lines for zero absorber thickness, 
indicating that softer components probably ac- 
company the 2.62-Mev line. 

Figure 11 shows part of the data of Fig. 10 
plotted in a different manner. The curves of Fig. 
11 are direct differential bias curves taken with- 
out absorber (upper solid curve) and with a 
1.125-inch lead absorber present (lower solid 
curve). For comparison, the lower curve has been 
shifted upwards (dashed curve) so that the first 
channel points coincide. It is seen that the bias 
curves again point to energy discrimination as 
discussed above in (3). The dashed curve indi- 
cates a harder gamma-ray than the upper solid 
curve. If extended further to the right, it is pos- 
sible that the two curves would become parallel. 

(f) The lower curve of Fig. 12 shows a differ- 
ential bias plot of the background counts ob- 
served with an 8.6-gram mass of Nal(T1). From 
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Fic. 12. Comparison of radium and background pulse 
distributions. 
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Fic. 13a. Integral bias curves for NaI (Tl) and anthracene 
for a radium source: amplifier rise time 0.8 microsecond; 
clipping time 0.8 microsecond. 


this curve it can be seen that the total back- 
ground counting rate is 2.8 counts per second. 
A comparison of this counting rate has been 
made with a Victoreen Geiger-Mueller type 
counter (diameter, 1}-in., 23-in. length, #;-in. 
Cu wall thickness). The G-M counter recorded 
pulses at the rate of 0.90 count per second. 

An additional comparison of the counting 
rates of the Nal(Tl) counter and the G-M 
counter was made by exposing each to the same 
source at equal distances. Each counter was 
placed a distance of 33 centimeters from 0.1-milli- 
curie radium source. The NalI(T1) counter gave 
168 counts/sec., while the G-M counter gave 
32.5 counts/sec. Subtracting the background 
counting rates from each, the results are 165 and 
31.6 counts/sec., respectively. The ratio of these 
counting rates is, therefore, 5.2. The operating 
conditions for the Nal(Tl) counter were 432 
volts (selected 931A tube) and amplifier gain of 
3.8104. The bias was set so that channel 1 re- 
corded pulses 5—10 volts, etc. 

The counting rate of the NaI(T1) counter for 
gamma-radiation is 5.2 times the counting rate 
of the G-M counter, despite the fact that the 
solid angle, subtended by the Nal(TI) at the 
source, is only about one-third of that subtended 
by the G-M counter. One might, therefore, expect 
that the background counting rates should be in 
the same ratio, after correction is made for the 


counting of cosmic rays by the two counters, 
(Correction for contamination is too uncertain to 
be made.) The G-M counter may be corrected to 
read 0.63 count/sec., allowing 0.27 count/sec. 
for cosmic rays. The Nal(TI) corrected back- 
ground reading will be 2.71 counts/sec. The 
ratio of these counting rates is 4.3 instead of 5.2. 
Considering the rough estimates of the correc- 
tions and the neglect of other corrections, the 
agreement is thought to be satisfactory. One may 
therefore conclude that the background readings 
with the Nal(T1) counter, at the bias used, have 
given an indication of the gamma-ray flux in the 
room consistent with measurements of a G-M 
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Fic. 13b. Integral bias curves for NaI(T1) and anthra- 
cene for a Co® source: amplifier rise time 0.8 microsecond; 
clipping time 0.8 microsecond. 


counter, and therefore represent true gamma- 
background. 

There are other indications that this conclusion 
is correct. These are as follows: (a) When two 
weak sources (0.1 millicurie each, normally kept 
18 feet distant from the counter) were removed 
from the room, the NaI(T1) background rate fell 
by 18 percent. (b) The distribution of pulse size 
closely resembles that of radium, which is 
suspected as the source of background counts in 
a physics laboratory. Figure 12 shows a com- 
parison of the shape of the background curve and 
a curve due to a radium source. When the 
background curve is shifted upwards, the points 
of the lower curve fall rather closely on the upper 














curve, due to radium. Furthermore, a closet 
about forty feet from the position of the NaI(T]) 
counter is a storage point for radioactive sources, 
mostly radium, in Palmer Physical Laboratory. 
(c) Background counts taken with the Nal(TI) 
and naphthalene counters showed the same ratio 
as the counting rates with a radium source 
present. This result may be seen in Fig. 2 of an 
earlier publication. 

(g) Integral bias curves comparing anthracene 
and NaI(T1) have been taken with a Bell-Jordan 
amplifier and discriminator.{ The rise and 
clipping times were selected as 0.8 microsecond. 
The sample of anthracene used was prepared by 
G. B. Collins and T. A. King. The anthracene 
sample weighed 2.0 grams and was clear except 
where cracked. The Nal(T1) sample was of com- 
parable size and polycrystalline. Figures 13(a) 
and (b) show the comparison. P. R. Bell pre- 
viously reported similar findings at the Rochester 
conference on high speed counters. It should be 
recognized that both quantities, pulse magnitude 
and pulse duration, are of importance in com- 
paring different phosphors. Anthracene and 
phenanthrene provide light pulses of initial 
height comparable with Nal(T1) polycrystalline 
samples, but of smaller area when plotted against 
time. This behavior may be observed with a fast 
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Fic. 14a. Counting rates in different channels as a 
function of photo-multiplier voltage for Co source. 
Background has been subtracted. The effective area of the 
counter is approximately 4.5 cm’, and mass 13.0 grams. 


t The author is indebted to Dr. H. Poss of Brookhaven 
National Laboratory for taking the data for these curves. 
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Fic. 14b. Counting rates in different channels as a 
function of photo-multiplier voltage for a radium source. 
Background has been subtracted. The effective area of the 
counter is approximately 3.6 cm?, and mass 10 grams. 


amplifier, of rise time 2X10~-* second.{{ With a 
slow amplifier the pulse height is proportional to 
the area under the light emission curves. Under 
these circumstances, Nal(TI) pulses are much 
larger than anthracene (or phenanthrene) pulses. 
A single crystal of NaI(T1) showed pulses about 
five times as large as a comparable anthracene 
sample with a slow amplifier. For fast counting, 
or low resolving times, phenanthrene and an- 
thracene are definitely more suitable than 
NalI(T1). A comparison of pulse size distributions 


- for naphthalene and Nal(T1) has been reported 


already.® There is nothing to add to these results 
at the present time. 

(7) In this section the “counting efficiency”’ of 
the Nal(T1) scintillation counter will be dis- 
cussed. In experiments using counters a most 
important feature is that the counting rate should 
be independent, or nearly so, of counter condi- 
tions. In a Geiger-Mueller counter one has a 
“plateau” in counting over a certain voltage 
range. In this range the G-M counter is inde- 
pendent of other conditions if one excludes tem- 


tt To be described by W. C. Elmore. 
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perature variations and slow increase of products 
of chemical decomposition . caused by long 
counting (10° counts or so). In the scintillation 
counter one encounters two variables which 
affect pulse magnitude, the voltage across the 
multiplier, and the gain of the amplifier. In the 
scintillation counter the pulses have variable 
magnitudes and, consequently, one always 
counts against an applied bias. In a G-M counter 
the pulses are of more or less uniform size, and 
the bias is unimportant. 

In many respects the two variables, repre- 
senting applied voltage and amplifier gain, are 
equivalent since both affect the amplification of 
the initial pulse. However, the noise of the photo- 
multiplier is changed by voltage, whereas am- 
plifier gain, of course, does not influence the 
photo-multiplier noise but may bring it above 
the bias. (It is assumed, in this discussion, that 
amplifier noise is negligible.) It is possible, there- 
fore, that different results will be obtained by 
separately varying photo-multiplier voltage and 
amplifier gain. In tests made of this point, both 
voltage and amplifier gain have been changed 
independently and the effects observed. As far 
as can be told, the two variables produce essen- 
tially the same results, so that the voltage region 
‘ studied is that in which the noise does not 
increase more rapidly than the photo-multiplier 
gain increases as the voltage is raised. This 
result may be expected so long as the signal-to- 
noise ratio is high, as in these experiments. 
Figure 8 shows the results obtained when am- 
plifier gain is changed. 

The curves of Figs. 14(a) and (b) show the 
behavior of the Nal(TI1) scintillation counter 
with respect to variation of photo-multiplier 
voltage. These figures represent an effort to find 
a plateau in counting rate. It will be observed 
that an actual plateau has not been obtained so 
far, although the tendencies towards a plateau 
are quite clear, especially in Fig. 14(a). 

It is to be expected that the counting rate will 
increase at low voltages because some pulses are 
still below the bias. At higher voltages the 
counting rates in the lower channels should de- 
crease, while the higher- channels, 3, 4, etc., 
should show evidence of saturation. With further 
increase of voltage the latter channels should 
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show a decrease in counting rate. Evidence of 
this type is indicated by the curves of Fig. 14(a). 

The second increase of counting rate in channel 
1 of Fig. 14(a) is not understood, although it is 
quite possible that very low energy scattered 
gamma-rays from container, table, etc., and the 
overshoot of the amplifier for a large pulse may 
account for part of this increase. Curves 14(a) 
and (b) should be regarded as preliminary results, 
It is expected that further work will be per- 
formed employing a gamma-ray beam, a single 
crystal, and better shaping of the amplifier 
pulses. The single crystal should provide a higher 
signal-to-noise ratio. In Fig. 14(a) photo-multi- 


plier noise sets in at about 520 volts, but has been 


subtracted as background. ffft 

The efficiency of the counter of Fig. 14(a) has 
been measured for Co® gamma-rays by taking 
the total counting rate at 512 volts and dividing 
by the flux at the counter. The two figures are, 
respectively, 115 counts/sec. and 680 gamma- 
rays/sec. The measured efficiency is therefore 
about 17 percent. This figure is rather arbitrary 
since a plateau is not observed. 

The efficiency for radium gamma-rays of the 
counter of Fig. 14(b) is more difficult to measure 
since the evidence of a plateau is less clear than 
in Fig. 14(a). It is also more difficult to find the 
true number of gamma-rays from radium, since 
there may be present some soft components dif- 
ficult to measure. Using a value of 2.3 gamma- 
rays per disintegration of radium* and a counting 
rate of 93 counts/sec. at’ 538 volts (Fig. 14(b) 
and the totals of the remaining channels), one 
obtains an efficiency of about 65 percent. The 
effective area of the Nal(Tl) quartz tube is 
about 3.6 cm? in this case, and the 0.1-mc radium 
source is at a distance of 130 cm from the counter. 
This is a very high efficiency for the Nal(TI), 
and exceeds an efficiency found by measuring 
the absorption of radium gamma-rays in an 
identical NaI(T1l) tube. The measured efficiency 
is 24 percent if it may be assumed that each 
absorbed quantum gives rise to one count. The 
observed counting rate is probably too high, 
although the figure of 2.3 gamma-rays per disin- 
tegration of radium may be too low. 

Delayed pulses following alpha-particle scin- 


*R. D. Evans and R. O. Evans, Rev. Mod. Phys. 20, 
305 (1948). 
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tillations have been observed by R. Sherr in 
ZnS counters. Such pulses were looked for in 
Nal(T1), but were not found in a period of from 
two to ten microseconds following the main 
pulse. The high efficiency may be due to a longer- 
lived phosphorescence, although it is difficult to 
establish this point conclusively at the present 
time. 

At the Rochester meeting on high speed 
counters, it was pointed out by several inves- 
tigators that similar high efficiencies have been 
found in naphthalene and anthracene scintilla- 
tion counters, and that the photo-multiplier 
itself may be producing delayed pulses. Further 
investigation of delayed pulses and efficiencies is 
clearly necessary. 


B. Photographic Studies 


The results of these brief studies are given at 
this point because of a possible application of the 
phosphor, photographic plate, or film technique 
to future experiments with gamma-rays or beta- 
particles and to radiation monitoring. 

About a year ago the writer began a series of 
experiments to examine the luminescent light 
yield of single crystals under gamma-radiation. 
These experiments consisted of placing single 
crystal samples on top of a photographic plate. 
The light yield is then recorded by the photo- 
graphic plate which acts as an integrating device. 
If a small portion of the crystal surface is masked 
by a piece of paper, or, better, if a metallic re- 
flecting film is sputtered or evaporated on a 
portion of the crystal, the light output can be 
found directly as the difference between the 


blackening on parts of the photographic plate. 


exposed to the light and those parts masked by 
the opaque film or paper. Similar early studies 
were made on CaF: by Winkelmann and 
Straubel,* with x-rays, shortly after the dis- 
covery of x-rays. 

A single crystal of KI(T1), previously de- 
scribed,? was placed on a photographic plate 
(Eastman 103-0) at a distance of one meter from 
a 1.8-millicurie radium source. A tube of NaI(T1) 
was also placed on the plate. After thirty minutes 
of exposure, blackening under the luminescent 
samples was observed. The blackening under the 


*% A. Winkelmann and R. Straubel, Ann. d. Physik 59, 
324 (1896). 
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NalI(TI) tube was only slightly greater than that 
under the single crystal of KI. It appears, there- 
fore, that the light output of K1(T1) and Nal(TI) 
are comparable, although the Nal(T1) samples 
was one of only average sensitivity. The KI(T1) 
sample was also favored by closer proximity to 
the plate. 

It had previously been determined{{f{ that the 
KI(T1) sample produced an increase of blacken- 
ing, due to gamma-ray exposure, by a factor of 
one hundred, over the blackening resulting from 
direct exposure of the plate to the same radia- 
tion. Since NaI(T1) samples have been made with 
twice the light output of the sample under test 
and since photographic film and a reflector could 
be wrapped around the tube for improved light 
reception, it seems reasonable that phosphor- 
film combinations could provide a factor of about 
four hundred in increased sensitivity of film 
to gamma-rays. Scattering experiments with 
gamma-rays might be attempted with a number 
of phosphor tubes placed at various angles 
around the scatterer. 

Other tests, made with NaCl, KBr, and LiF 
powders to which thallium impurities were 
added, showed that Nal and KI powders were 
much more efficient as phosphors than the 
others. : 

It is interesting that KI(Tl) does not give 
large pulses with a photo-multiplier even though 
its total light output is comparable in magnitude 
and spectral distribution with that of NalI(TIl). 
One may draw the conclusion that light is 
emitted from KI(TI) over a longer period of time 
than the light from NalI(Tl). The amplifier used 
in these tests had a rise time of 0:25 microsecond. 
It is possible that other KI(Tl) samples may 
behave differently; only two specimens of KI(T1) 
have been studied. 
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The paper describes further results obtained by the observation of coincidences between 
pulses of a Geiger-Mueller counter tray and of an ionization chamber. The experiments were 
carried out partly aboard a B-29 aircraft and partly on the top of Mt. Evans in Colorado. The 
main purpose of the experiments at Mt. Evans was an investigation of the “transition curve”’ 
in lead. The experimental data are consistent with the assumption that the coincident bursts 
observed with a lead shield between the Geiger-Mueller tubes and the ionization chamber are 
mainly produced by cascade showers initiated by electrons and photons either incident upon 
the lead from the atmosphere or produced in the lead by nuclear interactions. The experiments 
aboard the B-29 furnish information on the variation with altitude of the radiation responsible 


for the nuclear interactions. 


I. INTRODUCTION 


XPERIMENTS made by means of a tray of 
Geiger-Mueller counters and an ionization 
chamber, arranged one above the other and 
separated by several inches of lead, revealed the 
existence of time coincident pulses, whose rate of 
occurrence increases rapidly with altitude.! This 
phenomenon was interpreted by postulating the 
existence of ionizing particles different from elec- 
trons or ordinary mesons, which are much more 
abundant at high altitude than at sea level and 
are capable of producing secondary electrons or 
photons of high energy after traversing moderate 
thicknesses of lead. The electrons or photons 
undergo cascade multiplication in the lead, and 
* The work described in this paper was assisted by the 
joint program of the Office of Naval Research and the 
Atomic Energy Commission. The B-29 aircraft was 
provided by the U. S. Air Fortes. The facilities for the 
work at Mt. Evans were supplied by the Inter-University 


High Altitude Laboratory. 
1H. Bridge, B. Rossi, and R. W. Williams, Phys. Rev. 


72, 257 (1947). 


- 


the resulting showers are responsible for the 
ionization bursts in the chamber. 

In order to test this interpretation, an experi- 
ment was carried out? in which part of the solid 
lead absorber between the Geiger-Mueller tray 
and the ionization chamber was replaced with a 
cloud chamber containing a number of lead 
plates; the expansion was triggered by the coin- 
cident pulses of the Geiger-Mueller tray and the 
ionization chamber. The cloud-chamber pictures 
thus obtained showed that shower production by 
penetrating particles was indeed responsible for 
a large fraction of the coincidences. Further- 
more, they showed that the showers usually 
contained electrons as well as penetrating or 
heavily ionizing particles. This was taken as 
evidence that the showers originated in nuclear, 
rather than in electromagnetic, interactions. The 


2H. S. Bridge, W. E. Hazen, and B. Rossi, Phys. Rev. 
73, 179 (1948); H. S. Bridge and W. E. Hazen, Phys. Rev. 
74, 579 (1948). 
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same experiments indicated, however, that air 
showers were probably responsible for part of 
the coincidences between the Geiger-Mueller 
counters and the ionization chamber. Also, the 
possibility was not ruled out that some of the 
coincidences might be caused by nuclear interac- 
tions resulting in the production of heavily 
ionizing particles, rather than in the production 
of electron showers. 

This paper describes some further results on 
burst production under lead which were obtained 
by observation of coincidences between pulses of 
ionization chambers and of Geiger-Mueller 
counters. The chambers and the associated cir- 
cuits used in this experiment were described in a 
recent paper by Bridge, Hazen, Rossi, and 
Williams,*? to which the reader is referred for 
technical details. Measurements were made 
partly on the ground (Mt. Evans, Colorado, 
altitude 14,300 feet; Lexington, Massachusetts, 
altitude 255 feet) and partly aboard a B-29 air- 
craft flying at altitudes of 20,000, 25,000, and 
30,000 feet. 


II. EXPERIMENTS ABOARD THE B-29 
1. The Experimental Arrangement 


The arrangement used in the experiments 
aboard the B-29 is shown schematically in Fig. 1. 
The ionization chamber (J) had a diameter of 
7.5 cm and an effective length of 52 cm. It was 
filled with pure argon at 7.3-atmospheres of 
pressure (at 25°C) and contained a polonium 
source of a-particles placed near the inner surface 
of the cylindrical wall. The pulses produced by 
the polonium a-particles, whose maximum size 
we denote by P., served as a standard for the 


measurement of the ionization bursts observed 


in the chamber. A pulse of size P, corresponded 
to the amount of ionization produced by the 
passage through the chamber of 53 electrons of 
10 Mev traveling perpendicularly to the chamber 
axis.! 

Each of the Geiger-Mueller counters in trays 
A and B had a diameter of 2.5 cm and an effective 
length of 51 cm. The total effective area of tray 
C was 320 cm? in some of the experiments and 


3 Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 
1083 (1948). 

4See B. Rossi and K. I. Greisen, Rev. Mod. Phys. 13, 
240 (1941). 


465 cm? in the others. The total effective area of 
tray D was 465 cm. 

The lead block between tray A and the 
ionization chamber was 15 cm thick, 15 cm wide, 
and 60 cm long. The lead covering tray D was 
10 cm thick. 

An electronic circuit recorded events in which 
a pulse of the ionization chamber greater than 
0.6 P. was accompanied by one or more pulses 
in tray A and by two or more pulses in tray B 
(coincidences AJB:). The output pulse of the 
electronic circuit operated a message register and, 
in addition, triggered a circuit which provided an 
intensifier pulse and a fast linear sweep for a 
cathode-ray oscilloscope. The pulses of the 
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Fic. 1. Experimental arrangement used in the measure- 
ments aboard the B-29. (a) Side view; (b) top view; 
(c) details of the coincidence set A I B. 
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tray A were recorded separately by neon bulbs 
which were photographed on the same film and 
simultaneously with the oscilloscope trace. 
Two additional neon bulbs recorded discharges 
of the lateral trays C and D occurring simul- 
taneously with the coincidence (AJBz). Samples 
of the records obtained are shown in Fig. 2. 


2. The Experimental Results 


The experimental results are summarized in 
Figs. 3 and 4 and in Table I. Figure 3 shows a 
breakdown of the data obtained at the three 
elevations (20,000, 25,000, and 30,000 feet) 

_according to the shape of the ionization pulse and 
according to the number of counters discharged 
in tray A, as indicated by the corresponding neon 
bulbs. Events in which the coincidence (AJB) 
was or was not accompanied by pulses in tray C 
or D are considered separately. The shapes of the 
ionization pulses are classified into three cate- 
gories, as suggested by Bridge, Hazen, Rossi, and 
Williams,’ namely: a-pulses (see Fig. 2a), 
a-pulses (see Fig. 2b), and v-pulses (see Fig. 2c). 
Pulses of the a- and the v-type mark the passage 


Fic. 2. Samples of pulse records. (a) a-pulse; (b) o-pulse; through the chamber of heavily ae oe 


(c) v-pulse. 


ionization chamber, suitably amplified and 
delayed, were applied to the deflecting plates of 
this oscilloscope. Coincidences between the (JBz2) 
event and pulses of the six individual tubes in 


ticles. Pulses of the o-type are characteristic of 
showers of lightly ionizing particles, even though 
occasionally groups of heavily ionizing particles 
may give a pulse of this type. 

Table I shows the total numbers of cases in 
which coincidences (AJB2) were accompanied 
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Fic. 3. Distribution of the records obtained with the instruments shown in Fig. 1, according to pulse shape and to 
number of tubes discharged in tray A. The area of tray C was 465 cm? for the 30,000-foot flight and for half of the 
25,000-foot flight. It was 320 cm? for the rest of the flights. Histograms (a) refer to coincidences (AJB:) unaccompanied 
by pulses in either C or D; histograms (b) refer to coincidences (AJB:) accompanied by pulses in either C or D or both. 
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by pulses in tray C but not D (event AJB,C—D), 
tray D but not C (event AJB:D—C), both tray 
C and D (event AJB;CD), and in neither tray 
Cnor D (event AIB,—CD). 

Figure 4 summarizes the results on the varia- 
tion with altitude of the rate of occurrence of 
coincidences AJB:. The sea level point was 
obtained at Lexington, under a roof of about 12 
g cm, with the same equipment used in the 
B-29 flights. Figure 4 also shows the coincidence 
rates corrected for air showers in the manner to 
be discussed below. 


3. Discussion 


The diagrams in Fig. 3 clearly indicate that 
two different phenomena are responsible for the 
coincidences between the pulses of the ionization 
chamber and of the Geiger-Mueller trays A and 
B. We believe that these two phenomena are: 
(a) nuclear interactions produced in the lead 
block or in the chamber wall by penetrating 
ionizing particles. In most of these events only 
one Geiger-Mueller counter in tray A and none 
in tray C or D is discharged (see Fig. 5a). (b) Air 
showers incident at a large zenith angle which 
discharge the counter trays A and B and the 
ionization chamber J without traversing the 
entire lead block between A and J. In most of 
these events all of the counters in tray A are dis- 
charged, and pulses are recorded also in the 
lateral trays (see Fig. 5b). 

In the present experiments it is not possible to 
establish a completely unambiguous criterion for 
separating events caused by nuclear interactions 
and by air showers, respectively. At a large zenith 
angle, an air shower of small density, but con- 
taining some high energy electrons or photons, 
could miss the lateral trays, discharge only a 
small number of counters in tray A, and produce 
a burst in the ionization chamber after under- 
going some multiplication in the lead (see Fig. 
5c). On the other hand, it is possible that some 
of the penetrating particles capable of producing 
nuclear interactions arrive upon the instrument 
accompanied by air showers which discharge 
several counters in tray A, as well as one or both 
of the lateral trays (see Fig. 5d). 

Finally, we may recall that often, when a 
nuclear interaction of the type shown schemati- 
cally in Fig. 5a occurs, penetrating particles are 
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TaBLeE I. Total number of events observed during 
the airplane experiments (the data obtained at the various 
elevations are considered all together). 








(AIB-CD) (AIBC-D) (AIBD-C) (AIBCD) 
291 27 8 27 


Event 
Number of 
records 








projected at wide angles with respect to the 
incident ray and even in the backward direc- 
tion.2 5-7 These particles may produce multiple 
discharges in the upper tray and, more seldom, 
strike the lateral trays. It is our belief that phe- 
nomena of this kind are responsible for most of 
the events in which multiple discharges in tray 
A are not accompanied by discharges in the 
lateral trays. 

Provisionally we shall assume that the (AJB,) 
coincidences accompanied by a discharge in tray 











1 L i i 


200 400 600 
Atm. Depth g cm-*® 


Fic. 4. Hourly rates of threefold coincidences (AJB2) at 
various altitudes, as obtained with the experimental ar- 
rangement shown in Fig. 1. Minimum pulse required from 
the ionization chamber: 0.6 Pg. Open dots: observed rates, 
with corresponding statistical errors; solid dots: rates cor- 
rected for air showers. The solid line represents an ex- 
ponential variation with an absorption thickness of 107 g 
cm~, 


5]. G. Wilson, as quoted by D. Broadbent and L. 
Janossy, Proc. Roy. Soc. A190, 497 (1947). 

6 W. B. Fretter, Phys. Rev. 73, 41 (1948). 

7C. Y. Chao, Phys. Rev. 74, 492 (1948). 
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Fic. 5. Schematic representation of various cosmic-ray 
processes capable of producing (A JB2) coincidences. 


C or D are produced by air showers, and those 
unaccompanied by discharges in tray C or D 
are caused by nuclear interactions. The air 
shower correction to the observed coincidence 
rates made in Fig. 4 was computed according to 
this assumption. Since the correction is small, 
the uncertainty which still exists as to its ac- 
curate value does not represent a serious source 
of error in the determination of the altitude 
dependence of burst production by nuclear inter- 
actions. 

The pulse shape analysis of the records 
obtained at 25,000 and 30,000 feet (see Fig. 3) 
shows that practically all of the events in 
which tray C or D is discharged (coincidences 
AIB.C—D, AIB,D—C, and AIB.CD) and a 
substantial majority of the events in which 
trays C and D are not discharged (coincidences 
AIB,—CD) are accompanied by ionization 
pulses of the o-type. These results are in agree- 
ment with our assumption that events in which 
the lateral trays are discharged are caused by 
air showers. They also. show that among the 
bursts caused by nuclear interactions some are 
produced by the passage through the chamber 
of a few heavily ionizing particles, but most are 
produced by the passage through the chamber 
of showers of many lightly ionizing particles. 
The cloud-chamber experiments mentioned pre- 
viously (see references 2, 6, 7) show that these 
showers result from cascade multiplication of 
high energy electrons or photons produced in the 


nuclear interactions. The fact that in our experi- 
ments more pulses of the o-type than of the 
a- and v-type are observed does not mean that 
the production of high energy electrons or 
photons in nuclear interactions is a more 
common event than the production of heavily 
ionizing particles. For both types of events one 
can define an “effective layer’’ in the material 
above the ionization chamber where the inter- 
action must take place in order that an observ. 
able ionization burst be produced. The thickness 
of this effective layer depends on the nature and 
on the energy distribution of the particles arising 
from the interaction, and is certainly greater for 


- events leading to the production of high energy 


electrons or photons than for events leading to 
the production of heavily ionizing particles. 

The very rapid increase of the coincidence rate 
with altitude (see Fig. 4) confirms previous 
results,! as well as the conclusion that most of 
the bursts observed at high altitudes are pro- 
duced by particles different from ordinary 
mesons. It is believed that these particles are 
high energy protons and possibly ‘‘heavy” 
mesons. It is also likely that some of the coin- 
cidences (AJB2) are produced by nuclear inter- 
actions caused by high energy neutrons and in 
which ionizing particles are projected backwards 
through the counfer tray A. 

In Fig. 4 the points at 30,000, 25,000, and 
20,000 feet fall approximately on a straight line, 
but the point near sea level lies above it. This 
fact may be taken as an indication that radiation 
and collision processes of ordinary mesons, 
although unimportant at high altitude, con- 
tribute a large fraction of the bursts observed 
near sea level. It should be noted that these con- 
clusions apply at present only to the relatively 
small bursts observed in our experiments. — 




















Fic. 6. Experimental arrangement used in the measure- 
ments at Mt. Evans. 
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TaBLE II. Summary of the observations made at 14,300 feet by means of the experimental arrangement shown in 
Fig. 6, with different absorbers between the counter tray A and the ionization chamber J. P represents the chamber bias. 
(A I) is the hourly coincidence rate between pulses of A and J. (A2/J) is the hourly rate of events in which two or more 
counters in A are discharged simultaneously with J. The permanent 1.27-cm lead absorber above A is not included in 


the tabulated values of absorber thickness. 








Absorber None 2.54 cm Pb 5.08 cm Pb 


12.7 cm Pb 


12.7 cm Pb 
17.8 cm Fe 


2.54 cm Pb 
12.7 cm Fe 


2.54 cm Pb 


27.9 cm Pb 17.8 cm Fe 





P>0.6 Pa 
(A I) obs. 32.340.7 57.8+1.1 31.0+0.9 


(A I) accid. 3.2 3.3 3.5 
(A I) corr. 29.1 54.5 27.5 


P>1.1 Pa 
(A I) obs. 9.30.4 21.140.6 12.4+0.6 


(A I) accid. 0.4 0.7 0.6 
(A I) corr. 8.9 20.4 11.8 
(Aol) 6.2+0.4 15.8+0.7 7.0+0.6 
P>2 Pa 
(A I) obs. 


P>3 Pe 
(A I) obs. 


3.28+0.23 8.5+0.4 5.7+0.4 


1.474015 4.7403 3.3403 


13.7+0.3 
3.6 2.4 
10.1 7.0 


4.2+0.2 
0.25 
3.95 

1.0+0.1 


1.85+0.11 


0.85 +0.07 


19.940.7 12.9408  83+0.4 
2.6 2.4 2.4 
17.3 10.5 5.9 


9.4+0.3 


2.69+0.22 
0.15 
2.54 


2.85+0.16 7.60.4 7.9+0.6 
0.20 0.2 1.8* 
2.65 7.4 6.1 

1.1+0.1 3.7+0.3 2.9+0.4 


1.1+0.1 3.340.3 2.140.3 1.70.2 


0.64+0.08 1.9+0.2 1.0+0.2 








* The large accidental correction is caused by electric disturbance from a neighboring cloud chamber which affected the ionization chambe 


circuit, but not the Geiger-Mueller counter circuit. 


Ill. EXPERIMENTS AT MT. EVANS 
1. The Experimental Arrangement 


The arrangement used in the experiments at 
Mt. Evans is shown schematically in Fig. 6. The 
ionization chamber J was the same instrument 
described in Part II. Each of the Geiger-Mueller 
counters in tray A was 51 cm long and 2.5 cm in 
diameter. An iron plate 0.6 cm thick was always 
present above the ionization chamber, and a lead 
plate 1.27 cm thick was always present above 
the counter tray. Additional absorbers of lead 
and iron could be placed between the ionization 
chamber and the Geiger-Mueller tray. When an 
absorber consisting partly of lead and partly of 
iron was used, the lead was always placed below 
the iron. An electronic pulse height discriminator 
selected pulses of the ionization chamber greater 
than 0.6 Pa, 1.1 Pa, 2 Pa, and 3 P., respectively, 
where P, indicates, as before, the maximum size 
of pulses produced by polonium alpha-particles. 
Recorded were : (a) ionization pulses greater than 
0.6 P., 1.1 Pa, 2 Pa, and 3 P, occurring simul- 
taneously with the discharge of at least one 
Geiger-Mueller tube in tray A (coincidences A) ; 
(b) ionization pulses greater than 0.6 P, and 
1.1 P, irrespective of whether or not simul- 
taneous pulses occurred in the Geiger-Mueller 
tray; (c) ionization pulses greater than 1.1 P. 
occurring simultaneously with the discharges of 


at least two Gieger-Mueller tubes in tray A 
(event AJ); (d) all pulses of the Geiger-Mueller 
counter tray A. 


2. The Experimental Results 


The most significant results obtained with the 
arrangement described are summarized in Table 
II. The corrections for accidental coincidences 
indicated in the table were computed from the 
resolving time of the coincidence circuit (which 
by direct observation of the pulses was found to 
be approximately 50 microseconds) and from the 
observed rates of single pulses in the Geiger- 
Mueller tray and in the ionization chamber. (I< 
may be noted that for the 0.6 P, bias the count- 


.ing rate of the ionization chamber includes a 


large contribution from the polonium source.) 

Figure 7 shows double logarithmic plots of 
counting rate against chamber bias for the coin- 
cidences (AJ) obtained with different lead thick- 
nesses above the ionization chamber. In Fig. 8 
the round points represent the (AJ) coincidence 
rates obtained with a chamber bias of 1.1 P. 
and with different lead thicknesses. The square 
dots in the same figure represent differences 
between (AJ) and (A2J) coincidence rates and 
thus refer to events in which only one Geiger- 
Mueller counter is discharged. 

The coincidence rates plotted in Figs. 7 and 8 
are corrected for accidentals. The lead thick- 
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nesses indicated include the thickness of the lead 
plate above the Geiger-Mueller counters (1.27 
cm). Note that the data at 1.27 cm of lead are 
not directly comparable with the others because 
they were obtained with a much greater separa- 
tion between the lead shield and the ionization 
chamber. 


3. Discussion 


From an examination of Fig. 7 it appears that 
power laws of the type N(P) =const. X P-? with 
7y=1.5 represent satisfactorily the integral pulse 
height distributions at 3.8, 14.0, and 29.2 cm of 


lead. The pulse height distribution at 6.35 cm ~ 


seems to be somewhat flatter, and that at 1.27 
cm is definitely steeper than the pulse height 
distributions at the other thicknesses. 

The dependence of counting rate on lead 
thickness shown by the round dots in Fig. 8 
clearly indicates that two different phenomena 
are responsible for the observed coincidences. It 





(00 


Coincidence Rote (AI) Counts /Hour 
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Chomber Bias P/R, 


Fic. 7. Counting rate N a chamber bias P/P, for 
different thicknesses of the lead absorber in centimeters. 
The figures include the thickness (1.27 cm) of the per- 
manent lead absorber above the Geiger-Mueller counters. 
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is natural to identify these two phenomena as 
shower production by high energy electrons and 
photons and nuclear interactions. The first phe- 
nomenon predominates at small thicknesses and 
explains the sharp maximum of the transition 
curve indicated by the experiment. The second 
phenomenon predominates at large thicknesses 
and explains the ‘‘tail’’ of the transition curve, 
From the slope of this tail one obtains the fol- 
lowing value for the absorption thickness in lead, 
Lp», of the radiation responsible for nuclear inter- 
actions: 


Lp,p = 430+90 g cm=-.8 


The corresponding value for iron, as obtained by 
comparing the counting rates measured with 
12.7 cm of lead and with 12.7 cm of lead plus 
17.8 cm of iron between A and I (see Table I1) is 


Ly.=320+70 g cm~. 


The above computation of Zp, and Lr, neglects 
the effect of air showers. This effect should be 
smaller in the experiments at Mt. Evans than 
in the airplane experiments because the chamber 
was more effectively shielded by the lead (com- 
pare Figs. 1 and 6). Also neglected is the back- 
ground from radiation and collision of ordinary 
mesons. ° 

The square dots in Fig. 8 show that multiple 
discharges of the Geiger-Mueller counters occur 
in a very large fraction of the coincidences ob- 
served with small lead thicknesses, most of which 
are due to shower production by electrons and 
photons from the atmosphere. This, of course, 
was to be expected, especially because of the 
1.27-cm thick lead shield above the Geiger- 
Mueller counters. However, even at large thick- 
nesses, where most of the coincidences should be 
caused by nuclear interactions, multiple dis- 
charges of the counter tray are found to occur 
in one-quarter to one-third of the cases. We 
believe (see Section II-3) that these multiple 
discharges are mainly caused by the passage 
through the Geiger-Mueller counters of secon- 
dary particles arising from the nuclear interac- 
tions which are also responsible for the bursts 


® The value of Lp» derived from these experiments was 
quoted erroneously as 280+50 in Section 20 of the review 
article by B. Rossi in Rev. Mod. Phys. 20, 537 (1948). 
This was due to a mistake in the evaluation of the acci- 
dental coincidences. 
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Fic. 8. The curve labeled N; 
is the theoretical transition curve 


for bursts produced by electrons 16 \ 
and photons; the curve labeled 
N; is the theoretical transition mI 


curve for bursts produced by 
nuclear interactions. The round 
points represent the observed 
(A I) coincidence rates, and the 
square points represent the dif- 
ference of the coincidence rates 


Counts / Hour 
3 


(A I) and (A2J). The abscissa 

represents the total thickness of 

lead shield above the ionization \ 
chamber in radiation lengths. 6 















in the ionization chamber. This hypothesis may 
lead one to expect a decrease in the relative 
number of multiple discharges as the lead thick- 
ness between A and I is increased from 12.7 
to 27.9 cm; such a prediction is not borne 
out by the observations—a fact which has not 
yet received a satisfactory explanation. The 
existence of correlated nuclear interactions 
indicated by various experiments may possibly 
furnish a clue. 

We made an attempt to interpret quantita- 
tively the observed transition curve by assuming 
that nuclear interactions produce bursts ex- 
clusively through the intermediary of electron 
showers (i.e., that the contribution of heavily 
ionizing particles to the ionization bursts ob- 
served under lead is negligible). We further 
assumed that the energy spectrum of the elec- 
trons or photons produced in the lead shield by 
nuclear interactions is identical to that of the 
electrons and photons incident upon the lead 
from the atmosphere and is represented by a 
power law. Incomplete experimental information 
and mathematical difficulties of the shower 
theory made it necessary to adopt the following 
additional simplifying hypotheses, all of which 
are very questionable: (a) the production of more 
than one high energy electron or photon in a 
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nuclear interaction is a rare event; (b) the simul- 
taneous arrival upon the instrument of more than 
one high energy electron or photon from the 
atmosphere is a rare event; (c) in the computa- 
tion of cascade showers, fluctuations can be 
neglected, and the approximation described as 
approximation ‘B’’ in the review article by 
Rossi and Greisen can be used.‘ 

Under the above assumptions, the number of 
showers with more than I]-electrons coming out 
of the lead shield and initiated by electrons or 
photons incident upon the shield is given by the 
expression 


Ni() =ALE(H, )T, (1) 


where ¢ is the thickness of the lead in radiation 
lengths, E(II, ¢) is the energy of an electron or 
photon which produces a shower of II-particles 
after traversing the thickness t, and AE~¢ is the 
number of electrons and photons of energy 
greater than £ incident upon the lead (the dif- 
ference between showers produced by electrons 
or photons of the same energy in a given lead 
thickness is here neglected). 

Similarly, the number of showers with more 
than I]-electrons coming out of the lead shield 
and initiated by electrons or photons arising 
from nuclear interactions in the lead is given by 
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Fic. 9. Theoretical value of y:=—d(InN,)/d(inIl), 
v2= —d(InN2)/d(Inll), and 


y= —d(InN)/d(lnMl) = (Niyit+ Nev2)/(Ni+Ne) 
at I1=100 and for various values of ¢. 


the expression 


N.(t)=B f exp(—’/I) [E(II, t—’) }-dt’/I, (2) 
6 


where / is the absorption thickness (in radiation 
lengths) of the radiation producing nuclear 
interaction and BE~ represents the total number 
of electrons or photons of energy larger than E 
produced by this radiation before complete ab- 
sorption in lead. . 

The curves in Fig. 8 represent N,(¢), Ne(?), 
and N(t) = Ni(é)+N2(¢) computed from Egs. (1) 
and (2) with a=1.6, /=72, I=100, and such 
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values for A and B as to obtain agreement 
between the theoretical and experimental values 
of N(t) near the maximum and at the tail end 
of the transition curve. The ratio between the 
values of A and B thus determined is A/B=0.4. 
The value of II chosen for the computation is 
greater than the number of electrons required to 
produce a pulse equal to 1.1 P, in the ionization 
chamber (see Section II-1). However, many of 
the electrons coming out of the lead are absorbed 
by the iron plate placed above the chamber. Also, 
the shape of the theoretical transition curve does 
not depend critically on the value of II. 

The curves in Fig. 9 represent the quantities: 


v1= —(d(InN;)/d(InMl)), y2= —d(InN2)/d(InI]), 
and 
y=—d(InN)/d(InIl) = (yiNit+y2N2)/(Ni+N2) 


as functions of ¢. 

Examination of Figs. 8 and 9 shows that the 
agreement between theoretical predictions and 
experimental data is as good as one can expect 
considering the crude approximations made. In 
particular, it is interesting to note that both 
experiment and theory indicate a minimum in 
the value for y at a thickness where N; and J, 
have comparable values. The physical reason for 
this minimum is that at this thickness the 
relative contribution of ‘‘old showers’’ (i.e., of 
showers beyond the maximum) is greater than 
at either larger or smaller thicknesses. 
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The radiations from the 2.7-day Au™ activity were investigated with a counter and photo- 


graphically recording beta-ray spectrometer. The shape of the continuous beta-ray spectrum 
is essentially that of an allowed spectrum with some additional intensity in the region below 
0.6 Mev. The maximum energy of the spectrum is 0.966+0.010 Mev. Very strong conversion 
lines are observed from a gamma-ray of 0.408+-0.004 Mev, and weak conversion lines attributed 
to gamma-rays of 0.157+0.002 and 0.208+0.002 Mev were detected. These weak lines and the 
deviation of the spectrum from the theoretically permissable spectra suggest that the beta-ray 
spectrum may be complex with a component of 0.601++0.016 Mev maximum energy occurring 
in 15 percent, or less, of the disintegrations. This suggested mode of decay is consistent with 
the theoretical analysis of the spectrum and half-life. In terms of this theory the 0.966-Mev 
transition is described by the polar-vector or pseudo-scalar interaction corresponding to a 


nuclear spin change of +1, with no parity change. 





I. INTRODUCTION 


NE of the first radioactive substances ob- 

tained by neutron irradiation was the 
2.7-day activity of Au’ produced by a n—y 
reaction on the stable Au!*” isotope. The radia- 
tions from this activity have been studied many 
times, and yet there is still no positive assurance 
that they are unambiguously known. The 
earliest determinations of the beta- and gamma- 
ray energies naturally employed absorption 
methods.'~* The energies reported for the beta- 
particles are in the region of ~0.5 to =1.0 Mev 
and for the gamma-rays from ~0.065 to 0.7 Mev 
with one report? of a gamma-ray of 2.5 Mev. 
Some increase in the precision of the radiation 
measurements was obtained by Richardson,’ 
who used a cloud chamber to observe the 
momentum distribution of the beta-rays, and 
electrons ejected by quanta from a radiator. 
Lawson and Cork,® using a beta-ray spectrom- 


* Present address: Physics Department, Carnegie In- 
stitute of Technology, Pittsburgh, Pennsylvania. 
** Present address: Duke University, Physics Depart- 
ment, Durham, North Carolina. 
1 Fermi, Amaldi, d’Agostino, Rasetti, and Segré, Proc. 
Roy. Soc. A146, 483 (1934). 
2G. J. Sizoo and G. Ejkman, Physica 6, 332 (1936). 
a : dy" Cork and R. L. Thornton, Phys. Rev. 51, 59 
*E. McMillan, M. Kamen, and S. Ruben, Phys. Rev. 
52, 375 (1937). 
(1946) Cork and J. Halpern, Phys. Rev. 58, 201(A) 
*R. S. Krishnan, Proc. Camb. Phil. Soc. 37, 186 (1941). 
7 J. Reginald Richardson, Phys. Rev. 55, 609 (1939). - 
§ J. L. Lawson and J.'M. Cork, Phys. Rev. 58, 580 (1940). 
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eter, located the internal conversion lines of a Au 
activity of approximately 3-day half-life. Sieg- 
bahn® has reported that the 2.7-day radiations 
consist of a single beta-ray of 0.92 Mev, followed 
by a gamma-ray of 0.401 Mev. Recently, Saxon” 
and Wilkinson and Peacock" have confirmed the 
0.970+0.010 Mev value for the maximum energy 
of the beta-rays we had previously reported.” 
They did not find evidence for the low intensity 
component of ~0.6 Mev. maximum energy 
which our work indicates may be present. 

In addition to the energy measurements, many 
investigators'*-!* have employed coincidence ab- 
sorption methods in their work on this activity. 
Again, in this coincidence work, there is disagree- 
ment among the various experimenters. In par- 
ticular, the existence of gamma-gamma coin- 
cidences is disputed. 

Considering the disagreement among the 
various workers, the fact that many different 
decay schemes for Au!®* have been proposed is 


® Kai Siegbahn, Proc. Roy. Soc. A189, 527 (1947). 

10 David Saxon, Phys. Rev. 73, 811 (1948). 

1R. G. Wilkinson and C. L. Peacock, Phys. Rev. 74, 
1250 (1948). 

12 P, W. Levy and E. Greuling, Phys. Rev. 73, 83 (1948). 

18 F, Norling, Ark. Mat. Astr. Fys. A27, No. 27 (1941). 

4 Arnold Clark, Phys. Rev. 61, 242 (1942). 

18 N. Feather and J. Dainty, Proc. Camb. Phil. Soc. 40, 
53 (1944). 

16M. L. Wiedenbeck and K. Y. Chu, Phys. Rev. 72, 
1164, 1171 (1947). 
( Py 5) T. Jurney and M. R. Keck, Phys. Rev. 73, 1220 
1948). 

18 C, E. Mandeville and M. V. Scherb, Phys. Rev. 73, 634 
(1948). 
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----EXPERIMENTAL OATA 
----THEORETICAL DISTRIBUTION 
OF HIGH ENERGY COMPONENT 
*....DISTRIBUTION OF LOW ENERGY 
COMPONENT ~ DETERMINED BY 
SUBTRACTING THEORETICAL 
CURVE FROM EXPERIMENTAL CURVE 


Fic. 1. Momentum distribu- 
tion of Au!® electrons. The theo- 
retical curve is 


CF(W?—1)(Wo— W)?, 


where W is the total electron 
energy in mc? units, Wo is the 
end-point energy, 2.895, F is the 
Fermi Coulomb effect function, 
and C is the single component 
correction factor shown in curve 
I of Fig. 5. Arrows indicate ex- 
perimental points off the figure 
arising from the conversion lines 
of the 0.41 Mev gamma-ray. 





12 16 20 
MOMENTUM (in units of mc) 


not surprising. In this paper we shall present the 
evidence and arguments leading to still another 
decay scheme. 


II. EQUIPMENT 


The measurements to be described below were 
all made with two beta-ray spectrometers.!® One 
employs G-M tube recording, has a radius of 10 
cm, and is similar to that constructed by Lawson 
and Tyler.” It possesses the additional feature 
that more than one counter can be located in the 
electron trajectory. With this arrangement it is 
possible to record coincidences between these 
counters, as produced by a particle in the re- 
quired trajectory, with a very substantial reduc- 
tion of the background due to gamma-rays from 
the source. This method is particularly advan- 


19 This equipment is described in detail in Plutonium 
Project Report CP-3702, which is to be included in the 
nuclear physics section of the Plutonium Project Record. 
(1940) L. Lawson and A. W. Tyler, Rev. Sci. Inst. 11, 6 


tageous when observing photoelectrons ejected 
{rom a radiator to determine gamma-ray ener- 
gies. For measurements of continuous spectra, 
however, the shielding was sufficient to reduce 
the background to such a low level that the 
coincidence feature was not used. The other 
spectrometer employs photographic recording 
and is similar to those used by Ellis*! and Valley 
and McCreary.” 

The magnetic field for both of these spec- 
trometers is provided by an electromagnet of the 
usual design except for the field coils. Instead of 
coils which have a few turns and require large 
currents, these coils have several thousand 
turns, high resistance, and require currents from 
3 to 150 milliamperes. With this arrangement 
electronic stabilization of the field current proved 
to be extremly successful. All magnetic field 


2 C, D. Ellis, Proc. Roy. Soc. A138, 318 (1932). 
sae Valley and R. L. McCreary, Phys. Rev. 56, 581 



















measurements were made with a search coil 
arrangement that was calibrated with a standard 
mutual inductance. With this equipment the 
total error in the energy measurements was less 
than one percent for particles greater than 100 
kev and less than two percent for particles 
between 50 and 100 kev. 

The sources used for the continuous spectrum 
and conversion electron studies consisted of gold 
foils mounted on Zapon films 0.05 mg/cm? thick. 
The thinnest foil used was 0.26 mg/cm?. Thicker 
foils were occasionally used for conversion elec- 
tron pictures, since, for energy measurements, 
they did not impare the precision and provided 
more activity. Also, thicker foils were used to 
determine how the foil thickness affected the 
shape of the continuous spectrum. Initially, it 
was found that usually the foils did not adhere 
sufficiently to the Zapon to permit handling. 
This situation was remedied by covering the 
Zapon film with extremely small droplets of 
water from an atomizer before placing the foils 
on the film. The action of the water droplets, due 
to surface tension, was to produce intimate 
contact between the foil and film. When the 
source was put in a vacuum, the water between 
the foil and film evaporated rapidly. 
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Ill. THE BETA-RAY SPECTRUM 


~The continuous spectrum was investigated 
with the 186° counter-recording spectrometer. 
The momentum distribution obtained with the 
thinnest source used, 0.26 mg/cm?, is shown in 
Fig. 1. The Kurie plot, Fig. 2, was calculated 
from this data. It is apparent that this plot 
yields the essentially straight line theoretically 
attributed to allowed transitions and typical of 
single component beta-ray spectra. The final 
value for maximum energy obtained for the con- 
tinuous spectrum is 0.966+0.010 Mev. From the 
energy of the spectrum and the 2.7-day half-life, 
one would expect this to be a second forbidden 
transition for which the Kurie plot would not be 
linear. It was found that the curve obtained could 
not be fitted by any of the second forbidden cor- 
rection factors predicted by theory. In particular, 
there was greater intensity in the region of the 
spectrum below 0.6 Mev than could be accounted 
for by a one-component theoretical spectrum. The 
appearance of weak conversion lines indicated 
that there were additional gamma-rays present 
other than the well-known one of 0.41 Mev.” 4 
Some of these low energy conversion lines had 
been reported previously by Plesset?* and a low 
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%E.H. Plesset, Phys. Rev. 62, 181 (1942). 





20 
TOTAL ENERGY (in units of me?) 


Fic. 2. Kurie plot. Arrows indicate points off the figure. The intensity is (counting rate) /Hp. 


23 J. M. Cork, Phys. Rev. 72, 581 (1947). 
*% DuMond, Lind, and Watson, Phys. Rev. 73, 1392 (1948). 
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Fic. 3, Conversion electron pictures. Typical examples of the ‘‘pictures” obtained with the photographic spectrograph 
of the lines found in the Au spectrum. The weaker lines were lost in the process of making the reproductions. 


energy gamma-ray by Richardson.’ These weak 
gamma-rays could not be fitted in a decay 
scheme involving a single beta-ray component 

Measurements were undertaken to determine 
whether the additional intensity below 0.6 Mev 
could be attributed to source thickness effects. 
First the continuous spectrum was determined 
with sources ~25.0 and 1.46 mg/cm? thick. It 
was found that the spectrum obtained from the 
25.0 mg/cm? thick source contained considerably 
more intensity in the low energy region than had 
been obtained from the thinnest source. How- 
ever, there was only a slight difference in the 
spectra obtained from the two thinner sources. 
If these were the only pertinent data, one could 
not exclude the possibility that the observed 
extra intensity in the low energy half of the 
spectrum is an effect of source thickness. 

A second possibility is that the low intensity 
lines, as well as the extra intensity, could come 
from contamination in the source. Accordingly, 
the decay of this activity was followed with the 
spectrometer, and it was found that all parts of 
the spectrum, and the low intensity lines, decayed 
at the same rate over a period of two half-lives. 
The half-life observed was less than one percent 
lower than the reported value of 2.70 days.?* A 


26 N. Sugarman and co-workers; unpublished Plutonium 
Project Work. See also reference 20. 


spectrochemical analysis of the gold foil used 
was made in an attempt to detect impurities. 
None were found which were present in quan- 
tities greater than traces except silver. Since the 
K-L separations of the observed lines (Fig. 3) 
is approximately that expected for gold, these 
lines could not be attributed to silver. The 
separations could* not be determined with suf- 
ficient accuracy to decide in what heavy element 
the conversion of the gamma-ray took place. 
Also, considering the large activation cross section 
of gold as compared to that of silver and the 
other impurities present, one is led to the con- 
clusion that these lines are not due to con- 
tamination or impurities. Since the cross section 
for neutron capture is usually considerably 
higher than for other reactions, e.g., #—p reac- 
tions, one would not expect to find activities 
other than the Au’ one. 

On the basis of this evidence it is feasible to 
consider the possibility that there is in reality a 
second low intensity component in the con- 
tinuous spectrum. Proceeding on this assumption, 
one can determine its shape by subtracting the 
theoretically predicted curve from the data as is 
indicated in Fig. 1. The maximum energy of the 
spectrum so obtained is approximately 0.6 Mev. 
This value is in good agreement with what is to 
be expected if this low intensity component is 

















followed by gamma-rays of 0.157 and 0.208 Mev, 
as the conversion electron studies described 
below indicate are present. However, assuming 
that the suggested decay scheme, Fig. 4, is 
correct, a more accurate procedure to determine 
the maximum energy of this component is to 
subtract the low intensity gamma-ray energies 
from the maximum energy, 0.966, of the intense 
spectrum. The value so obtained is 0.601+0.16 
Mev. 

From the curves shown in Fig. 1 one can ascer- 
tain that the low intensity component is present 
in only 15 percent, or less, of the disintegrations. 
It is difficult to assign an error to the value of 15 
percent, since, in order to determine the branch- 
ing, we had to extrapolate the spectrum below 
the lowest momentum measured. 


IV. GAMMA-RAY MEASUREMENTS 


In order to obtain detailed information on the 
conversion lines that were found superimposed 
on the continuous spectra, they were studied with 
the photographic spectrograph. The lines from 
the low energy gammas were considerably weaker 
than the lines from the 0.41 Mev gamma. In 
fact, only by carefully controlling the exposure 
could both the K and L lines of the low intensity 
gammas be detected. The conversion line data 
and an analysis of it is contained in Table I. 
Figure 3 contains typical examples of the pictures 
obtained with the spectrograph. Considering the 
various factors that produce variations in the 
energy determinations of the lines, the best 
values for the gamma-ray energies are 0.408 
+0.004, 0.157+0.002 and 0.208+-0.002 Mev. It 
is to be noted that if a gamma-ray of 0.065 Mev 
were present with an intensity greater than a few 
percent, as suggested by Feather and Dainty,'® 
it should have produced intense conversion lines. 
No such sharp lines were detected. However, 
there was some evidence of blackening of the 
negative where the Auger electrons produced by 
Hg and Au x-rays were focused. We have not 
been able to explain, at the moment, why 
Jnanananda?’ should have found these Auger 
electrons and not the lines from the 0.157 and 
0.208 Mev gammas. 

Most of the lines detected have been observed 


27 Swami Jnanananda, Phys. Rev. 70, 812 (1946). 
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TABLE I. Gamma-rays and conversion lines in Au!*, 











Estimated Energy Energy of 
Conversion intensity of of con- gamma- 
Gamma- lines conversion version rays 
ray observed lines lines (Mev) (Mev) 
1 K Medium 0.074 0.157 
Ly+Lu Weak 0.144 0.158 
Lut Very weak 0.146 0.158 
M Faint 0.155 0.157 
2 K Weak 0.125 0.208 
L Very faint 0.193 0.207 
3 K Very strong 0.326 0.409 
L Strong 0.395 0.407 
M Strong 0.407 0.409 








by Plesset, who suggests that they are due to an 
isomeric state of Hg!%8, to which the 0.970 Mev 
beta-ray decays. If this were the case these 
gammas should be as intense as the 0.41 Mev 
gamma and would be readily detectible by ab- 
sorption methods. Recently DuMond, Lind, and 
Watson™ measured the energy of the 0.41 Mev 
gamma very accurately with a crystal spectrom- 
eter. The value they obtained, 0.4112+0.001, 
agrees with ours, to within the experimental 
error. They were not able to detect the diffracted 
beam from the weaker gammas because of their 
low intensity, but by using their apparatus to 
obtain a finely collimated gamma-ray beam, an 
absorption experiment was performed that 


Au 198 
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Fic. 4. Suggested decay scheme for Au'**. The cascade 
order of the two weak gamma-rays is not known. 
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indicates these gammas are present to about the 
intensity we observed. 

A determination of the average gamma-ray 
energy has been made by Barker,?* who gives a 
value of 0.366 Mev of gamma-ray energy per 
electron (beta-particles plus conversion electrons) 
.emitted. This corresponds to 0.383 Mev of 
gamma-ray energy per disintegration, using the 
4.7 percent internal conversion coefficient for the 
0.41-Mev gamma-ray reported by Wiedenbeck 
and Chu.!* Barker’s value is consistent with a 
decay scheme containing only the 0.41-Mev 
gamma. 

Using calorimetric methods, 
Jenks” find that the total energy per disintegra- 
tion for this activity is 0.788+0.028 Mev. From 
our intensity distribution curve we find that the 
average energy of the beta-rays is 0.310+0.01 
Mev. Adding the gamma-ray and conversion 
electron energies to this one obtains 0.773 Mev 


Cannon and > 
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for the average energy per disintegration. Thus 
our results are in agreement with those obtained 
by Cannon and Jenks, but not with the result of 
Barker. 


V. COMPARISON WITH THEORY 


Considering the abundance of conflicting data 
and proposed decay schemes published in the 
literature, it is obvious that the decay scheme 
proposed by the authors, Fig. 4, must be con- 
sidered as tentative. It is worth while, however, 
to point out that no contradiction with the 
theoretically predicted spectra, half-life, or 
branching ratio was found. 

The most obvious characteristic of the beta- 
spectrum measured is its close similarity with the 
so-called allowed type spectrum. The fact that 
the half-life of Au’ is large enough to require 
that it be classified as either a first or second 
forbidden transition prompted one of us to 


























Fic. 5. Dependence of the Au’ correction factor on the total energy of the emitted electrons. 
The points are proportional to the thin source (0.26 mg/cm?) (counting rate) /(Hp) data divided 
by F(Wo— W)?(W?2—1). Curve I is the theoretical correction factor for a single component 
forbidden transition with Wo=2.89;, i.e., Cip with AJ = +1, “no” or Coy with AJ=+1 “no” 
for a 0<>1 transition or |a|>>p (not 0 <1). Curve II is Coy with AJ=+1 (not 0<>1) for 
|a| ={ Wop}. Curve III is Coy or Cip obtained by adding a low energy component with end-point 
Wo’ =2.18 mc? for ~15 percent of the transitions. Curve IV shows the energy dependence of 
the term in Cey containing | R;;|*. The ordinates are arbitrary. Curves I, II, III and the data 


normalized to 1 at W=2.2 mc?. 


#8 Edgar C. Barker, Phys. Rev. 72, 167 (1947). 
29 C. V. Cannon and G. H. Jenks, private communication. 


















compute the correction factors to the allowed 
spectral shape one would expect according to the 
present theory of forbidden beta-decay transi- 
tions. °° 

All of the first forbidden correction factors are 
nearly independent of the electron energy if the 
spin and parity change for the transition is 
AJ=-+1 or 0 “yes.” In the expressions for these 
correction factors the quantity Mo of Konopinski 
and Uhlenbeck’s paper®® is essentially energy 
independent for high Z. This quantity Mp con- 
taining (aZ/p)*, which is the square of the 
potential energy of an electron at the surface of 
the nucleus, predominates. (aZ/p) is much 
larger than the electron and neutrino energies 
appearing in the other terms of the correction 
factor. Only Cir and Cis for AJ==+2, “yes,” 
show such a strong variation with energy that 
they can be ruled out as possibilities for the 
Au!*8 transition upon comparison with the ob- 
served spectrum. 

Of the second forbidden correction factors, the 
only ones that are weakly energy dependent are 
Coy, AJ=+1, “no” and C27, AJ=0-0, “no.” 
The second forbidden tensor interaction with 
AJ=0-— 0 can be ruled out on two counts. First, 
the 0.41 Mev gamma-ray transition from the 
excited state of Hg to its ground state, which has 
spin zero, would be 0-0 and therefore is com- 
pletely forbidden. Second, if the spin of Au! is 
zero, one would expect to find the 0-0 beta- 
transition to the ground state of Hg out com- 
peting the 0-0 transition to the Hg excited 
state. 

That Cey has essentially the same energy de- 
pendence as Cix for AJ=-1 is not apparent 
except for the 0<1 transition, in which case 
only the factor containing the nuclear matrix 
element, /« Xr, enters. R;;and A;; appearing in 
C.y vanish for 0<1 transitions. For AJ=+1 
(not 0«+1)C2y contains all three of the above 
nuclear matrix elements and the variation of the 
coefficients of | R;;|? and |A,;|? with energy does 
not resemble the experimental correction factor 
shown in Fig. 5. One may estimate the mag- 
nitudes of these nuclear matrix elements* in 


30E, J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 
60, 308 (1931). The notation of this paper is used through- 


out. 
41 E. Greuling, Phys. Rev. 61, 568 (1942). 
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terms of the nuclear radius p (in units of the 
Compton wave-length) and the average value of 
|a| +nucleon velocity/velocity of light. Such an 
estimate yields, for |a| ~0.1, the following mag- 
nitudes for the three matrix elements appearing 


in Coy: 
fexe 


> |Ais/2!|2= (5/9) | @|2p?=30X 10-7, 
ij 


2 


= 3|a|?p?=36 X10-’, 








> | Ris 2~294=2.0K10-". 
ij 


The term in Czy containing >>| A,;;|? adds less 
than one percent to Cy for all energies as com- 
pared to that part contributed by the | fa Xr|? 
term, because the energy dependent factor mul- 
tiplying |A;;|? does not contain the Coulomb 
energy of the electron. Curve IV of Fig. 5 shows 
the term containing |R,;|% Curve II is Coy 
obtained by using a minimum estimate of the 
magnitude of |a|, i.e., |e] = Wop, where Wo=2.9 
is the end-point energy in mc? units. Curve I is 
proportional to the coefficient of | fa Xr|? and 
is thus appropriate for Coy if |a| >p. 

The only first forbidden correction factor 
which has the same order of magnitude as Cay 
with AJ= +1 and at the same time varies with 
energy just as shown in Curve I of Fig. 5 is Cip. 
Of the correction factors which vary only 
slightly with energy, only Cip and C2y with 
AJ=+1, “no” and Cer with AJ=0-0, “no” 
have the order of magnitude 10-*, which is the 
ratio of allowed to experimental ft value for 
Au!*8, The other first forbidden correction factors 
with AJ=+1 or 0, (not 0-0), “‘yes” are too 
large by a factor of 100 because of the Coulomb 
energy term. Cir and Cia have the order of 
magnitude 10-* for AJ = +2, “‘yes,” but cannot 
possibly be reconciled with the almost allowed 
type spectrum. All the other second forbidden 
correction factors are too small by a factor of 
1/100 and/or do not show any similarity with the 
energy dependence of the experimental correction 
factor. 

The deviation of the low energy data from the 
theoretical correction factors (Curves I or II of 
Fig. 5) can be attributed to four possible alter- 
natives. (1) The beta-decay of Au’®* is complex, 
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(2) back scattering from the source and its 
support has not been entirely eliminated, (3) the 
present theory applied to low energy electrons is 
not correct, or (4) an undetected contaminant 
activity may be present. ; 

To resolve the observed spectrum into two 
components would be an indefensible procedure 
if there was no supporting evidence other than 
the slight deviation of the spectrum from one 
possibly predicted by theory. However, the 
existence of the two weak gamma-rays of 0.157 
and 0.208 Mev and the possibility that the y—+y 
coincidences reported are real suggests the level 
scheme shown in Fig. 4. It may not be accidental 
that the inner end point, Wo’=2.18 mc’, ob- 
tained by subtraction, coincides with the energy 
below which the observed spectrum is larger than 
predicted by the theory for a single component 
decay. 

Curve III in Fig. 5 was obtained by assuming 
a branching decay for which the theoretical cor- 
rection factor has the form 


C= Coy or 1PL1+A (2.18 — W)?/(2.895— W)?] 


below 2.18 mc?. C2y or 1p is Curve I shown in 
Fig. 5. The parameter A is the ratio of inner end 
point to outer end-point correction factors which 
must have the order of magnitude unity. To fit 
the data as shown, A =0.7 was used. This cor- 
responds to a maximum branching ratio of 15 
percent low energy to 85 percent high energy 
transitions. A smaller branching ratio would be 
obtained if part of the rise below 2.2 mc? is due 
to source thickness effects, or if Czy for the main 


* The failure of the theory at low energies is suggested 
by the anomalous allowed spectra observed for Cu™ and 
Cu by C. S. Cook and L. M. Langer, Phys. Rev. 73, 601 
(1948) and Phys. Rev. 74, 227 (1948). 
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component is between Curves I and II shown in 
Fig. 5. 


VI. CONCLUSIONS 


It is shown that the 2.7-day Au’®® beta-ray 
spectrum has a maximum energy of 0.966+0.010 
Mev. Measurements with the photographic 
spectrometer indicate that in addition to the 
strong 0.408-Mev gamma-ray two weak gammas 
of 0.157 and 0.208 Mev produce internal con- 
version electrons. The presence of the low energy 
lines suggests the possibility that the gold spec- 
trum is complex with 15 percent, or less, of the 
transitions being, to an excited level of Hg fol- 


' lowed by the two weak gamma-rays in cascade 


to the level 0.408 Mev above the ground state. 
The maximum energy, 0.601 Mev, of the low 
intensity beta-rays is consistant with the theo- 
retical analysis of the complete spectrum above 
200 kev. In this region we believe no distortion 
of the spectrum, caused by counter window ab- 
sorption, scattering in the source, or its backing, 
is present. 

The theoretical analysis of the spectrum sug- 
gests that the 0.966-Mev beta-transition cor- 
responds to a nuclear spin change of +1 with 
no parity charge according to the polar vector 
or pseudoscalar form of interaction. 
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The Microwave Spectrum of Carbonyl Selenide* 


M. W. P. STRANDBERG, T. WENTINK, JR.,** AND A. G. HILL 
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The microwave absorption spectrum of carbony] selenide, OCSe, is reported. The expected 
linear structure is confirmed. The spectrum includes absorptions caused by various isotopic 
forms of the molecule in the zero-point vibrational state and the first excited symmetrical 
stretching and bending vibrational states. From these data vibration-rotation interaction 
coefficients, mass differences and approximate interatomic distances have been determined. 
Values for the nuclear spins of the six stable selenium isotopes are suggested. Observations of 
the Stark effect lead to a determination of the dipole moment of the molecule in several vibra- 
tional states. Intensity measurements are used to determine vibrational frequencies and 


relative isotopic abundance. 





I. INTRODUCTION 


E have previously reported measurement 
of the microwave absorption spectrum of 
carbonyl sulfide, OCS! (hereinafter referred to as 
reference 1). An obvious extension of the meas- 
urements would be the observation of the ab- 
sorption spectrum of OCSe and OCTe to com- 
plete the chemically available members of the 
OCX series, where X is a *P2 atom from the VJ, 
group of the periodic table. We have observed 
the spectrum of OCSe, and the results of these 
measurements are reported in this paper.*** 
Carbonyl selenide, OCSe, as expected, is a 
linear molecule. Its preparation and chemical 
properties have been reported in the literature.’ 
No spectroscopic data, neither vibrational nor 
rotational, were available at the beginning of 
this work. There are many isotopic forms of the 
molecule, since, beside the oxygen and carbon 
isotopes (O1*, O!8, C2, C8), there are six stable 
selenium atoms. These selenium atoms have mass 
numbers 82, 80, 78, 77, 76, and 74. Some packing- 
fraction data for these atoms are available from 


* This work has been supported in part by the Signal 
Corps, the Air Materiel Command, and O.N.R. 

** Now at Brookhaven National Laboratory. 

1M. W. P. Strandberg, T. Wentink, and R. L. Kyhl, 
RLE Technical Report No. 59, “‘Rotational absorption 
spectrum of OCS,” May 13, 1948, which appears in Phys. 
Rev. 75, 270 (1949). 

*** A preliminary report was given at the January, 
1948, New York meeting of the American Physcial 
Society. Phys. Rev. 73, 1249 (1948). 

2T. G. Pearson and P. L. Robinson, J. Chem. Soc. 
(London) 652 (1932); R. H. Purcell and F. D. Zahoorbux, 
J. Chem. Soc. (London) 1029 (1937). 


the work of Aston,* and the nuclear spins of Se7® 
and Se are tabulated by Herzberg‘ as zero. 


Il, EXPERIMENTAL 


The sample of OCSe was prepared by passing 
CO over Se at approximately 500°C.? In setting 
up the microwave apparatus for a preliminary 
search, the J = 2-33 transition was calculated to 
be in the 1.25-cm region by using the known 
O—C resonant bond distance as determined in 
OCS, and an estimated C—Se resonant bond 
distance based on published single and double 
bond radii for selenium. 

The sweep spectroscope and frequency stand- 
ard described in reference 1 were used in meas- 
uring the absorption frequencies. The signal 
generators for the J = 2-33 were reflex klystrons; 
for the J=5->6 and the J=6-—7 absorption 
transitions were measured with the second har- 
monic power generated in silicon crystals driven 
by standard klystrons. 


Ill. INTERPRETATION 


As in OCS, absorptions occur for each isotopic 
form of the molecule, in each vibrational state. 
In the usual notation the absorption frequencies 
are given as: 


VJ>J41>= 2(J+ 1)cB, —4cD.[ (J+ 1)8 
—(J+1)P] cycles/sec., (1) 


where J is the total angular momentum quantum 


3F. W. Aston, Proc. Roy. Soc. 132, 487 (1931). 

“George Herzberg, Atomic Spectra and Atomic Structure 
(Dover Publications, New York, 1941). 

5.L. Pauling, Nature of the Chemical Bond (Cornell 
University Press, Ithaca, 1939). 
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TABLE I. Observed absorption frequencies. 
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Transition Vibrational state Frequency 
Molecule JI—J +1 M1 «U2 Mc/sec. 
2->3 00 0 
O'NC!Se® 23964.50+.03 
Se . 24105.98 
Se7$ 24254.67 
Se’? 24331.71 
Se76 renee 
Se™ 24514.6 
ONCSe" 23880.18 
Se?’ 24030.58 
56 
OC2Se™ 48211.46 
Se78 48508.88 
6—7 
O'CHSe# 55916.19 
Se™ 56246.47 
Se7s 56593.16 
2-3 100 
ONC?Se® 23885.76 
Se® 24026.39 
Se78 24174.30 
Se™ 24250.84 
2—>3 0 1 0 (i-doublet) 
O'C?Se® 24014.97 23996.26 
Se® 24156.93 24138.05 
Se78 24305.95 24286.82 
Se?” 24383.21 24363.97 
Se’6 24462.42 24442.98 








number, / is the angular momentum quantum 
number along the molecule figure axis; |/| <J, 
D, is the centrifugal distortion coefficient in 
cm~, and B, is the average reciprocal. moment 
of the molecule in vibrational state v, in cm—. 

The vibrational reciprocal moment is more 
usually represented as 


B,= (h/82?c)(1/I)w=Be— DaLvi+(d./2) ], (2) 


where J is the moment of inertia, B, is the 
reciprocal moment of inertia of the molecule 
with the atoms in the minima of their vibrational 
potential, and a; is a coefficient measuring the 
change of the equilibrium reciprocal moment 
when the molecule is in the v,th excited state of 
the ith vibrational state which has a degeneracy 
d; This expression is useful since one may 
assume that the equilibrium reciprocal moment 
B, depends only upon the vibrational constant 
potential minima, and the masses of the various 
atomic isotopes. The a; depend in a complicated 
fashion upon an averaging of the vibrational 
properties, e.g., the vibration amplitudes and 
motions of the various “atomic isotopes, and 
lead ultimately to a study of the binding po- 
tential of the molecule. It should be noticed 
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that even in the ground vibrational state (v;=0) 
the ever present half-quantum of vibrational 
energy enters into the calculation of (1/J)w, so 
that even for the ground vibrational state the 
reciprocal of (1/J)w is only approximately equal 
to I. 

The molecule OCSe has three non-degenerate 
vibrational states. The first is a symmetrical 
stretching state, v1. The second, v2, is a doubly 
degenerate bending vibration composed of an 
appropriate phase combination of the modes in 
which the atoms vibrate transverse to the figure 
axis in two orthogonal planes. Such a vibration 
can give rise to angular momentum along the 


- figure axis which is commonly designated by the 


quantum number /. As in OCS, these two bending 
modes have different a’s because of a difference 
in the vibration-rotation interaction for the two 
states. We retain the convention of calling them 
degenerate / states and listing the average a as 
a. The third vibration is an antisymmetrical 
stretching vibration v3. In OCSe at room temper- 
ature this last vibration, v3, has a first excited 
state above the ground state by about 10&T so 
that the Boltzmann factor allows only a very 
small population of this level. For this reason 
we have not observed any absorption due to the 
molecule in the first excited v3 vibrational mode. 

The observed absorption frequencies for vari- 
ous vibrational states are listed in Table I. 
These data may be used to deduce the term-value 
parameters as listed in Table II. 

Some approximations must now be made to 
deduce molecular-structure parameters from 
their term-value parameters. The internuclear 
distances must be calculated on a rigid rotor 
basis since a3 cannot be determined with the 
present data, and cannot be calculated since the 
potential constants of OCSe are not known. The 
rigid rotor values calculated from the zero-point 
B, of O'8C8Se78, Ol6CUSe7®, Ol'CUSe™, and 
O'6C8Se® are listed in Table II. The error listed 
there indicates merely the consistency of the 
determination from both sets of data. The lack 
of greater internal consistency presumably re- 
sults from using data uncorrected for vibration- 
rotation interaction. We have used the values 
h=6.6242X10-27 erg sec., 1 a.m.u.=1.66990 
X 10-* g and in atomic mass units C!? = 12.00382, 
C= 13.00758, O!* = 16.00000, Se? = 77.9424, and 
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TABLE II. Derived constants for OCSe. 




















Term-value parameters D, 
c 
Molecule  cBooo Mc/sec. con Mc/sec. caz Mc/sec. cg Me/sec. c/sec. 
OCGe82 + 3994.009+.005 13.12+.005 —6.86+.005 3.124.005 875450 
Se® 4017.677 13.27 —6.92 3.15 755420 
Se78 4042.460 13.40 —6.96 3.19 830+50 
Se”? 4055.300 13.48 —6.98 3.21 
Ses 4068.465 —7.00 3.24 
Se 4095.793 
O¥C3Se% 3980.045 
Se78 4005.112 
Interatomic distances 
to(C=0)t to(C=S)t to(C=Se)t 
Covalent radii 1.17A 1.54 1.69* 
0co 1.1632 
OCs 1.1637 1.5586 
OCSe 1.1588-.0001** 1.7090-+.0001** 








cotmgsiniiog for the Se triple-bond — See text. 
* ohcaiee internal consistency of data. See te 
+ Rigid rotor approximation. 


Se* = 79.9435. For the reasons given in reference 
1, the internuclear distances may be high by 
0.5 percent. 

We include values from Table II of reference 
1 for comparison. Since Se has no pure triple- 
bond structure, we have estimated a triple-bond 
radius by extrapolating from the Se single- and 
double-bond distances, being guided by the 
variation of the bond lengths in O and S. This 
triple-bond length 1.63A was used to calculate 
the expected CSe resonant bond length. It is 
interesting to note that, though the OC distance 
is fitted well with a resonant bond structure, 
the CSe distance is best approximated with a 
pure double-bond length, 1.72A. 

Since there is an uncertainty in the selenium 
packing fractions, we have investigated the 
problem of determining the mass of the selenium 
isotopes from spectroscopic data. The solution 
of the problem is rather simple theoretically. If 
the equilibrium reciprocal moments for, say, 
OMCLSe®, OlCBSe% and O'8C2Se™” are known, 
the selenium mass and the two internuclear 
distances may be determined from the three 
absorption equations. If the reciprocal moments 
are known to two parts in 10°, the selenium 
packing fraction may be determined to 10 per- 
cent. It should be noted that the equilibrium 
reciprocal moments must be used, so all three a; 
for the three isotopic molecules must be deter- 
mined. This would be difficult to do directly 
from measurements unless concentrated isotopic 
molecules were used. The excited vibrational 


states are only slightly populated at room 
temperature, and with a rare isotope like C, 
present naturally in only one percent abundance, 
the absorption signal is reduced by another factor 
of 100. One could, knowing the a; for one isotopic 
form, say O'®CSe®, calculate the a; for the 
other isotopes with a mass perturbation calcula- 
tion so that the equilibrium reciprocal moment 
could be determined to within the generous 
error limits, +2 parts in 108, listed above. 

Mass differences, however, may be determined 
to fair accuracy in the following way. As we 
have shown in reference 1, the equilibrium 
interatomic distances of a linear triatomi¢ mole- 
cule may be expressed as 


[ms°/(my°+m2") ]be— 5¢ 
my [ms°/(my°-+m2") ]—1] 
¥23= (5.—5.)/Zm!, 
§.2= 2m °im*(I.°— 
62 =m Im*(I.°— 





I.*)/(m3°—ms°), 
I.°)/(m2°—mz2°). 


In this notation J, and m refer to an equi- 
librium moment of inertia and mass; the super- 
script refers to the isotopic molecule, i.e., the 
original molecule, (0), or the one with the end 
atom, number 3, isotopically substituted, (e), or 
the one with the central atom changed, (c). 
Since we assume that the vibration potential is 
not changed by isotopic substitutions, we may 
say that the equilibrium distances, i.e., the 
potential minima, will remain unvaried by iso- 
topic substitutions. It can be seen, therefore, 
that if a series of isotopes (1, 2, 3, 4---) are 
substituted for an end or a central atom, all 
must have the same 6’s or 


6.) = 6, = 6, HB eece (3a) 
§.) = §,2) = 6,0) =---, (3b) 
Townes® has used the relation expressed in 


(3b) to interpolate for the S* mass from that 
of S® and S*, since it follows from (3b) that 


Tm (I,9—I,*) /Sm®(I,o— I_*) 
= (m3°—m3*) /(ms3°—m3*). (4) 


It should be noted, as Townes has indicated, 
that the equilibrium moment of inertia must be 


°C. H. Townes, Phys. Rev. 72, 513 (1947). 
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TABLE III. Se mass differences. 








Am a.m.u. 


1.9903 
0.9974 
0.9997 
2.0011 
1.9975 


Mass a.m.u. 


73.9550 
75.9453 
76.9427 
77.9424* 
79.9435* 
81.9410 


Atomic number 











* Assumed from packing-fraction data. 


used. The equilibrium values are not available 
at present, but the zero-point vibrational values 
may be used with some caution. In reference 1 
we have shown that a ratio of vibrational mo- 
ments of inertia is exact to zero order, and 
experience with OCS has shown that, in fact, 
such a ratio is good to better than 0.1 percent. 
For the present we can say no more until the 
change of a3 with selenium mass is determined. 
Because it is interesting in any case, mass 
differences have been calculated by using ground 
vibrational data and by assuming the mass 
values given above for Se7* and Se®. The results 
given in Table III indicate a smooth variation 
of selenium mass with mass number. 

We have noted no anomalies in the absorption 
due to the isotopic forms of OCSe, either in 
position or intensity or line breadth. We must, 
therefore, conclude that the quadrupole inter- 
action energy, i.e., egQ in the usual notation,’ 
is less than 0.5 Mc/sec. Since the selenium atom 
is an end atom and has a very large nucleus, 
one would expect the interaction energy to be 
considerably greater than 0.5 Mc/sec. unless 
the selenium 77 nuclear spin is equal to 3, and 
the selenium 74, 76, 78, 80, and 82 atoms have 
nuclear spins of zero. For this reason we suggest 
a nuclear spin of 4} for Se’, and zero for 
Se 76 78, 80,8. This confirms the previous assign- 
ment of zero spin to Se7® and Se®, 


IV. STARK EFFECT 


We have observed the Stark effect for the 
J =2-—3 transition in OCSe in the ground vibra- 
tional state and in the first excited symmetrical 
stretching (v,). and first excited bending (v2) 
vibrations. The latter vibrational state has an 


7See, for instance, B. T. Feld, Phys. Rev. 72, 1116 
(1947). 


AND HILL 


anomalous Stark effect since there are matrix 
elements between the two /-split terms. 

The Stark effect for the /-doublet is easily 
calculated, since we may assume that in the 
bending vibration the linear molecule is nearly 
a symmetric top. The Stark effect for a nearly 
symmetric top has been treated by Penny,® and 
his formulation may be used by the: simple 
notation change K—l. 

The observed /-doublet Stark pattern is shown 
in Fig. 1. This is an excellent example of per- 
turbation. When the perturbation energy of an 
electric dipole yu in an electric field of strength E 
is small compared with the level splitting, the 
molecule is a good asymmetric top and the Stark 
effect is second order as in asymmetric tops. 
When the perturbation energy is greater, how- 
ever, than the term level splitting, then on this 
scale the molecule looks like a good symmetric 
top with degenerate K levels and the Stark 
effect is a first-order effect. Both conditions are 
readily obtained in the laboratory. 
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Fic. 1. Observed /-doublet Stark pattern for OCSe®. 


* W. G. Penney, Phil. Mag. 11, 602 (1931). 
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TABLE IV. Observed electric dipole moments, OCSe. 








Dipole moment 


Vibrational state (e.s.u.-cm 1018) 





V1 Ve U3 


00 0 0.754 
1 0 0 0.728 
010 0.730 








One may show that if the components of the 
two / lines having the same magnetic quantum 
number, M, are made to coincide in absorption 
frequency in the presence of an electric field E, 
then in a J>J-+1 transition 


p=J(J+1)(J+2)(J+3)Avh/4ME, (5) 


where Av’=absorption frequency difference of 
unperturbed /-doublet and 4 = Planck’s constant. 

The observed Stark shift for the ground and 
excited symmetrical stretching vibrations for 
O'6C!2Se*® are shown in Fig. 2. As we have shown 
in reference 1, these data also may be used to 
determine the static dipole moment. These de- 
rived data are given in Table 1V. Measurements 
on O!4CSe’78 yield the same dipole moment as 
for O14CSe® to 0.1 percent. This lack of isotopic 
dependence of the dipole moment is reasonable 
since the Se actually moves very little in any of 
the vibrations, and the fractional mass change 
is small. This may be compared with the slight 
change in dipole moment when C* is substituted 
in O16CS®, as reported in reference 1. 

The strong dependence of the static dipole 
moment on the vibrational state is of interest 
for many reasons. It is obvious that this effect 
places a limitation on the significance of dipole 
moments measured in the bulk, e.g., the Debye 
temperature-dependent polarization method. In 
OCSe about 3 of the molecules are in excited 
vibrational states at 20°C. Of course, the change 
in dipole moment with vibrational excitation is 
enhanced in OCSe, a molecule pictured as having 
a resonant bond structure in which the three 
forms tO=C —Se-, O=C =Se, and -O—C=Set 
participate. The static dipole moment is thus the 
difference between the electric moment of the 
molecule with the OC bond as a single- or a 
triple-bond structure. A vibrational state which 
tends to increase the OC length, for example, 
will make the OC single-bond structure more 
predominant and decrease the contribution to 
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the state due to the triple-bond form. The actual 
percentage change of the resultant static moment 
will depend upon how nearly the contributions 
to the dipole moment of the two structures 
canceled each other initially. 

J. H. Van Vleck, in a private communication, 
has suggested that data on the change of the 
dipole moment with vibrational state are of 
interest, indirectly, in determining vibrational 
intensities.» We measure the average value of 
the dipole moment in a vibrational state 


- f vinyi*dr, (6) 


where y is the vibration wave function of state 1, 
whereas the vibrational intensities depend upon 


Mett = f Viuye*dr, (7) 


a quantity measuring the mixing of two vibra- 
tional states, 1 and 2, due to the dipole moment. 
When the vibrational potential of OCSe is 
known, a connection could be made between 
the measured dipole moments and the desired 
vibrational absorption intensity by a calculation 
of the effective charge!® from (6), which may 
then be used to evaluate’ (7) once the wave 
functions are known. 

With so little knowledge of the vibration 
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Fic. 2. Observed Stark effect for the ground and excited 
symmetrical stretching vibration for O'*C"Se®™. 


*See, for instance, G. eae | Infrared and Raman 
Spectra of Polyatomic Molecules (D. Van Nostrand Com- 
pany, Inc., New York, 1945), pp. 259-261. 

.H. Van Vleck, Electric and Magnetic Susceptibilities 
© ord University Press, London, 1932). 
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potential available at present, we have not 
pursued these calculations further. 

A few words regarding vibration potential are 
in order. R. C. Lord and R. S. McDonald of 
the M.I.T. spectroscopy laboratory have kindly 
measured the vibration frequencies of OCSe for 
the 0 to 1 transitions of 21, v2, and v3. This 
information, together with the centrifugal dis- 
tortion coefficient" allows one to solve for the 
four quadratic force constants. The six cubic 
force constants may be determined from the a; 
and the change of the a; with isotopic substitu- 
tions. We have not carried out these calculations 
since, at present, we lack the values of a3 and 
its variation with isotopic substitution. In this 
way it is at least theoretically possible to 
determine the vibration potential to cubic terms. 

Although we have the vibration frequencies 
as determined from infra-red studies by Lord 
and McDonald, it is interesting to note that 
these frequencies could be measured from rota- 
tional absorption studies alone. The procedure 
is straightforward. It is known that the absorp- 
tion coefficients, y, of a gas depends upon the 
number of absorbing molecules, N, and the 
square of the static dipole moment y.! The ratio 
of the absorption due to molecules in the ground 
vibrational state to the absorption of one compo- 
nent of the /-doublet due to the molecules in the 
first excited bending state is (subscripts give 
vibrational quantum numbers) 


Yo00/ Yo1o = (NV, o00/ N 010) (H000/ Ho10)*. (8) 


Since the populations over the vibrational states 
follow a Boltzmann distribution, we may immedi- 
ately write 


e—(W o00-W 010) / kT = (ny 999/¥010) (010/000), 


where W is the vibrational term-value energy. 
But Wooo— Wo10= —hcwe so that we have 


we = (kT /hce) \n[(yo00/010) (#010/H#000)?_] cm. 
The ratio of the absorption intensities is readily 


11 Theoretical expressions for D, and a; are available in 
the literature. See, for instance, A. H. Nielsen, J. Chem. 
Phys. 11, 160 (1943), 
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measured since the absorptions are not widely 
separated in frequency. We have measured the 
dipole moments, and so by also measuring the 
temperature we may determine the vibration 
frequency we. Our measurements give we as 
474 cm~. This has been measured as 464 cm— 
by Lord and McDonald. The two percent error 
is large and corresponds to an error of about five 
percent in measuring the absorption ratio. These 
measurements could be further refined to yield 
more precise vibration frequency data. Large 
ratios of intensity are best for precise determina- 
tion of the vibration frequency, since the frac- 


tional error is given by 


dw/w=(dT/T)+(dR/R InR), 
where 
R= (Yoo0/o10) (010/000). 


T is temperature in °K, w is a vibration fre- 
quency. The greater the ratio R is, the less will 
be the error contributed by the absorption 
measurements. 

If the measurements are performed on the 
v,=1 and v3=1 states also, one can indeed, by 
the method described above, determine the 
vibration potential to cubic terms from rota- 
tional-absorption measurements alone. 

As a check on our ability to measure absorp- 
tion ratios, we have measured the ratio of the 
rotational absorption for the ground vibrational 
state of the molecules OCSe*® and OCSe®. These 
lines differ in frequency by about 150 Mc/sec. 
The measured ratio is 


OCSe®/OCSe®*® = 0.196. 


This ratio is just the ratio of isotopic abundances 
since both molecules have the same dipole 
moment. Aston* and White and Cameron? give 
the isotopic ratio as . 


Se®/Se®®=0.195 and 0.180. 
The latter ratio differs by more than a reasonable 


experimental error of +5 percent. 


12 J. R. White and A. E. Cameron, Phys. Rev. 74, 991 
(1948). 
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The probability distribution of the number of electrons in an “avalanche” in a low pressure 
gas discharge is calculated and the result applied to the calculation of the breakdown prob- 
ability. Under some simplifying assumptions the probability Po that the avalanche caused by 
one initial electron, liberated from the cathode, leads to breakdown is found to be 


Po=1—1/g 


Po=0 


if g>1 
if g<1, 


in which g=+y (exp[ \ota(x’)dx’J— 1) is the average number of secondary electrons liberated at 
the cathode as a result of the avalanche of the initial electron. The calculation has been gener- 
alized to the case that the initial electron is liberated in the gas. Finally the relation between the 
breakdown probability Po and the statistical distribution of sparking time lags is discussed. 





I, INTRODUCTION 


SELF-SUSTAINING gas discharge is pos- 

sible only if the voltage between the elec- 
trodes exceeds a certain critical value. The 
transition from the non-conducting to the con- 
ducting state is called a breakdown or a spark, 
and the smallest value of the applied voltage at 
which breakdown can occur is called breakdown- 
or sparking-potential. The question has been 
raised in the past as to whether a sharp criterion 
for breakdown can be applied and if so, whether 
the breakdown potential has a theoretically well 
defined value. These questions have been 
answered in the affirmative by Braunbeck! and 
Hertz? for the case of a gas at low pressure, using 
some simplifying assumptions. 

In a recent article, L. B. Loeb* has indicated 
that in general most sparking thresholds are de- 
termined by an equation of the form y exp(ad) 
=1, where exp(ad) represents the electron multi- 
plication resulting from ionization by collision 
in the gap length d, and y is related to the prob- 
ability of liberation of secondary electrons (the 
definition of a and y will be given in Sections II 
and III). In this article Loeb has indicated that 
in the prototype equation both y and exp(ad) 
represent the average values of quantities which 
are subject to considerable statistical fluctua- 
tions. The magnitude of these fluctuations has a 


(1937) Braunbeck, Zeits. f. Physik. 39, 6 (1926); 107, 180 
2G. Hertz, Zeits. f. Physik. 106, 102 (1937). 
L. B. Loeb, Rev. Mod. Phys. 20, 151 (1948). 


bearing on the interpretation of breakdown- 
potential measurements, and a statistical treat- 
ment of the spark formation is therefore im- 
portant. Such a treatment has been given pre- 
viously’? in an incomplete way insofar as the 
fluctuations from the average value exp(ad) of 
the electron multiplication factor were neglected. 
In Section II it will be shown that this neglect 
is not justified, and it is the purpose of this paper 
to take these fluctuations into account. 

The fact that most processes in a gas dis- 
charge, such as ionization by collision, etc., are 
chance phenomena, has the result that an initial 
electron, liberated in the gas or at the cathode 
by an external agency (e.g., radiation), does not 
invariably lead to breakdown, even when the 
applied voltage exceeds the breakdown potential. 
In order to understand this qualitatively we shall 


' give a rough sketch of the mechanism of con- 


duction by a gas. 

The initial electron will be accelerated in the 
electric field and will undergo elastic and inelastic 
collisions with gas molecules, ionizing some of the 
molecules. The newly created electrons will take 
part in the process of ionization and thus a so- 
called ‘‘avalanche’”’ of electrons and positive ions 
is formed. It has already been mentioned that 
the number of ion pairs in an avalanche is subject 
to considerable fluctuations. The electrons even- 
tually reach the anode, leaving behind the 
positive ions, which drift back toward the 
cathode. In order to maintain the discharge new 
electrons must be liberated in the gas or at the 
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cathode by action of positive ions, photons, or 
atoms in metastable states, created by the elec- 
tron avalanche. Because of the statistical char- 
acter of these processes it may occur at a certain 
stage in the development of the spark that there 
is no supply of new electrons, as a result of which 
the discharge breaks off. If the probability of 
interruption is denoted by Q, then P=1—(Q is the 
probability that the discharge is not interrupted, 
which can be defined as the breakdown prob- 
ability. 

Since it is not yet possible to give a rigorous 
calculation in which all secondary processes and 


the influence of space charge formation are taken . 


into account, we limit ourselves to the case of a 
gas at low pressure in which (1) the principal 
means of maintenance of the discharge is through 
liberation of secondary electrons from the 
cathode by positive ions, and (2) the effects of 
space charge accumulation on the breakdown 
probability may be assumed to be negligible. As 
shown by Schade,‘ space charge does not play 
an appreciable role in the first and most im- 
portant stage of the development of a spark in 
a gas at low pressure. Furthermore we restrict 
our treatment to cases in which the geometry of 
the discharge tube is such that the electric field 
is a function of one coordinate only, which we 
denote by x. This restriction is satisfied in 
common cases, such as a uniform field between 
plane parallel electrodes, and the field between 
coaxial cylindrical electrodes. 

Within the simplifying restrictions given above 
the probability distribution of the number of 
electrons in an avalanche will be calculated in 
Section II, and the result will be applied to the 
calculation of the breakdown probability in 
Section III. The breakdown probability is de- 
noted by P» if the initial electron is liberated at 
the cathode. In general, if the initial electron is 
liberated at some point x in the gas, the break- 
down probability is denoted by P;. Besides the 
dependence on x, the breakdown probability will 
also depend on operational conditions such as 
the nature and the pressure of the gas, and the 
voltage between the electrodes. 


*R. Schade, Zeits. f. Physik. 104, 487 (1937). 
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II. PROBABILITY DISTRIBUTION OF THE NUMBER 
OF ELECTRONS IN AN AVALANCHE 


To every point in the discharge is assigned a 
coordinate x. Let the cathode be at x=0, the 
anode at x=d. The energy distribution of the 
electrons will depend in general upon x. Therefore 
the probability a(x)dx that an electron ionizes 
while drifting through a region between x and 
x-+dx also depends upon x. a is Townsends first 
ionization coefficient. 

One may now ask what the probability p(n, x) 
is that a given electron which started from the 
cathode has grown to an avalanche of electrons 
at a distance x from the cathode. We assume that 
in every ionization only one additional electron 
is created. 

The value of p(1, x) is easily found. It is the 
probability that the electron has not ionized at 
all between x=0 and x=x, and is given by 


p(1, x) =exp[ —S(x) ], (1) 


in which 


se)=f a(x’)dx’. (2) 


In order to find an expression for p(n, x) we 
reason as follows: the probability that the 
avalanche contains n—1 electrons at x= x’ is 


(3a) 


The probability that one and only one of these 
electrons will ionize in the region between x’ and 
x'+dx’ is (n—1)a(x’)dx'(1—a(x’)dx’)*-*, This 
approaches, as.dx’—0 


(n—1)a(x’)dx’. (3b) 


The number of electrons in the avalanche has 
now increased from »—1 ton, and the probability 
that none of these z electrons will ionize in the 
region between x’+dx’ and x is 


exp[ —{S(x) —S(x’)}]. 


If we take the product of the expressions (3a), 
(3b), and (3c) and integrate over x’ we get 
(for n>1) 


* p(n—1, x’). 


(3c) 


p(n, »)=f p(n—1, x’)(n—1)a(x’)dx’ 
"  Xexp[—n{S(x)—Se")}. (4) 


The solution of Eq. (4), in view of Eq. (1), can 
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easily be shown to be: 
p(n, x) =exp[ —nS(x) J(exp[S(x)]—1)"". (5) 


In particular, for the avalanche at the anode we 
have, 


p(n, d) =exp[ —nS(d) (expLS(@)]—1)""'. (6) 


The expectation value of m can be obtained from 
Eq. (6) to be 


i= n(n, d) =exp[ S(@)] 


-exo| f a(a!)d | (7) 


We then can write (6) as: 
p(n, d) =1/n(1—(1/n)»-*.* (8) 


For 7>>1, which is the usual case, Eq. (8) can be 
approximated by: 


p(n, d)=(1/n) exp[—n/n], (9) 


which shows that p(n, d) is exponentially de- 
creasing with n. This formula also shows that 
the fluctuations of m from the average value 7 
are large. 

If the initial electron is not liberated at the 
cathode, but at some point x in the gas, the 
avalanche will be shorter and therefore on the 
average will not contain as many electrons. Let 
the average number in the avalanche be 7,, then 
for the probability distribution we have by 
analogy to (8), 


p:(n, d) = —(1 -=)", 


Ill. BREAKDOWN PROBABILITY 


(8a) 


We may proceed to calculate the breakdown 
probability P. This calculation is an extension 
of the one given previously by Hertz.? 

Suppose that the initial electron is liberated 
at the cathode. This electron creates an avalanche 
containing » electrons and n—1 positive ions. 


* After this article was written, it was kindly pointed 
out that Eq. (8) had previously been derived by a slightly 
different method by W. H. Furry, Phys. Rev. 52, 569 
(1937) in an article ‘On fluctuation phenomena in the 
passage of high energy electrons through lead.” In view of 
the different field of application, the article had escaped 
our notice. The parallelism of the statistical phenomena in 
electron Gahighaetion | in showers and in gas discharges is 
interesting. 
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The positive ions drift back toward the cathode 
and liberate secondary electrons, which create 
new avalanches, etc. Since the liberation of elec- 
trons at the cathode is a chance phenomenon, at 
a certain stage in the process all the positive 
ions may have drifted out of the discharge with- 
out liberating any new electrons. In that case 
the succession of avalanches is interrupted, the 
probability of interruption being denoted by Qo. 
The probability that the succession of avalanches 
goes on indefinitely is then given by 


Po=1-—Qo. (10) 


We assume that each positive ion has a prob- 
ability y of liberating an electron at the cathode, 
while the probability that one positive ion 
liberates more than one electron is assumed to 
be negligibly small. 

The positive ions from the first avalanche 
liberate v secondary electrons with a probability 
uo (v=0, 1, 2---). We want to investigate the 
probability that the discharge will break off for a 
certain value of ». For v=0 it is clearly 1, for 
v=1 it is by definition Qo, in general it is Qo” in 
view of the fact that the processes caused by each 
secondary electron are independent of each 
other. Therefore it is immaterial also whether the 
secondary electrons are liberated at the same 
time or not. We then get 


Qo= Do torQo’. (11) 
y=) 

The probability uo, can be calculated as 
follows. The-first avalanche yields electrons 
and m—1 positive ions with a probability p(n, d), 
given by Eq. (8). The probability that n—1 
positive ions liberate v secondary electrons is 


n—1 
( )ra mgr. 


Therefore : 


=E p(n, a("")ra ~y), 


n=1 


Making use of the relationship 
1 © (A+0)! 


aN ce 


- = (1—a)-, 


if |a| <1 
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the summation in the expression for u%, can be 
carried out with the result: 
q” 
tq *————, (12) 
(q+1)" 
in which 


q=y(a—1), (13) 


and g has a simple interpretation. It is the average 
number of secondary electrons liberated at the 
cathode if the initial electron started from the 
cathode. The current in a discharge will on the 
average increase or decrease in time depending 
upon whether g is greater or smaller than unity. 


The equation g=1 represents the classical con- - 


dition for a sparking threshold under the 
assumed conditions. 
After substitution of Eq. (12) into Eq. (11), 
we obtain 
a 
o= "= . 
m—o(g+1)* g+1—gQ 
We can solve for Qo and find the two values 
Qo=1 and Qo=1/g. The corresponding break- 
down probabilities are, according to Eq. (10): 
P)=0 and P»>=1-—1/g. From physical considera- 
tions it is clear that we must take the first solu- 
tion in the case g<1, and the second inthe case 
qg> 1. Mathematically this follows rigorously from 
a more complicated derivation, not given here,** 
which unambiguously gives the result 





Po=0 for g<1, 
P)=1-—1/q for g>1. (14) 


** The steps in this derivation are as follows. The 
probability w(a, b) that a primary electrons, starting from 
the cathode, are succeeded by b secondary electrons can 
be calculated to be, 


w(a, b)= wet ‘Yat 1)-*~%q?. 
Qo can be given in the following form, 


Qo=_E _w(t, a)w(a, b)- + -w(s, 0) 


(infinite number of parameters a, b---z), which can be 
evaluated and gives the result: 
Qo=(1/29)(g+1—((g—1)*))3. 

The cases g<1 and g>1 are distinguished by the value of 
the square root 

q<i, ((qg—1)?)#=1—g and therefore e i, 

q>1, ((g-1)?)#=q—1 and therefore Qo=1/g, 
which immediately leads to Eq. (14). 
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This solution, in contrast to the one by Hertz, 
is simple and explicit in form. It is seen that P, 
is appreciably less than unity in a region extend. 
ing far beyond the threshold g=1. However, P, 
as a function of the potential difference V 
between the electrodes is determined only if one 
knows g as a function of V. Since in general g 
increases rapidly with V in the region above the 
breakdown potential, Py may rise from zero to 
a value very close to 1 in a rather narrow voltage 
region in contrast to values of g. 

Suppose now that the initial electron is 
liberated at a point x in the gas. In analogy to 
Eqs. (10), (11), (12), and (13) we have 


_—a es (10a) 
0. = u UzvQo’; (1 la) 
Usy = (¢"/ (qz+ Fated * (12a) 
in which 
ee (13a) 


Substitution of Eq. (12a) into Eq. (11a) gives: 


wo v 


Qz 
QZ, >a 
v=0 (g2-+1)"4} ‘ 
For g<1, Qo=1, so that Q,=1. 
For g>1, Qo=1/g. In that case we find: 


an re 
* y=0 (ge+1)"4# ° q/ 


Substitution of the two values of Q, into Eq. 
(10a) gives as a final result: 


P,=0 for q<1, 
Pz=((1—1/g)/(1—1/g+1/gz)) for g>1 


in which Eq. (14) is included as a special case. 

Since g.<g for all values of x it follows from 
comparison of Eqs. (14) and (14a) that P.<P 
for all values of g>1. 

The calculations can easily be extended to 
cases in which more than one initial electron is 
liberated at the same moment. For example in 
the case that JN electrons are liberated at point x 
in the gas the breakdown probability is equal to 
1—Q,%. All the curves for the breakdown prob- 
ability as a function of gq have the feature in 
common that they are zero for g<1. 


(14a) 








tz,? 


TrllhTOOlCC rhlO™hlCrrlOllCC 





BREAKDOWN PROBABILITY 837 


The breakdown potential can be defined as the 
potential difference between the electrodes for 
which g=1. It follows from Eqs. (14) and (14a) 
that below the breakdown potential (¢q<1)P=0, 
which means that the series of avalanches discon- 
tinues sooner or later. It must be emphasized, 
however, that this only holds in the case of a 
gas at low pressure. At higher pressure, where 
space charge formation is an essential element 
in the development of the spark,’ the breakdown 
probability may be quite different, and there 
may be no well defined breakdown potential 
below which the breakdown probability is 
exactly zero. An alternative definition of the 
breakdown potential for this case is discussed by 
Loeb. 


IV. EXPERIMENTAL DETERMINATION OF 
BREAKDOWN PROBABILITY 


There are several experimental methods by 
which the breakdown probability can be deter- 
mined. One of these is to observe the time lag 
between the application of a certain voltage 
between the electrodes and the occurrence of a 
spark, while the cathode is irradiated con- 
tinuously with ultraviolet light giving a known 
number of initiating electrons from the cathode 
per second. Experiments and calculations by 
Zuber,* V. Laue,? and Schade,‘ prove that the 
time lag consists of two parts. The first part 
gives a contribution subject to statistical fluc- 
tuations and is caused by the fact that break- 
down depends first on the liberation of an initial 
electron by the ultraviolet light, which may 
occur with some delay, and second on the prob- 
ability that this initial electron leads to break- 
down. The second part of the time lag gives 
approximately a constant contribution and is 
due to the fact that the current has to build up 
from zero to a finite value, the magnitude of 
which is more or less arbitrarily determined by 
the experimental observability. This formative 
time lag is not appreciably influenced by the 


5L. B. Loeb and J. M. Meek, J. App. Phys. 11, 438, 
459 (1940). L. B. Loeb and J. M. Meek, The Mechanism of 
the Electric Spark (Stanford University Press, California, 
1941). L. B. Loeb, Fundamental Processes of Electrical 
Discharge in Gases (John Wiley & Sons, Inc., New York, 
1919). H. Raether, Zeits. f. Physik. 112, 464 (1939). 

6K, Zuber, Ann. d. Physik 76, 231 (1925). 

7U. V. Laue, Ann. d. Physik 76, 261 (1925). 


statistical fluctuations in the number of charged 
particles present, because these fluctuations are 
only important in the very early stage of the 
development of the spark.‘ The formative time 
is of course strongly dependent on the voltage 
between the electrodes. It should be remarked at 
this point that the breakdown probability, as 
calculated in Section III, gives the probability 
that the series of avalanches goes on indefinitely, 
whereas the result of a measurement depends on 
the probability that the series of avalanches is 
not interrupted during a finite time interval, 
fixed by the measurement. However, if this 
time interval is large compared to the time it 
takes for the positive ions to cross the gap, the 
results of Section III will give the right value 
for the breakdown probability to a very good 
approximation. 

An effective method in observing the sparking 
time lag employs the Kerr cell optical shutter. 
This method has been used by Wilson to observe 
sparking in air at atmospheric pressure. The 
results of measurements of this type give the 
probability that a spark occurs within a fixed 
time interval after the application of a voltage 
between the electrodes. This probability is called 
by Wilson sparking probability, but should be 
clearly distinguished from the breakdown prob- 
ability as defined in this paper. For the relation 
between both probabilities the following ex- 
pression can be derived. 


R(V, T) =1—exp[—nPo(T—T>) | for T>To 
=0 for T<T», (15) 


in which R(V,T)=probability that a spark 
occurs within a time interval T after application 
of a voltage V between the electrodes, » =aver- 
age number of electrons liberated per second at 
the cathode by an external source of radiation, 
P y=breakdown probability for each liberated 
electron, for a gas at low pressure given by Eq. 
(14), and 7)>=formative time lag. Py and TJ» are 
both functions of V. 

With help of Eq. (15) the theory of breakdown 
probability in a gas at low pressure, as presented 
in this paper, can be checked experimentally. 
The only experiments of the type described 
above have been performed in air at atmospheric 


®R. R. Wilson, Phys. Rev. 50, 1082 (1936). 
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pressure, and therefore have no bearing on the 
theory valid for a gas at low pressure. The 
results of these experiments indeed seem to 
indicate that at high pressure the curve showing 
P» as a function of g is markedly different from 
the type of curve expressed by Eq. (14), 
especially at the foot of the curve. This is not 
surprising since the processes of spark formation 
in the two cases—high and low pressure—are 
quite different. 


JULIUS H. CAHN 
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The Boltzmann transport equation has been solved for the electronic velocity distribution 
function in a high frequency gas discharge. The distribution is examined as a function of the 
electron density. The conductivity is computed for two electron-molecule cross sections, one, 
in which the cross section is inversely proportional to the electron velocity and two, in which 
the cross section is independent of electron energy. The results show the extension of Margenau’s 


distribution to high densities. 


HIS paper is an extension of the work of 
Margenau! in which the Boltzmann Equa- 

tion 
(¢/m)E-Vf=(d.f/at) (1) 
was solved for high frequency fields E,=E coswt 
for the case of low current densities. In it we 
will apply the results of a former paper? (herein- 
after referred to as I) in which the Coulomb 
interaction term (0.f/dt): of the Boltzmann 
Equation was derived. Following the notation 
in I, the distribution function f(v), normalized 
to the electron density , will be expanded in the 

form 


S(v) =fo(v) +2.(f1(v) coswt+gi(v) sinwi). (2) 
The approximate collision term (0.fo/dt)1 is 
=— —(Afo' +Bfo), (3) 


given by 
(= OS 0 
st ds 


in which s=v*, catia B=£'f,(0), £ 
= 164?/15-e4/m? Inép/e?, p=(é1/124ne*)}, e and 


1H. Margenau, Phys. Rev. 69, 508 (1946). 
2 J. H. Cahn, Phys. Rev. 75, 293 (1949). 


10 ds 


m are the charge and mass of the electron; the 
average energy of.electrons relative to electrons 
is é, that relative to ions is &. 

We use the same electron-molecule and elec- 
tron-ion collision term as in I, namely 


( Se ere +6fo), (4) 


where B=m/2kT, 5=2m/M, T is the gas tem- 
perature, and M is the molecular mass, so 
that our total 0.fo/d¢ for electrons, molecules, 
and ions is the sum of (3) and (4). 

We will make the same simplifications as in 
I in which the Coulomb interaction was neglected 
in the momentum balance equation. We can 
then use Eq. (23) in the paper by Margenau and 
Hartman,’ 


defo $f . 
= -7 <6 vf), 


v 7 
—fitwgi= ——fo'(v), 
A v 


(5) 
£1= (wd/v)fi. 
3H. Margenau and L. M. Hartman, Phys. Rev. 73, 309 
(1948). 




















ot 3st ds s+ (wd)? 


ELECTRON VELOCITY DISTRIBUTION FUNCTION 


After eliminating g; and f; in (5), we have finally 


defo y d_ 2yds? 10 ds? 6ds 
3 ant Bi UW + Bh). 6) 


As pointed out in I, (6) must be integrable because of particle conservation so that we obtain on 


integrating (6), a simple first order equation whose integral in turn is 








fr=N | f s§+10\B/6 ad | 7) 
0= Vo exp) — S 
PL Jy [13(6/8)(d)?/(5-+ (ar)?) Js!+ 1084/5 
where Np is the normalization constant. As a check on (7) if we let w be zero, (7) reduces to 
: (10B\/5)Bv-+ pv? 
v= N, _ 2 ‘ 8 
fom Nex J #L(yn)*/8]+ (10BAN/A) BB | ” 


which agrees with (19) in I if y? is replaced by 
2vae because the R.M.S. value of y is com- 
parable to ae. 

A further check on (7) is found in Eq. (15) of 
Margenau‘ which reads 





y= Noexp| -f{ = (9) 
o 1/B8+(3(yA)?/6/s+(d)?] 








in our notation. Equation (7) is seen to reduce 
to (9) when B and A, the interaction terms, are 
negligible. 

As was done in I, it is instructive to examine 
(7) for two types of electron-molecule mean free 
paths in which (a) r=A/v=constant, and (6) 
X is independent of the energy. 

For case (a) in which the time 7 between col- 
lisions is a constant, (7) reduces to 


1+10Br/6 mv? 





fo= 


No exp| _ 


Computing A and B from (10) we obtain 
$8(y7)?/6 


1+(wr)? 


BA =3|1+ | B=Nl', 


which when replaced in (10) give us the Max- 
wellian distribution 


fo= No exp[ —mv?/2k(T+T’)], (11) 
where 
M (yr)? 
kT' =——_—__, 12 
; 4(1+-w?r?) (12) 
and 


No=[m/2xk(T+T’) ]in. 


Distribution (11) is found to be independent of 
the electron density and so should be identified 
with (9) for the same assumption of mean free 
path. This is easily seen to be the case. It should 


* See reference 1, p. 509. 


1+[48(y2)2/8/1+(wr)*]+1084 7/6 2eT! 





(10) 








be noted that at frequencies of the order of 10"° 
c.p.s., the excess electron temperature TJ’ is 
independent of pressure for a large range of 
pressures, and is given by 


$kT’ = M/4(y/w)?. (12’) 


We next compute the drift velocity 4, from 
which the current density is computed. We have, 





2 4 6 8 10 12 14 16 x 


Fic. 1. Comparison of the electron distribution fo for 
three critical duahien densities. The gas is assumed to 
have a promre of 1 mm, atomic number of 20, temperature 
$ 300°K. The electric field amplitude is assumed to be 

1 volt/cm and the frequency, 10" c.p.s. At electron 
mare 4 10*/cc or less, the excess electron temperature 
T’=41 
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TABLE I. Mean energies and velocities of electrons 
for three densities. 








o € 


1. 825 (10)? cm/sec. 0.145 ev 
1.347 0.055 ev 
1.088 0.039 ev 











from (2), 


4nr 
nia f (fi coswt+g1 sinwt)v‘dv. (13) 
0 


Making use of (5), (13) becomes 

4r 7?) yrv' 
ni,=—— | ——— 

3 Jo 1+(w7)? 

X fo’ (coswt-+wr sinwt)dv. (14) 
When (11) is substituted in (14), 6, is found to 
be given by 
=7(coswt+wr sinwt)/1+(wr)?. 

The current density 7 is then given by 


j=ned,, (15) 
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and the complex conductivity in turn by o in the 


relation 
(16) 


We then obtain for the complex conductivity, 


j=ce=cEe!, 


o=06,—10; 


=ne?r(1+iwr) /m(1+(wr)?). 
When w~10"!, r~10-°, wr>1 so that 


(17) 


o =ine"/mw. 


This is the result obtained from ordinary dis- 
persion theory when the damping is disregarded.® 
It should be pointed out that since (11) and (9) 
are identical for this choice of cross section, and 
hence independent of electron density, that (12) 
and (17) are special case of Margenau’s results.! 

In case (b) we consider the distribution (7) 
under the condition that the mean free path A be 
independent of the electronic energy. Because 
the integrations must be dealt with numerically, 
and the frequency range for which this work is 
of interest is of the order of 10,000 megacycles, 
we choose pressures for which wA>v over most 
of the range of v and approximate (7) by 


xt+(10BX/8)B} 





fo=No exp -J 


Op 


where x = mv?/2kT. 
If we use the following notation, 


b, = (10Bd/6) 6, 
b2=1+3(B/8)(y/w)”, 
bs = (108AX/8) 6}, 


we can write (18) as 


fo=No exp| — f 


We find that the integrand of the indefinite 
integral may be written in a more meaningful 
fashion, i.e., 


eek 
———dx }. 


19 
bext+b; ( 


xt+b, B Pas ay (B/GA set 
bext-+tbs BA bst+bex! 


The significance of (20) is seen from the fol- 





, 18 
-—,, - -~ 





lowing. When the interaction terms 5; and ); . 
are neglected in (19), we have 


fo= Noe~*!™, 
so that 
No=n((B/m)b2)4, 
and 
BA =b.B. 
Thus, at low densities, the variable term in (20) 
vanishes with 1—(B/B8A)b2. The low density 
approximation to (17) is therefore the Max- 
wellian function 


fo= No exp[ —mv?/2k(T+T’) ], (21) 
where the excess electron temperature $kT”’ 
= M/4(y/w)?, agreeing with the result in (12’) 
for quite a different electron-molecule cross 


. A. Stratton, Electromagnetic Theory (McGraw-Hill 
Bask Company, Inc., New York, 1941), First Edition, p. 
32 
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section. This result is of course in accord with 
Margenau’s Eqs. (23) and (24).! 

At high densities, (19) reduces to the Max- 
wellian form 


fo= No exp(—mv?/2kT). 


The transition from low to high densities is 
shown in Fig. 1. The mean energies and velocities 
at the three densities exhibited in Fig. 1 are 
given in Table I. 

We next compute the effect of electron density 
on the conductivity when A is constant. After 
eliminating f; and g, from (13) using (5), and 
making the approximation wA>v, we find that 
the drift velocity d, is given by 


= /w[(40/3wdr) coswt+sinwt ], 


showing that the in phase current is very much 
smaller than the out of phase current at these 


(22) 


841 


frequencies and pressures. The complex con- 
ductivity o defined in (16) becomes 


o = (ne?/mw)[(40/3wdr) +7 ] 


=i(ne?/mw). 


This is identical with the result obtained for the 
constant 7 case. The effect of varying density is 
here small, but of course can be readily estimated 
from the calculated values of # given in Table I. 

In conclusion, it should be noted that whereas 
in the d.c. case, we noted a lowering of the 
entropy for increasing density, in the high fre- 
quency case, the drift velocity (in phase com- 
ponent) drops off with increasing density (see 
Table I) so that the same statement about en- 
tropy cannot be made. Since the out of phase 
component remains constant while the average 
velocity reduces for increasing density, the en- 


tropy is reduced to this extent. 
: 
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A method for measuring the complex permeability, yu, 
of a ferromagnetic metal is described. The determination 
of both components of u is accomplished by a simultaneous 
measurement of the changes in attenuation and phase 
velocity introduced into a conducting system by the ferro- 
magnetism of one of its walls. An experimental technique 
involving pulsed magnetic fields is used. Values of u for 
samples of magnetic iron at 200 and 975 Mc as a function 
of a polarizing magnetic field (which is parallel to the high 
frequency field) are compared to the static incremental 
permeabilities measured on the same sample. The inter- 


I. INTRODUCTION 


UMEROUS investigations! have shown 
that two basic mechanisms are responsible 


* Paper I of this series, subtitled Magnetic Iron at 200 
Mc, appeared in Phys. Rev. 71, 322 (L) (1947). The method 
and its application to iron and rmalloy at 200 Mc were 
ates presented at American Physical Society meetings 
in January and April, 1947. Phys. Rev. 71, 472 (Abstracts 
L4 and LS) (1947); Phys. Rev. 72, 173 (A) (1947). 

** It is a pleasure to acknowledge the invaluable as- 


pretation of the experimental results indicates several 
characteristics of the magnetization in iron: the upper 
limit of domain dimensions in polarizing fields less than 
500 oersteds is 10-* cm; domains have different degrees 
of stability in the applied field; ‘“‘weak-field domain” wall 
displacements are practically eliminated at the frequencies 
used; spin rotation and “strong-field domain’’ wall dis- 
placements are only slightly damped and contribute to the 
magnetization in weak as well as strong fields. Studies of 
hysteresis phenomena are discussed, and results on two 
types of permalloy presented. 


for the changes in magnetization of a ferromag- 
netic substance placed in an external magnetic 
field. These mechanisms involve two different 
effects of the field on the configuration of the 
magnetically saturated regions, called domains, 


sistance of Matthew Maloof in carrying out the experi- 
mental work described in the present paper. 

1R, Becker and W. Doering, Ferromagnetismus (Ver- 
lagsbuchhandlung Julius Springer, Berlin, 1939). 
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which constitute the elements of the magnetic 
structure in a ferromagnetic specimen. In strong 
fields the magnetic moment of each domain turns 
from the axis of easy magnetization closest to the 
field toward the field direction, thereby pro- 
ducing the changes in magnetization. This 
mechanism is termed spin rotation or domain 
rotation. Its study, which must be made close to 
magnetic saturation, has led to a quantitative 
description of magnetization curves and thus to 
the evaluation of phenomenological constants for 
the anisotropic part of the crystalline energy. 
In weak fields most of the changes in mag- 
netization are due to the growth of domains 
oriented favorably with respect to the field at 
the expense of less favorably oriented domains. 
This mechanism, termed wall displacement, 
involves the motion of a thin inter-domain 
boundary layer and is in itself rather involved. 
Although it has led to usefuF correlations, it has 
not, in general, yielded a quantitative theory of 
the magnetization curve. 

There is no reason to expect that the two 
mechanisms will respond to rapidly changing 
fields in the same way. Consequently, the pos- 
sibility arises that the study of magnetization at 
high frequencies might yield a more detailed 
understanding of each mechanism. Indeed, it 
will be shown that, if such a study is made in 
the presence of a polarizing field, certain domain 
sizes and dynamic characteristics can be derived 
from the experimental results. If these conclu- 
sions are substantiated by further experiments, 
the existing description of domains must be sub- 
stantially modified. 

High frequency ferromagnetic measurements 
in metals are difficult primarily because the con- 
ductivity severely limits the penetration depth 
of an electromagnetic wave. Consequently, only. 
small effects on the wave propagation in an. air 
space bounded by conductors can be produced 
by the permeability and resistivity of the metallic 
walls. We shall see in Section II that both the 
real and imaginary part of the propagation 
vector (attenuation and phase velocity) must be 
measured to determine the permeability of the 
metallic walls.'* While that portion of the attenu- 


187Tn the work of Arkadiew, dating back to 1913 and 
summarized in J. Phys. USSR 9, 373 (1945), the necessity 


for measuring both resistive and reactive ee in order 


to determine the permeability is recognized. The experi- 
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ation which is caused by ferromagnetism is not 
difficult to determine, measurement of the cor- 
responding change in phase velocity requires an 
exacting technique. One of the essentially new 
experimental features in the present work is the 
simultaneous measurement of both these changes 
when the latter are caused by the ferromagnetism 
of a metallic substance. 

A simple substitution method suggests itself, 
If the ferromagnetic parts of a conducting system 
are replaced by a non-magnetic metal, the mea- 
sured changes in the propagation vector suffice 
to determine the permeability of the replaced 
metal. By this means the attenuation can in fact 
be determined quite accurately. However, the 
changes in phase velocity, unlike the attenuation, 
can also arise from small changes in the geometry 
of the conducting walls and require that the sub- 
stitution be made with a mechanical exactness 
that is difficult if not impossible to achieve. 

In surmounting this difficulty we have used 
the results of work done at the M.I.T. Radiation 
Laboratory in 1942 under the direction of 
O. Halpern.? In some of the experimental ar- 
rangements there used, a polarizing field was 
applied parallel to the high frequency field. The 
large decrease in the attenuation thereby pro- 
duced indicated that the high frequency per- 
meability decreased in the manner predicted by 
the magnetization curve. Therefore, it should be 
possible to bring the high frequency permeability 
to unity by saturating the ferromagnetic metal. 
The substitution of a ferromagnetic by a non- 
magnetic conductor can thus be effected by a 
parallel magnetic field sufficiently strong to 
saturate the ferromagnet. Since no mechanical 
changes are made, the geometrical conditions 
can be maintained with the necessary precision. 

Our experiments have been made in a coaxial 
line resonator tuned by a dieletric bead. The fer- 
romagnetic sample constitutes a part of the 
center conductor. The calculation of the resonant 
frequency and Q for this cavity and the relation 
of these quantities to the permeability of the 
sample are the subjects of Section II. 


mental techniques used by Arkadiew are entirely different 
from those used by us and his work did not include a study 
of the effects of a su d polarizing field. 

*0. Halpern, Radiation Laboratory, M.I.T., Internal 
Report, Nov. 4, 1942. An account of these experiments is 
in preparation. 
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The polarizing field is generated by a direct 
current passing through the center conductor. 
Currents of the order of 1000 amperes are needed 
to saturate the sample. To avoid heating effects 
in the center conductor, a pulse technique must 
be employed. This technique and the associated 
ballistic indicator are discussed in Section III, 
together with the method of taking and inter- 
preting the data. 

Hysteresis effects can be rapidly examined in 
relatively small polarizing fields by using a low 
frequency polarizing current through the center 
conductor and putting the resonator -output 
(after rectification and ‘‘chopping’’) on an oscil- 
loscope. The resulting “butterfly curves” show 
the changes in attenuation as a function of cyclic 
polarization. This type of measurement is the 
subject of Section IV. 

In Section V values of u for samples of mag- 
netic iron at 200 and 975 Mc as a function of a 
polarizing magnetic field (which is parallel to the 
high frequency field) are compared to the static 
incremental permeabilities measured on the same 
sample. The interpretation of the experimental 
results indicates several characteristics of the 
magnetization in iron: the upper limit of domain 
dimensions in polarizing fields less than 500 
oersteds is 10-4 cm; domains have different 
degrees of stability in the applied field; ‘“weak- 
field domain’’ wall displacements are practically 
eliminated at the frequencies used ; spin rotation 
and “strong-field domain” wall displacements 
are only slightly damped and contribute to the 
magnetization in weak as well as strong fields. 
Studies of hysteresis phenomena are discussed, 
and results on two types of permalloy presented. 


Il. THEORY 


Our first task (Part A) is to relate the propaga- 
tion constant of an electromagnetic wave in a 
coaxial transmission line to the permeability, 
conductivity, and geometrical dimensions of the 
walls. Next we shall show (Part B) how changes 
in the propagation constant can be expressed by 
the change in Q and the change in resonance fre- 
quency of a coaxial line resonator. Finally (Part 
C) the complex permeability will be discussed, 
and formulas for its determination in terms of 
experimentally measurable quantities will be 
given. 


A. The Propagation Constant 


Consider an air-filled coaxial transmission line 
of circular cross section and choose cylindrical 
coordinates 7, ¢, and z such that the gz direction 
coincides with the axis of symmetry. Let r=a 
and r=0 be the radius of the inner and outer 
conductor, respectively. The metal walls (located 
at r <a and r>b) will be characterized by a con- 
ductivity o and a permeability u. 

We define the permeability’ as the ratio B/H. 
In the case of time-dependent fields, » must, in 
general, be assumed complex, so that B and H 
may be out of phase. This assumption simply 
means that there may exist a magnetic loss, in 
formal analogy with the dielectric loss of an 
insulator characterized by a complex dielectric 
constant. 

The problem is to find a wave solution of 
Maxwell’s equations which satisfies the boundary 
conditions at the metal walls and corresponds to 
the principal mode of propagation. In such a 
solution the non-vanishing components of the 
field are E,, E,, and H,. We shall make the fol- 
lowing assumptions: 


(1) The time variation of the field components is given 
by the factor exp(iwt), where the angular frequency w=2zxv 
is determined by the signal generator. 

(2) The permeability .=B/H, as well as e’=D/E, the 
dielectric constant not due to conduction, are uniform and 
independent of the field components. 

(3) Ohm’s law is applicable and the density of free 
charge is zero. 

(4) For metals, the apparent dielectric constant e=é’ 
—2ic/v is given by —2ie/y. For air, n=1, o=0, and 
exe’=1. 

If k is the unknown propagation constant, and 
ky=2x/Xo is the propagation constant in free 
space, Maxwell’s equations in Gaussian units 
result in 


H=(R/r) exp(ikz), (1) 
r= —(k/koe)(R/r) exp(tkz), (2) 
E,= (tkoe)—'7—"'d R/dr exp(ikz), (3) 


where the unknown function R(r) is the solution 
of 
rd/dr(r—'dR/dr) — (k? — ken) R=0. (4) 


In our experiment H is sufficiently small (<0.01 
oersted) to make u independent of H. Hence we are dealing 
with a reversible (or “‘incremental”) permeability, and the 
field equations are linear. 
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Since E,/H must be continuous on the air 
metal boundary at r=a and r=), the above 
equations make it possible to calculate k. 

In solving (4) for the metal walls, we choose 
a solution that corresponds to an attenuation of 
the field components with penetration into the 
metal. The calculation is simplified by the fact 
that o is large so that ko(eu)!>1 for all but very 
low frequencies. In solving (4) for the air space 
we make the approximation that k—k», which 
vanishes in the case of ideal walls (c= ©, w=1), 
is small compared to ko for sufficiently high fre- 
quencies. 

The final expression for the propagation con- 
stant may be written 


k=ko(1—ia+8), (5) 


where the real numbers a and 8 are defined by 
the relation 


a+1B = (2ko Inb/a) 
X [(1/a) (ua/€a)*+ (1/5) (us/e)*], (6) 


and the subscripts on yw and e identify the two 
conductors. 

Equations (5) and (6) show that the necessary 
and sufficient condition for our approximation 
[(k—Ro)/ko<1] to be valid is 


(| ue! )?*<(42/c)(20v) 4a Inb/a (7) 


with a similar condition for the outer conductor. 
In our experiment a=0.159 cm, b/a=10, and 
v=2X10® sec.-!, so that (7) becomes (|p|)? 
<3.06X10-*s!. For magnetic iron -o~8 X10" 
sec.—! (o-!=p~11X10-* ohm-cm), and we find 
100 to be a reasonable upper limit for | yal. 
These values lead to (k—ko)/ko~0.01 and justify 
the approximation. 

All three components of the electromagnetic 
field are seen to represent plane waves propor- 
tional to the factor 


exp[i(wt—kz) ]=exp(—koaz) exp[iw(t—2/0)], 


where v=c/(1+ 8) is the phase velocity of the 
waves in the transmission line. Evidently, a is a 
measure of the attenuation, and 8 is essentially 
the fractional deviation of the phase velocity 
from that in a transmission line with ideal walls. 

Equation (6) shows that a=8 if yp is real. 
Thus the permeability can be obtained either 
from an attenuation measurement or from a 
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phase velocity determination. If, however, yu is 
complex, a8, and both a and 8 must be mea- 
sured. Using the terminology of lumped electric 
circuits we may say that both the resistive and 
the reactive components of the impedance must 
be measured to determine the complex permea- 
bility. In general, a and 8 are of the same order of 
magnitude because ue in Eq. (6), but if wu is 
wholly imaginary, 8 is zero. 


B. Resonant Frequency and Q 


A half-wave resonant cavity is obtained by 
providing a coaxial line with metal end plates 
placed at z=0 and z=/, where /~ ,)/2. In cal- 
culating the Q of the resonator and the departure 
of its resonant frequency from c/Ao we shall 
assume ideal end plates (infinite o and »=1) and 
use the values of the attenuation and phase 
velocity derived in part A. This procedure is 
justified by the fact that in our experiment, which 
is based on a substitution method, we are 
interested only in the effect of the imperfect 
inner conductor on the Q and resonant frequency. 
To find the actual Q and actual resonant fre- 
quency of the cavity, one would have to take 
into account the small, but measurable losses in 
the end plates. 

In the case of perfectly reflecting end plates, the 
space variation of the electromagnetic field com- 
ponents is given by A[exp(ikz) —exp(—zkz) ], 
where the amplitude A is a known function of r. 
This expression satisfies the boundary conditions 
that it vanish at z=0, and it equal some fixed 
value p prescribed by the driving mechanism at 
2=l, 

Since a is of the order of 10-%, kola<1, and we 
obtain, to a first approximation 


| A |?=(|p|?/4)[ (Role)? cos*kol(1 +8) 
+sin’%kol(i+ps)}" (8) 


as a measure of either the energy stored in the 
cavity or of the power dissipated during one 
cycle. 

The cavity will resonate in its lowest mode if 
its length / is equal to 4/2, where \=Xo/(1+8) is 
the wave-length in the resonator. This is equiva- 
lent to saying that for resonance the driving 
frequency » must have a value such that 


ko (1+) =z, (9) 
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which results in 
|A |?= | p|?/4(kola)*. 

To reduce the energy in the resonator by 
one-half, the driving frequency must be changed 
by an amount Av which will make the denomi- 
nator of Eq. (8) equal to 8(Rola)*. This condition 
gives, to a first approximation, (1+ 8)Ako=ko« 
so that v/Av=1/a. 

For frequencies near resonance, Q is approxi- 
mately constant (Q>1), and hence it may be 
defined by 

Q=v/2Ap (10) 
which gives . 

a=1/2Q (11) 
as the desired relation between a and that part 
of the Q which is due to the losses in the inner 
and outer conductor. 

If Av’ is the change in resonance frequency of 
the cavity compared to a similar cavity with 
ideal walls, we obtain from (9) 


(v+Av’)l=c/2 (12) 


as the resonance condition for the case of ideal 
walls (8=0). Solving Eqs. (9) and (12) gives 


B=Av'/v (13) 


as the desired relation between 8 and that part 
of the resonance frequency shift Av’ which is 
due to the losses in the inner and outer con- 
ductor. 

Equations (11) and (13) lead to the following 
conclusions : 


(1) Since 8 is positive, Av’>0, so that the introduction 
of a loss decreases the resonance frequency of a cavity with 
ideal walls. 

(2) The derivation of relations (11) and (13) merely 
assumes the existence of plane waves and of perfectly 
reflecting end plates. Thus, it is valid for certain modes in 
rectangular guides and other transmission lines. 

(3) If we assume that all the walls of the coaxial resona- 
tor have a conductivity o and a (real) permeability yu, Eqs. 
(6) and (11) lead to 

Q= (4x/c)(ov/u)*(1/a+1/b)— Inb/a. (14) 
Except for an additional term [(8/Ao)Inb/a] in the 
denominator which arises from the losses in the end plates, 
Eq. (14) agrees with the well-known formula‘ for the Q 
of a half-wave coaxial resonator. If the permeability is 
complex (u=i—ip2), our result shows that wu in Eq. (14) 
must be replaced by |u|-++u2, where |u| = (u:?+-y2*)?. 

4 See, for example, E. U. Condon, Rev. Mod. Phys. 14, 


341 (1942), Eq. (9116). Condon does not use the Gaussian 
units employed in the present paper. 


C. The Complex Permeability 


According to Eq. (6), a and 8 are proportional 
to the real and imaginary parts, respectively, of 
the quantity (u/e)!, which itself is proportional 
to (tup)'. If we assume that the existence of a 
permeability 11 gives rise to an energy loss in 
addition to the ohmic loss, then a>8, and the 
permeability is seen to be represented by a 
complex number of the form p=y:1—ip2. In 
certain cases (resonance, apparent diamag- 
netism), however, the permeability, is not neces- 
sarily in the fourth quadrant. 

It is now possible to derive the relations which 
allow the evaluation of the complex permeability, 
in any polarizing field, from measured values of 
changes in resonant frequency and Q. 

If the ferromagnetic inner conductor of a 
coaxial line resonator is magnetically saturated, 
the change in the attenuation caused by the 
disappearance of the magnetic loss is given by 
@—Q., where the symbol a now denotes the 
attenuation resulting from the inner conductor 
in a polarizing field Hp and a. is the value of @ 
in a polarizing field sufficiently large to saturate 
magnetically the specimen under investigation. 
This method of reducing the permeability of the 
inner conductor to unity avoids the necessity for 
replacing the specimen by a non-magnetic metal 
and thus it surmounts the difficulties associated 
with changes in the geometrical configuration of 
the cavity. On account of Eq. (11), we may write 


a— a =(1/2)(1/Q—1/Q-), (15) 


where Q is the “Q”’ of the cavity in a polarizing 
field Ho, and Q. is the value of Q in a saturating 
field. 

Similarly, the disappearance of ferromagnetism 
as a result of the saturation causes a change in 
the fractional deviation of the phase velocity 
from the value c. Using Eq. (13), we can write 


B—Bx=(Av’—Ava')/v, (16) 


where B and 8, refer to the inner conductor, and 
Av’—Av.~' is the change in resonance frequency 
of the cavity as the value of the polarizing field 
on the inner conductor is changed from Hy to a 
saturating field. 

The constant a».=§8. may be calculated from 
Eq. (6) by setting »=1 and disregarding the con- 
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tribution of the outer conductor. Equations (15) 
and (16) make it possible, therefore, to obtain a 
and 8 in terms of measurable quantities. Using 
Eq. (6), “1 and we may then be evaluated for 
any Ho. 

In practice it is more convenient to use a mag- 
netic rod which is shorter than the inner con- 
ductor of the resonator. The remaining part of 
the inner conductor may be made out of a non- 
magnetic rod (e.g., brass) having the same 
diameter as the test specimen. This procedure 
has the advantage that one can work with rela- 
tively high Q values throughout the experiment, 
and that the range over which the receiver and 
indicator must be linear can be reduced. If, on 
the other hand, the magnetic section of the 
inner conductor is too short, or if it is placed too 
near to the center of the resonator, then the 
magnetic effects are too small to be measured 
accurately. It was found that a satisfactory 
compromise is obtained by making the specimen 
long enough to prevent end-effect errors’ and 
placing it in such a position that Q../Q is never 
larger than about two or three. 

By solving the appropriate boundary value 
problem,® the effect of the partially magnetic 
inner conductor can be predicted with sufficient 
accuracy. It is shown in Appendix I that the use 
of a magnetic section (instead of a completely 
magnetic inner conductor) reduces the magnetic 
effects a—a~. and B—8. by a factor y, the value 
of which is between zero and unity and depends 
exclusively on the frequency, the length of the 
specimen, and its position with respect to the 
center of the resonator. 

The problem of measuring Q for large values 
of Ho introduces additional difficulties. As the 
polarizing field Hy has to be parallel to the high 
frequency magnetic field, Hyp must be generated 
by passing a large current through the inner 
conductor. To avoid excessive heating, this 
current and hence Hy must be pulsed. Conse- 
quently the quantity Q can be measured directly 
only for small® values of Ho. For other values of 
Ho, and particularly for saturating fields, only 
Q ratios can be measured. If, however, the Q in 
zero polarizing field is chosen as the reference 


5 See Appendix I. 
*In our resonator, fields up to about 6 oersteds, cor- 
responding to about 5 amperes, can be applied continuously. 


M. H. JOHNSON AND G. T. RADO 


value, the Q ratios are found to be irreproducible 
because of the hysteresis effects discussed in 
Section IV. For this reason we have used as the 
reference value the Q=Qpiag measured in a “‘bi- 
asing”’ field (Ho)pias which, without being too 
large to prevent continuous application, is yet 
large enough to minimize hysteresis effects. In 
the case of magnetic iron (Ho)bias=6.25 oersteds 
was used. This value corresponds to an abscissa 
beyond the knee of the static magnetization 
curve. 

On the basis of the above modifications, we can 
write Eqs. (15) and (16) in their final form. 

Using the abbreviations 


Q/Qpias =x and Q.0/Qvias =X» 
we obtain from Eq. (15) 


1 — Om = (2XaQvine) “LE (Xe0/x)—-1]. (17) 
Using the abbreviations 
Av’ —Av'pias=5 and Av’» — Av’ bias = 52, 
we obtain from Eq. (16) 
B—Bw = (1/yv)(5—5.0), (18) 


where 6 is the change in resonance frequency of 
the cavity as the value of the polarizing field on 
the inner conductor is changed from Hp to 
(Ho)vias, and 6. is the value of 6 if Ho is a 
saturating field. 

Using »=1 in Eq. (6) and disregarding the 
contribution of the outer conductor, we obtain 


Oe =Bx =(c/8x)(p/v)*/an(b/a), — (19) 


where p=1/c is the resistivity of the magnetic 
specimen in electrostatic units (seconds). 

As shown in Appendix I, y may be calculated 
from the formula 


y=(1/x)[koL+(2 sin*koD —1) sinkoL], 


where L is the length of the magnetic specimen, 
D is the distance of its center from the center of 
the resonator, and ko, as before, is equal to 2rv/c. 

Using u=yi—tye in Eq. (6) and disregarding 
the contribution of the outer conductor, we 
arrive at the final relations 


(20) 


(21) 
(22) 


1 =aB/a0", 


he = (a? — 6) /2a* 
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for the determination of the complex permeabil- 
ity. 

The quantities Qpiss, p, and vy are easily 
measured by standard methods. Thus, the im- 
portant part of our experiment consists in 
measuring simultaneously x and 6 as a function 
of Ho by the special technique described in 
Section IIIB. In principle, x. and 6. may also 
be measured by this technique. For practical 
reasons (see Section III), however, these quan- 
tities are sometimes obtained by extrapolating’ 
the x and 6 curves to infinite fields. Equations 
(17) through (22) may then be used to calculate 
u=pi—tpe for any value of Ho. 


Il, EXPERIMENTAL 


Figure 1 shows a cross-sectional view of the 
coaxial cavity and a block diagram of the 
principal components of the apparatus. 


A. Measurement of Qrias 


(1) Apparatus 


In principle, Q-values were determined by 
measuring the voltage transmitted by the cavity 
as a function of frequency, and calculating the 
Q from several points on the resonance curve. 


FERROMAGNETISM AT HIGH FREQUENCIES 


847 





To obtain the required accuracy, however, it 
was found preferable to use a fixed frequency 
and to change the resonant wave-length of the 
cavity by means of a dielectric bead. Thus the 
R. F. oscillator could be left undisturbed for 
extended periods of time, resulting in increased 
frequency stability and constancy of power 
output. If, as in our case, the calibration of the 
bead (position versus frequency) is theoretically 
linear, then differences in “frequency” (actually 
differences in resonant wave-length) can be mea- 
sured with a fractional error (<10-5) smaller 
than that of commercially available crystal- 
calibrated heterodyne frequency meters ( >10-‘). 

The coaxial resonator is approximately one- 
half wave-length long (74.5 cm) at 200 Mc and is 
shorted at both ends. The radii (@=0.159 cm, 
b=1.59 cm) were chosen so as to satisfy the 
following requirements: (1) Most of the resonator 
losses should take place in the inner conductor; 
(2) the radius of the inner conductor should be 
sufficiently large compared to the skin depth, 
a requirement contained in Eq. (7); (3) ferro- 
magnetic rods having the diameter of the inner 
conductor should be available; (4) the Q of the 
cavity should be in a convenient range (~500 
to 1000). 
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Fic. 1. Cross-sectional view of the coaxial cavity and block diagram of the principal components of the apparatus. 


7 For soft magnetic materials the fields at our disposal permitted a very close approach to saturation. Hence, the 
extrapolation was fairly accurate (see paper I and Section V of the present paper), especially since x. can be cal- 
culated in terms of (1) the measurable Q of a similar resonator whose center conductor is brass, and (2) the 


known conductivities of the magnetic specimen and brass. This calculation is presented in Appendix II. 


848 


Except for the outer conductor, which is made 
of copper,’ brass is used throughout the con- 
struction of the cavity. A thin mica washer, 
located at the center of the cavity, prevents the 
polarizing current from flowing through the 
outer conductor. The magnetic specimen, whose 
diameter is that of the inner conductor, has a 
well-defined® length of 17.75 cm, and its center 
is located at the proper distance (two to four 
inches) from the center of the resonator to 
produce a 7-factor of the desired magnitude.® 
The inner conductor is held in the end plates of 
the cavity by means of set screws. In order to 
prevent sagging of the inner conductor it is put 
under a small tension (with the use of an appro- 
priate screw arrangement) before one of the 
screws is tightened. This tension is approxi- 
. mately 0.6 kg/mm? and does not affect the 
value of Q. 

Tuning of the cavity is accomplished by dis- 
placing a polystyrene bead along the axis of the 
cavity. The cylindrical bead (3 cm long) was 
attached to a rider on a calibrated screw (26 
threads/in.) and its size was such that it filled 


TABLE I. Typical Q-measurement. Data of 1/10/47, 
taken (at 200 Mc) on a 17.75-cm rod of magnetic iron 
whose center was at a distance of four inches from the 
electrical center of the cavity. The readings R and Rres 
(see text) of the output meter in microamperes are cor- 
rected for the zero-signal diode current (2.7 microamperes 
in this case) and for the small non-linearity of the receiver. 
In the first row of the table, for example, the uncorrected 
readings of R and Rres were 80.0 ee 88.8, respectively. 
Cr and Cp’ are the counter readings at two equal output 
readings R. The center of the resonance curve is at 
(I (Eat Ce’ ), and 2AC, its width at the level R, is given 

rn’ — Cr. 








24C 


142 
225 
323 
435 
592 


q X10 


3.47 
3.48 
3.47 
3.49 
3.49 


Cr+Cr’ 


996 
999 
995 
993 
992 


Rees Cr CR’ 


86.1 427 569 
85.4 387 612 
85.4 336 659 
85.6 279 714 
85.5 200 792 








Average value of (1/2)(Cr+Cr’) =497.5+1 counter units. 

' Average value of gX 10?=3.48+0.01 (counter units)—. 

= vsq=2X 10° 0.520 3.48X 10~* = 362. 

wee error = +1 counter unit = +2 kc= 
of ». 


=0.001 percent 








* The type of metal used for the various parts of the 


cavity was determined by its availability in the proper 
shape. The calculations were corrected for the different 
resistivity of the inner and outer conductor. 

® The difference in diameter of the brass inner conductor 
and of the threaded portions (+1 cm long) on both ends 
of the specimen is much larger than the skin depth in brass. 
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the space between the inner and outer conductor 
without actually touching them. A sufficiently 
linear calibration curve of ‘‘counter units’’ (i.e., 
number of rotations of the calibrated screw) 
versus frequency is obtained by centering the 
motion of the bead around the }-length point of 
the cavity (see Appendix III). The deviations 
from linearity and the reproducibility of the 
calibration are smaller than one percent. A 
Cardwell crystal-calibrated frequency meter was 
used in these measurements. 

The source of R. F. power is a resonant line 
oscillator using a 2C39 tube and working as a 
Hartley circuit. In order to keep the frequency 
constant to 0.001 percent, and the power output 
to 1 percent, it was found necessary to keep the 
output down to about 30 milliwatts. 

The receiver is a standard APR-1 superhetero- 
dyne which was suitably modified to improve its 
stability and the linearity of its output/input 
voltage ratio. Output values are read on a 
0-100-d.c. microammeter in series with the 
second detector. The remaining non-linearity 
(one or two percent) was corrected for by cali- 
brating the receiver in terms of the attenuator 
on a type LAF-1 signal generator. 


(2) Procedure 


By a suitable arrangement of the input and 
output coupling loops of the cavity, a consider- 
able transmission loss (60 db) was introduced 
between the oscillator and receiver. Thus, the 
decoupling was sufficient to regard the measured 
Q’s as unloaded Q’s: a change of 12 db in the 
coupling changed the Q by less than 1 percent. 

From the standard formula of the resonance 
curve, the expression 


Q=(vs/2AC)[(Rres/R)?— 


is easily derived. Here v is the frequency (2 105 
kc), s the calibration constant of the cavity 
(approximately 0.52 counter unit/kc), Rres the 
reading of the output meter when the cavity is 
at resonance, and 2AC the width of the resonance 
curve, in counter units, between two equal output 
readings R. The values of Rmax and R are cor- 
rected for the small non-linearity of the receiver. 

Using four or five pairs of points on the reso- 
nance curve extending down to the }-voltage 
point, the various Q values agreed occasionally 


1]}t=vsq = (23) 














to +0.2 percent and always to +0.5 percent. 
Table I presents a typical example of a Q-mea- 
surement. If the inner conductor were removed 
from the cavity and then replaced, Q could be 
reproduced, over a period of several months, to 
better than 1 percent in the case of a brass inner 
conductor and to about 2 percent in the case of 
a partially magnetic inner conductor. The latter 
error is due to a hitherto unexplained magnetic 
effect which appears to be connected with hys- 
teresis and often manifests itself as a slow change 
of the magnetic state over a period of about a 
day. 

To obtain Qpias, a constant current of 5.0 
amperes was passed through the partially mag- 
netic inner conductor. With this current flowing, 
the sample was demagnetized by superposing a 
60-cycle a.c. on the biasing current and gradually 
(in approximately 3 seconds) decreasing its 
magnitude from a maximum value of 45 amperes 
RMS with the help ofa variac. Q = Qpias was then 
measured as described above. 

The gradual 2 percent variation of the Q with 
time could often be reduced, but not always elim- 
inated, by pulsing the cavity at the beginning of 
a series of measurements several times with a field 
of about 1000 oersteds and demagnetizing be- 
tween pulses. 

An experimental test of the combined error 
resulting from the frequency instability of the 
oscillator and the mechanical error of the tuning 
mechanism presents itself in the reproducibility 
of the center of the resonance curve on the 
counter units scale. Since the center of the 
resonance curve, as determined by the arith- 
metic mean of the counter readings at two equal 
R values, could be reproduced to one counter 
unit (see Table 1), the over-all frequency error 
of the apparatus is, as already mentioned, about 
0.001 percent. 

The experimental Q values for the cavity with 
brass inner conductor were consistently lower, 
by about 8 percent, than that calculated (Q = 685) 
by Eq. (14) with the additional term in the 
denominator which arises from the losses in the 
end plates. Except for ¢, which was measured on 
the inner conductor, but not on the outer con- 
ductor or on the end pieces, the parameters in 
this calculation are well-known. Since about 80 
percent of the losses occur in the inner con- 
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ductor, the theoretical Q cannot be in error by 
8 percent. 

As errors caused by coupling were eliminated 
(<1 percent), and as no radiation losses could be 
detected, we conclude that the “‘Q deficit” is due 
to unknown losses in the resonator. Imperfect 
contacts at the junctures of the inner conductor 
and the end pieces of the cavity appear to be the 
most probable locations of these losses. Since the 
measured Q’s are ‘reproducible, however, they 
may be used for the calculation of Q. (see 
Appendix II) and no errors arise from the 
existence of the ‘‘Q deficit.” 

The validity of our permeability measurements 
may be questioned, of course, if our failure to 
realize experimentally the calculated Q is due to 
the non-applicability of measured o! values to 
the surface layer of metals. Since some simple 
experiments (non-metallographic polishing of the 
surface of the inner conductor, soft soldering of 
the inner-conductor to the end-plate joints) did 
not increase the Q, the matter was not inves- 
tigated further even though the limited litera- 
ture on this problem appears to contain incon- 
sistent results. As the theoretical value of Q., 
which depends on o@ (see Appendix II), was 
checked experimentally, and as some of the 
final results (the equality Of ustat and wu: for iron 
over a large range of Ho) are so readily interpre- 
table, it was assumed that no anomalies in o 
exist. It should be stated, however, that in the 
case of 45 Permalloy (the extrapolated) experi- 
mental value of Q. is 3 percent smaller than the 
calculated value. 


B. Measurement of x and 6 
(1) Apparatus 


The quantities x and 6 were determined by 
measuring, with two values (Ho and (Ho)pias) of 
an applied polarizing field, the voltage trans- 
mission of the cavity as a function of resonant 
wave-length. From the ratio of the two resonance 


10 The results of the well-known Hagen-Rubens experi- 
ment make it appear extremely unlikely that the value of 
o at UHF differs from the static value. 

The variation of « with a magnetic field (magneto- 
resistive effect) should, in principle, be taken into account. 
For the substances used in our investigation, however, this 
effect is about ten times too small to cause noticeable 


errors. 
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Fic. 2. Schematic diagram of the 1000-ampere pulser and 
block diagram of the timing circuit. The tubes 7; and T2 
are ignitrons (GL-415). 


curves thus obtained (see inset, Fig. 3), x and 
5 are easily calculated. 

The purpose of the circuits to be described is 
twofold. First, a direct current (i.e., the polarizing 
current which generates Ho) must be applied to 
the inner conductor for a short time interval At». 
Second, the high frequency transmission of the 
cavity must be measured during an interval At, 
located within At,, and during an equal interval 
At,’ located outside of Afy. 

In order to eliminate errors caused by the 
transient skin effect, it is obviously necessary for 
H, to be constant (or at least to have penetrated 
into the inner conductor a distance of several 
skin depths) at the time the “viewing pulse” 
measures the high frequency transmission of the 
cavity. By observing the shape of the current 
pulses on an oscilloscope it was found that the 
inductive transients die out in about one" milli- 
second. Nevertheless, a pulse length At, of about 
8 milliseconds was adopted in all measurements. 
This arrangement made it possible to ‘‘move” 
At, within At,, and thus it provided a means of 
checking on the flatness of the top of the current 
pulses by comparing measurements of the cavity 
transmission at different times within Af,. The 
same technique was used and found to be invalu- 
able in investigating heating effects. It was 


11 A rigorous theoretical solution of this transient problem 


is hardly possible as the permeability is unknown. Further- 

more, the field equations become non-linear since the 

effective permeability to the applied square wave field 

depends fin an unknown manner) on Ho. By assuming 

a constant permeability of 1000 (upper limit), however, a 

— time of the order of milliseconds was calcu- 
ted. 
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shown that even in the highest fields the trans- 
mission is independent of the viewing time if the 
front edge of At, is moved between the limits of 
1 msec. and 5 msec. from the beginning of At,. 

To obtain reproducible data in spite of the 
hysteresis effect, it proved necessary to demag- 
netize the sample after every current pulse before 
the ‘‘unpulsed transmission” could be measured 
during the interval At,’. The heating of the inner 
conductor as a result of the combined effect of 
the demagnetizing a.c. and the high current pulse 
necessitated a waiting period of $ to 3 minutes 
between the Af, pulses. It is evident, therefore, 
that a system employing regularly repeated 
pulses would not have any advantages over the 
“single pulse system’’ (SPS) adopted here. 

Figure 1 shows the general function of the 
circuits. Between the instants denoted by ‘‘1” 
and “3’’ a current pulse At, is applied to the 
inner conductor of the cavity. At the instant 
denoted by ‘2’ a trigger activates the single 
pulse voltmeter (SPVM) which measures the 
transmission of the cavity during the viewing 
pulse At, starting at ‘‘2.” 

Figure 2 shows a more detailed schematic 
diagram of the pulser and a block diagram of the 
timing circuit. The high currents are obtained 
from 14 low resistance storage batteries (Navy 
Type No. 17-B-9536) connected in series.” The 
pulses are started and stopped by firing the 
ignitrons JT; and 7», respectively. Tube 7; (the 
“starter’’) is turned off at the end of Aft, by 
applying to its plate a negative pulse from the 
large (3200-uf) condenser through tube 7:2, the 
latter being extinguished automatically as the 
condenser discharges. The magnitude of the 
current pulses is controlled by means of an appro- 
priate series resistor R. For low currents, com- 
mercially available non-inductive resistors of 
high wattage are used. For high currents, the 
resistors were made of manganin wire. The size 
of the voltage pulse across R, as determined on 
a calibrated cathode-ray oscilloscope with a long 
persistence screen (Type P7), provides a measure- 
ment of the polarizing current with an accuracy 
of +2 percent. For the cavity described in this 


12 In view of the relatively long duration of At, and the 
requirement of reasonably flat pulses, the use of a con- 
denser would involve prohibitively large capacities. The 
problem of pulsing a generator was not explored. 
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paper, the value of Ho on the surface of the inner 
conductor (27/10a) is 1.252, where 7 is the 
polarizing current in amperes. 

The timing circuit is largely conventional. By 
adjusting the bias on the three 2050 thyratrons 
it is possible to vary the length of Af,, its position 
on the linear sweep, and the starting time of the 
viewing pulse At,. The length of At, (2 milli- 
seconds) is also adjustable and is determined by 
the time constant of a one-shot multivibrator 
which is a part of the single pulse voltmeter 
(SPVM). 

To determine the transmission of the cavity 
during At,, one might measure the output pulse 
of the receiver (i.e., the voltage drop across the 
load resistance of the second detector) on an 
oscilloscope. This method, however, does not 
have the required precision (<0.5 percent) during 
a single pulse. Instead, we developed the SPVM, 
which consists of a pulsed cathode follower 
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bridge in conjunction with a ballistic galvanom- 
eter'® and measures ballistically the output 
current of the receiver during Af,. Since the 
pulses are flat and At, is constant, the galvanom- 
eter deflection is proportional to the receiver 
output. 

The apparatus described here has _ been 
operating satisfactorily since September, 1946. 
Among the important practical problems that 
were encountered are the elimination of inter- 
ference (the cavity and receiver were situated in 
separate screen rooms) and the minimizing of 
pick-up due to the large pulse currents by prop- 
erly locating the ground points. 


(2) Procedure 


The transmission Vyisas of the cavity in the 
biasing field ((Ho)pias=6.25 oersteds is continu- 
ously applied to the inner conductor) is measured 
on the SPVM by disconnecting the igniters of T; 
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Fic. 3. Typical experimental curve used for the determination of x*and 6 at a given i J 
Inset: Schematic representation of resonance curves for (Ho)vias (left), and Ho (right), illustrating the increased Q and 
increased resonant frequency _obtained_by pulsing the cavity. 
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larizing field and frequency. 


1G. T. Rado, M. H. Johnson, and M. Maloof, “A single pulse voltmeter,” paper to be submitted to The 
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and 7; from the circuit. About # minute later 
(the period of the galvanometer is about 30 
seconds) the cavity is ‘‘pulsed,” and the trans- 
mission V corresponding to Ho is measured. Then 
the sample is demagnetized, and after it has 


MAGNETIC IRON 
et 200 me 


cooled off, both Viiss and V are checked twice. 
Starting from the center of the “‘unpulsed”’ reso- 
nance curve (corresponding to (Ho)piss), the ratio 
u=(Vbias/V)? is measured at various counter 
settings, i.e., various resonant wave-lengths. The 
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Fic. 4. Q ratio and change in resonant frequency as a function of the polarizing field Ho for magnetic iron at 200 Mc. 
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values of x and 6 for any given Ho are determined 
as follows: 

From the standard formula of the resonance 
curve one obtains 


(Voine/ V)? = (Voias’/ V’)? 
x [1+49°(5—Av)?/(v+6)?] 
X[1+4Qpine*(Av/r)? J, 


where Ay is the change in resonance frequency 
measured from the center v of the unpulsed 
resonance curve, and the primed quantities 
denote maximum (i.e., resonant) values. On the 
basis of Section II, the shift 6 in Eq. (24) must 
clearly be -positive: the center (y+6) of the 
pulsed resonance curve (which corresponds to 
relatively small magnetic losses) must occur at a 
higher frequency than the center of the unpulsed 
resonance curve (which corresponds to relatively 
large magnetic losses). 

Since <p, and since for a decoupled resonator 
Veins’ / V’ = Qvias/Q, Eq. (24) may be rearranged 
to yield 


ut (u—1)8=x7+ (6/W)?—(25/W)é, (25) 


where £=Av/W, and 2W=v/Qpias is the width 
of the unpulsed resonance curve at the half- 
power point. 

Plotting the measured quantity u+(u—1)# as 
a function of the measured quantity &, one ob- 
tains a straight line whose slope and intercept 
furnish 6 and x, respectively. Figure 3 is an 
example of such a graph. It is seen that the slope 
of the straight line is negative so that 6 is 
positive, as expected. 

In practice, of course, the frequency is held 
constant and the resonant wave-length changed 
by varying the position of the dielectric bead. 
Expressing all the frequencies in counter units, 
we obtain the expressions! W=1/2qpiss and 
£= —(AC)2qpias which involve only directly mea- 
surable quantities. As the terms of Eq. (25) are 


(24) 


14 Since the correct sign determination for 8 is rather 
important, it seems appropriate to mention that the minus 
sign in the expression for ~ is not erroneous even though 
the cavity is constructed in such a manner that a displace- 
ment of the dielectric bead away from the center of the 
cavity, which causes an increase in the cavity’s resonance 
frequency, happens to be accompanied by an increase in 
the counter reading, The minus sign results from the fact 
that we obtain what is in effect a itive Ay not by 
increasing the applied frequency, which is actually con- 
Stant, but by decreasing the counter reading and thus 
decreasing the resonance frequency of the cavity. 


dimensionless, we obtain 


5= (slope) W/2s kilocycles, (26) 


and 
(27) 


where s and g were defined in connection with 
Eq. (23), and Qpias is the value of g for Hp = (Ho) piss- 

If the response of the apparatus were perfectly 
linear, «= ( Vpias/ V)? would be given by (Gpiss/G)?, 
where G and Gpias are the galvanometer deflec- 
tions corresponding to the voltage transmissions 
V and Vpias. Actually the combined errors re- 
sulting from the small non-linearity of the 
receiver and the SPVM, as well as from the 
flat scale on the galvanometer, happen to lead 
to a rather accurate proportionality between the 
deflections and the nth power of the voltage. 
Thus u = (Gpias/G)?, where the value of (= 1.02) 
is determined by an over-all calibration of the 


x = [intercept — (slope/2)?]-}, 


system with an R.F. signal generator. 


The procedure described above leads to experi- 
mental curves of x and 6 versus Ho. Typical 
results of this kind (magnetic iron at 200 Mc) are 
given in Fig. 4. The saturation values x. and 6. 
are obtained either experimentally, as in the 
case of 4-79 Mo-Permalloy, or by extrapolation 
to infinite fields, as in the case of magnetic iron. 
As stated in paper I, x. can be calculated (see 
Appendix II), and thus it is much more accu- 
rately determined than 6., which must be found 
by a measurement or an extrapolation that can- 
not be verified. 


C. Static Measurements and Preparation of 
Specimens 


The static incremental permeabilities were 
measured by Mr. E. A. Gaugler of the Naval 
Ordnance Laboratory ori the identical specimens 
used for the 200-Mc tests. These samples are 
4-inch diameter rods having a length of 17.75 cm 
(plus threads) and an effective axial ratio of 57. 
A longitudinal magnetizing field was produced 
in an oil-cooled solenoid coaxial with the speci- 
men. The demagnetization correction was based 
on Bozorth and Chapin’s'® tabulation of the 
demagnetizing factor of rods as a function of the 
apparent static permeability and the axial ratio. 
Both the induction and its increment were 


1% R. M. Bozorth and D. M. Chapin, J. App. Phys. 13, 
320 (1942). 
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measured ballistically. The thin search coil was 
placed near the center!® of the rod and the cor- 
rection for the flux in the air space was obtained 
experimentally. Since the incremental changes of 
the magnetic field were sufficiently small, their 
magnitude did not affect the measurements of 
stat. With the exception of the early part of the 
magnetization curve, where the demagnetization 
correction is somewhat uncertain, Gaugler’s 
values of pstat are at least as accurate as our high 
frequency permeabilities. Fortunately, however, 
the exact value of the large static incremental 
permeabilities at very small polarizing fields is of 
little interest (Section V) for our purposes. In 
the coaxial line measurements, of course, the 
demagnetizing field is zero for both the static 
and the high frequency lines of force. The static 
measurements refer to the initial magnetization 
curve rather than to the particular method of 
traversing the magnetization curve used in the 
high frequency case. At polarizing fields of several 
oersteds the difference between these two pro- 
cedures has a negligible effect on pstat. 


4-79 200me 
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All specimens were made from rods'* that had 
been annealed before we received them. The 
process of threading the samples did not sig- 
nificantly change their magnetic properties. This 
conclusion was reached by re-annealing the iron 
specimen (in an He atmosphere at 1100°C) after 
the static and 200 Mc measurements were com- 
pleted, and then re-measuring pstat. The results 
agreed with the original static measurements 
even at small polarizing fields where the effect 
of any appreciable stresses would be most pro- 
nounced. Since the static results could be repro- 
duced on two specimens of equal length made 
from adjacent portions of the iron rod, it was 
unnecessary to attempt static measurements on 
the short (4-cm) specimen, used for our 975 Mc!” 
work, which was cut from the original rod. In the 
case of the permalloys the above mentioned 
verifications were omitted so that residual 
stresses due to the threading may have caused 
Mstat to be too low in the relatively unimportant 
region of small polarizing fields. For large values 
of Ho, however, the static results are in satis- 


Fic. 5. Typical butterfly 
curve (4-79 Mo Permalloy at 
200 Mc) obtained by using a 
d.c. polarizing current. The 
starting point (marked ‘“A”’) 
represents the demagnetized 
state. 


a——._ POLARIZING CURRENT ———» 
Amperes 


16 We are indebted to Mr. R. A. Chegwidden of the Bell Telephone Laboratories for samples of the magnetic materials 
used in this work. 

17 The 975-Mc measurements were made in a special resonator by a method practically identical with the one 
described in the present paper. We wish to thank Mr. H. Rosenblatt for his help in taking ,some of the data. Further 
results, including the effect of surface treatments on the complex permeability, will be_reported in a later publication. 
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TABLE II. Summary of butterfly data. 











I Il III 
v Ho 
Material in Mc at max » 


IV Vv VI 
w/o 


Mo at Ho =18 oersteds at max yu 





Iron 0 1.0 
200 A 
975 


Mo Permalloy 0 
200 


45 Permalloy 0 
200 


55 (198) 0.5 2.5 
95 0.68 1.10 
66 0.87 1.01 


~10-+ 
0.41 


0.06 d 
0.87 03 


7,000 (11,700) 
64 


1,200 (2,700) 
81 








Column I: The materials used by Elmen (see reference 22) for his static measurements were Armco iron, 3.8-78.5 Mo Permalloy, and 45 Per- 


malloy, whereas the high frequency results refer, of course, to magnetic iron, 4-79 Mo Permalloy, and 45 P. 


loy. Any comparison of the static 


and high frequency data of this table must thus be qualitative. Only the data of Figs. 9, 11, and 12 may be used for a quantitative comparison of 


static and high frequency results. 


Column II: The data quoted for »=0 are Elmen's (see reference 22) results at 200 cycles/sec. Presumably these data apply to the static case. 
Columns III-VI: At the high frequencies, the permeabilities listed in these columns are equnoemt permeabilities (uz) and were measured (Section 


IV) by the brass substitution method in conjunction with the butterfly technique. At zero 
tat). In either case the subscript zero indicates that Ho =0. Except for the data in parentheses, which refer to the demagnetized state, 


meabilities 


requency the permeabilities are static incremental per- 


all values of yo (including those in the ratios of columns V and VI) refer to the cross-over point of the butterfly and are thus characteristic of 
remanence. The high frequency results were obtained from butterfly curves whose maximum value of Ho was taken as 17.7 oersteds in the case of 
magnetic iron and 4-79 Mo Permalloy, and as 35.4 oersteds in the case of 45 Permalloy. 


factory agreement with representative values 
published by Legg.}* 

The surface of each specimen is reasonably 
smooth, only a few fine ridges in the direction of 
the axis being visible to the unaided eye. Micro- 
scopic examination revealed additional irregular 
striations and pitted regions. 

The purity of our magnetic iron is listed as 
99.94 percent, and a spectrochemical analysis at 
this laboratory showed that the metallic im- 
purities total less than 0.03 percent. It seems 
reasonable to assume, therefore, that the ac- 
cepted value! of the anisotropy constant of iron 
agrees closely with that of our particular ma- 
terial. The pertinent conclusions of Section V 
remain valid as long as the discrepancy between 
these two values does not exceed a factor of 
three. 


IV. HYSTERESIS EFFECTS 


The measured quantities Qpias, x, and 6, and 
hence the high frequency permeability, were 
found to be independent of the R. F. field 
strength for values around 0.01 oersted. This 
shows that for sufficiently small fields ordinary 
hysteresis is absent at 200 Mc so that all our 
results refer to reversible magnetization processes. 
In fact, the trend of the data of Kreielsheimer”’ 
indicates that even for fields of several oersteds, 


18 V. E. Legg, Bell Sys. Tech. J. 18, 438 (1939). 
19 See reference 1, pp. 234-237. 


ordinary hysteresis is no longer present at 
200 Mc. 

The static (or low frequency) magnetization, 
however, is subject to ordinary hysteresis with 
respect to the polarizing field Ho. For this reason, 
the R.F. permeability is a double valued function 
of Hp if the latter, instead of being applied in 
pulses starting from a uniquely magnetized state 
(as in Section III), is applied cyclically to the 
magnetic specimen. It is this dependence that 
will be referred to as “hysteresis effect” through- 
out the present paper. The double valued func- 
tion mentioned above has the form of the 
“butterfly” curve which will be discussed later. 
This curve represents the combined effect of 
those reversible processes which are still effective 
at 200 Mc; the independent variable is essentially 
the state of static magnetization of the specimen. 

Hysteresis effects of this kind can be rapidly 
examined in relatively small polarizing fields by 
using a direct or low frequency current through 
the center conductor and measuring the high 
frequency transmission of the cavity as a func- 
tion of cyclic polarization. Although this method 
yields only the apparent permeability ur” rather 
than yu; and po, it does have the advantage of not 
requiring the complicated pulse technique which 
was developed primarily for the accurate mea- 
surement of resonance frequency changes. On 
the typical ‘“‘butterfly’’ curve shown in Fig. 5, 


20 As shown in Appendix IV, ur= |u| +2. 
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the voltage transmission of the cavity, as deter- 
mined by the rectified current output.of the 
receiver, is plotted against the polarizing current 
in amperes. The dielectric bead, which is adjusted 
to resonate the cavity at H»=0, remains fixed 
throughout the experiment. 

To interpret the butterfly curves we use an 
equation similar to (24) and obtain 


(Vo/ V)? = (Vo'/ V")?[1+402(8’ — Av)?/(v+8’)?] 
X[1+4Qc?(Av/»)* J, (28) 


where the subscript zero refers to the demag- 
netized state (H)=0) and & is the change in 
resonance frequency corresponding to a change 
in polarizing field from zero to Ho. Since Vo'/V’ 


Fics. 6 and 7. Oscillograms of butterfly curves for mag- 
netic iron at 200 Mc (Fig. 6), and at 975 Mc (Fig. hy, 
using a 60-c.p.s. polarizing field of 17.7-oersted amplitude. 
The ordinates represent the modulated part of the cavity 
transmission and the abscissae are proportional to the 
polarizing field. The noise signals appearing in Fig. 7 are 
a result of the larger gain used at 975 Mc, where the de- 
pendence of the permeability on a polarizing field is less 
pronounced than at 200 Mc. 
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=Qo/Q, 5’<v, and Av=0, Iq. (28) becomes 


(Vo/ V)? = (Qo/Q)*L1+(8'/W")?], (29) 


where 2W’=v/Q is the width, at the half-power 
point, of the resonance curve corresponding to a 
polarizing field Ho. From the measurements of 6 
versus Hy we know that 6’<W’ for all but very 
high fields. In the case of magnetic iron, for 
example, the maximum value of 6, which is 
almost as large as 4’, is about 80 kc, whereas the 
corresponding W’ is about 167 kc (v=2X105, 
Q=600), so that (6’/W’)? never exceeds 0.23. 
Thus, we may use 


Vo/ 1 =Qo/Q (30) | 


instead of Eq. (29) for !ow and intermediate Hp. 

If the inner conductor of the cavity consisted 
completely of the magr.etic material under inves- 
tigation, and if the rest of the cavity had infinite 
conductivity in addition to being non-magnetic, 
then the measured Q’s, and hence the ordinates 
of the butterfly curve, would be inversely propor- 
tional to the corresponding a’s and to the square 
root of the apparent permeabilities.4 

In the actual case of an imperfect cavity with 
a partially magnetic inner conductor, we have, 
analogously to Eqs. (15) and (17), 


ag—a=(1/2y)(1/Qo—1/9Q), 


which may be rewritten. by using Eq. (30) to 
yield 


(ao — a) / a9 = (1/2yQoao) ( V-— Vo)/ V= N, (31) 


where the measurable quantity 9 equals”! the 
fractional change of the square root of the ap- 
parent permeability as the polarizing field is 
changed from zero to some value Ho. 

From Eq. (31) we obtain* the expression 


ur/(ur)o=(1—9)?, 


used for the interpretation (Table II, Section V) 
of the butterfly curves. To determine 9t and to 
find the actual value of (uz)o the quantity a» must 
be measured. This is accomplished with a fair 
degree of accuracy (<15 percent) by actually 
substituting a brass inner conductor for the par- 
tially magnetic inner conductor. Simple Q mea- 
surements may then be used (without pulsing) 


(32) 


#1 As shown in Appendix IV, a/a.= (ur). 
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to obtain ao from the equation 


ao— apr =(1/27Qz-)[(Qa-/Qo)—-1], (33) 
where the subscript'Br refers to brass. The atten- 
uation ag, is calculated from Eq. (19) by using 
pzr in place of p. 

The butterfly curve shown in Fig. 5 was taken 
on 4-79 Mo Permalloy (at 200 Mc) by using a 
continuous direct current to generate the 
polarizing field. Starting from the demagnetized 
state, marked ‘‘A,” the dashed line corresponds 
to the initial magnetization curve and merges 
into the butterfly curve (solid line) when the 
cyclic state is reached. ‘Khe slight unsymmetry 
of the curve is due to heating effects caused by 
the application of the pblarizing current for a 
relatively long time. The effects may be avoided 
by using a polarizing ct/rrent of low audiofre- 
quency and displaying the rectified cavity output 
on an oscilloscope where the butterfly curve may 
be photographed. The curve corresponding to the 
initial curve, of course, does not appear when an 
alternating polarizing field is used. Figures 6 and 
7, taken on magnetic iron at 200 and 975 Mc, 
respectively, provide examples of such photo- 
graphs. A further refinement is introduced by 
“chopping”’ the receiver output by means of an 
electronic switch. This method allows the zero 
level of the cavity transmission to be included in 
the photograph as a horizontal straight line that 
can be used for reference purposes. The typical 
example of Fig. 8 shows this type of presentation 
for 4-79 Mo Permalloy (at 200 Mc) where the 
permeability, and consequently the modulation 
of the cavity output, are relatively large, so that 
details of the butterfly curve are discernible. In 
those cases where the modulation is small com- 
pared to Vo, the cavity transmission for H)=0, 
the determination of 9 requires a scope calibra- 
tion. The latter involves measuring the number 
of divisions on the screen of the cathode-ray tube 
which would be equivalent to Vo if the gain were 
equal to that used in connection with the but- 
terfly photograph. 

The general results of the butterfly investiga- 
tions may be summarized as follows: 

(1) As expected, the shape and size of the butterfly 
curves is independent of the frequency of the polarizing 
field. Experiments in support of this statement were carried 


out on the same specimen at frequencies of zero, 60, 400, 
and 800 cycles/sec. 
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Fic. 8. Oscillogram of a typical butterfly curve (4-79 
Mo Permalloy at 200 Mc) obtained by using an electronic 
switch; the ordinates represent the total cavity trans- 
mission. 


(2) The butterfly curves do depend, to a small extent, 
on the maximum value of the polarizing field that is used 
in traversing the hysteresis cycle. 

(3) There seems to be a superficial resemblance between 
our butterfly curves and the butterfly curves obtained by 
plotting the incremental static” permeability as a function 
of a polarizing field. In detail, however, these two types of 
curves differ in two important respects: 

(a) As the polarizing field is changed from zero to 
several oersteds, the apparent high frequency permeability, 
as computed from the butterfly curve, changes by a much 
smaller fraction than the incremental static permeability. 

(b) The positions of the minima on the high frequency 
butterfly curve, which correspond to a maximum apparent 
permeability, often occur at larger values of Ho than those 
on the static curve for the same substance. 


Numerical data (Table II) on the statements 
“a” and “db,” as well as their interpretation, are 
given in Section V. 


V. RESULTS AND DISCUSSION 


As the penetration depth of a 200-Mc electro- 
magnetic wave in iron or permalloy is less than 
10-? cm, the measured permeabilities are surface 
properties of the metal under investigation. In 
any interpretation of the data consideration 
must therefore be given to the effect of surface 
conditions on the processes of magnetization as 
well as to the response of these processes to high 
frequency excitation. Static measurements deter- 


2G. W. Elmen, Bell Sys. Tech. J. 15, 113 (1936), 

ublished such curves for several magnetic substances. 

he frequency of the small alternating field was 200 cycles/ 
sec., and its amplitude was of the order of 0.001 oersted. 
Presumably, however, the results would have been the 
same if a static incremental field had been used. 
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mine the magnetization in the interior of the 
metal and give some indication of the processes 
of magnetization taking place at various points 
on the magnetization curve. Consequently, when 
made on the same sample of metal as the high 
frequency measurements, they are an invaluable 
aid in disentangling the different effects. 

Our results for magnetic iron at 200 Mc and 
975 Mc are shown in Fig. 9. Curves are given for 
the in-phase and out-of-phase components of the 
permeability, uw: and ye, the static incremental 
permeability, pstat, and the loss tangent of the 
susceptibility, u2/(ui—1). The latter are the two 
topmost curves whose ordinate scale is on the 
right-hand side of the figure. 

The most striking feature of our experimental 
results is the equality of pestat and mw: at both fre- 
quencies for all values of the polarizing field, Ho, 
greater than 50 oersteds. It is evident from Fig. 
10, in which a typical?* magnetization curve for 
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magnetic iron is shown, that these fields are well] 
beyond the knee of the magnetization curve. 
Consequently, we may conclude that the pro- 
cesses giving rise to changes in magnetization 
close to saturation respond fully (only weakly 
damped) to the high frequency excitation and 
that they differ in no way on the surface and in 
the interior of the samples we used. 

The process known to be present, and usually 
assumed to be wholly responsible for mag- 
netization changes close to saturation, is termed 
domain or spin rotation. According to this con- 
ception,! developed by Akulov and Gans, the 
metal is divided into domains in which the spins 
of the individual ions are ridigly coupled by the 
Heisenberg exchange force so that each domain 
is magnetized to saturation. The direction of the 
domain spin is fixed by the balance between the 
torque of the applied field and the torque from 
the anisotropy in the crystalline field. Changes in 
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Fic. 9. Experimental permea- 





bilities as a function of the 
larizing field Ho for magnetic 
iron at 0, 200, and 975 Mc. 
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% The typical magnetization curves of Figure 10 were taken from Legg’s paper (see reference 18). 
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magnetization are produced by disturbing this 
balance when the applied field is altered. Satura- 
tion occurs when the torque of the applied field 
is so large that the crystalline field has a neg- 
ligible influence on the direction of the domain 
spin. 

The fact that yi=ypetat implies that domain 
rotation, at least for Hp>50 oersteds, responds 
fully to 975-Mc excitation. If the penetration 
depth of the 975-Mc field were smaller than the 
domain size, this would not be possible. The 
torque exerted on the spin would then be smaller, 
and since the rigid spin coupling causes the whole 
domain to rotate, the induced magnetization in 
the region of the applied field would be dimin- 
ished. As the experimental result shows that the 
response is not diminished, and as the penetra- 
tion depth of a 975-Mc wave in iron for p.=25 
is 1.0X10-* cm, we can conclude*‘ that the 
domains whose spins rotate are smaller than 10~4 
cm for polarizing fields between 50 and 500 
oersteds. It should be noted that the entire 
volume in which the high frequency field exists 
must be partitioned by domains to this size. If 
this were not so, the contribution to ustat of spin 
rotation, which takes place throughout the metal, 
would be larger than to y1. 

The question arises as to whether 10~‘ cm is 
the largest possible domain size. Recent experi- 
ments on the depolarization of slow neutrons*”® 
by the magnetic discontinuities in iron in a field 
of 10,000 oersteds have shown that the ultimate 
domain size is certainly greater than 7X 10-* cm 
and is probably the size of the microcrystal 
itself. Microphotographs of the samples used in 
the present experiments show a grain size*® of 
1.4X10-? cm+20 percent. Consequently, the 
ultimate domain size in our samples is at 


* This is contrary to the assumption used by C. Kittel, 
Phys. Rev. 70, 281 (1946), who attributed the decrease 
of the permeability at high frequencies to the smallness of 
the skin depth compared to the domain size. (The Bark- 
hausen effect leads to estimates (see reference 1) of domain 
dimensions ranging from 10-* to 10~* cm.) 

%D. J. Hughes, J. R. Wallace, and R. H. Holtzman, 
Phys. Rev. 73, 1277 (1948). See also O. Halpern and T. 
Holstein, Phys. Rev. 59, 960 (1941) and F. Bloch, M. 
Hammermesh, and H. H. Staub, Phys. Rev. 64, 47 (1943). 

26 Even if iron oxide occlusions, clearly visible in the 
microphotographs, should determine the ultimate domain 
size, it would be coat than 3X10-* cm. This seems a 
very unlikely possibility because such occlusions must have 
been present in the iron used in the neutron experiments 
and furthermore the hydrogen annealing had reduced most 
of the oxygen in the surface of our samples. 
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Fic. 10. Typical ¢ wemany curves (reproduced from 
Leggs’ (see reference 18) paper) for magnetic iron, 4-79 Mo 
Permalloy and 45 Permalloy. 


least a hundred times the limit (10-* cm) set 
above. 

The fact of a larger domain size at fields above 
500 oersteds means that the domains existing in 
fields below 500 oersteds (which must be smaller 
than the skin depth for ».=4, and thus smaller 
than 2.5X10-‘ cm) are not stable, and that in 
higher polarizing fields they coalesce to form the 
larger domains. Therefore, above 500 oersteds 
wall displacements still occur and must con- 
tribute to changes in magnetization. We are, 
therefore, led to the idea of domains that are far 
more stable than those commonly supposed to 
exist at low fields and to disppear at the knee of 
the magnetization curve. It is most unlikely that 
wall displacements should contribute to mag- 
netization above 500 oersteds and not below it. 
Consequently in the region 50 <Hy)<500 oersteds 
wall displacements should also be contributing 
to the magnetization. | 

The existence of wall displacements for Hy > 50 
oersteds is confirmed by the quantitative results 
of the spin rotation theory. According to Gans’” 
formulae, which give the permeability in terms 
of the applied field, the saturation moment per 
unit volume, and the anisotropy constant, the 
permeability from spin rotation in zero field for 
polycrystalline iron is 14. As yw: (or pstat) is not 
reduced to this value until a polarizing field of 
140 oersteds is applied, the actual permeability 


27 R, Gans, Ann. d. Physik 15, 28 (1932). 
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exceeds** the calculated value by a large 
amount throughout this region. Since the condi- 
tions for the applicability of Gans’ theory are 
well satisfied in our samples, this excess in the 
permeability can be attributed to changes in 
magnetization by wall displacements. 

Let us next consider how the ‘50-oersted 
processes’ of magnetization may behave at lower 
fields. The domains involved certainly cannot 
become larger; hence the contribution of spin 
rotation should still be present in accordance with 


28 H, Lawton and K. H. Stewart, Proc. Roy. Soc. A193, 
72 (1948), have calculated magnetization curves for iron 
single crystals of simple shape for the case where the field 
is applied in an arbitrary direction with respect to the 
crystal axes. Their theory (which takes into account de- 
magnetization effects on the surface of the sample) is based 
on spin rotation and the results are in good agreement with 
experiment down to relatively small fields. it therefore 
appears that the magnetic behaviour of polycrystals and 
single crystals is fundamentally different. 

2®It may be noted that microscopic observations of 
magnetic powder patterns on unstrained surfaces of single 
crystals indicate magnetic inhomogeneities of about 107? 
cm. See H. J. Williams, Phys. Rev. 70, 106 (A) (1946); 
also 71, 646 (1947); 72, 529 (A) (1947); 73, 1246 (A) (1948). 
If magnetic structures smaller than 10~‘ cm existed in a 
single crystal, they could not be detected with the resolving 
uerd« microscope utilizing visible light. 


Gans’ formula. The domain walls, however, must 
contribute much more in order to account for the 
high values of pstat at low fields. This may occur 
either because of the motion of additional walls 
obtained by subdivision of the 50-oersted 
domains (the notation Ho-domain is used to 
designate a domain that exists in a field of Ho 
oersteds) or because of the increased mobility 
and perhaps increased length of 50-oersted 
domain walls at lower fields. The first alternative 
means that magnetization (at any frequency) in 
lower fields occurs not only by processes active 
in higher fields but also by additional processes 
which come into being at the lower fields. The 
second alternative means that the larger mag- 
netization changes in lower fields are the results 
of altered characteristics in the process active at 
higher fields. 

The damping forces on domain walls are pre- 
sumably the result of eddy currents induced by 
the change in magnetization when the walls are 
displaced. While the damping forces depend on 
the velocity of the wall, they do not depend 
directly on the polarizing field or on the stability 
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45 Permalloy at 200 Mc/sec. 























Fic. 12. Experimental per- 
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the polarizing field Ho for 45 
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of the wall. On the other hand, the restoring 
force should be larger for the domain walls in 
higher fields because only the domains of greater 
stability exist in the higher fields. It is thus 
easily shown®™ that the induced magnetization, 
and hence u—1, has the form 


H—1=(ustet—1)(1—tw7)(1+0*r?)—!, (34) 


where 7 is a relaxation time that is smaller for 
the more stable domains. When the walls are 
highly damped, wr>1, and the out-of-phase 
component of magnetization, yz, is much larger 
than the in-phase component, yu:—1. 

Examination of Fig. 9 shows that pgtat in- 
creases by a factor of four in passing from 6.25 
oersteds to zero fields. Since yu; at 200 Mc is but 
a fifth of usta: at Ho =0, these weak-field domain 
walls must be highly damped* and do not con- 

0 R, Becker, see reference 1, pe. 237-242. The general 
reasoning given by Becker may be applied individually to 
the walls of all the domains characteri by a given 
degree of stability. All such walls have a relaxation time 
which depends on the degree of domain stability; their 
displacements contribute a portion (according to their 
number) to the total static and high frequency suscepti- 
bility. j 

1 The extinction of wall displacements mentioned in 
paper I refers to the weak-field domains. 
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tribute to yw. Furthermore, nothing like the 
fourfold increase in pstat is reflected in ue: so that 
the contribution of weak-field domain walls to pe 
must also be small. As Hp is reduced from 6.25 
oersteds to zero, the increase in wu, amounts to 
about 18.” This figure sets an upper limit on the 
contribution of weak-field domain wall displace- 
ments to ue. Since pstat ~ 360 at Hy=0, Eq. (34) 
gives wr>20 at 200 Mc so that weak-field wall 


#Qur permeability data for H)<6.25 oersteds (not 
shown in Figs. 9, 11, and 12) are uncertain because of the 
hysteresis effect, and only approximate values can be 
given for the permeability at H»=0. These are »,=78 
and uw2=38 at 200 Mc, and wi=36 and w2=25 at 975 Mc. 
To compare these results with those given in the literature 
we note that C. Kittel, Phys. Rev. 70, 281 (1946), has 
summarized the experimental values of the apparent per- 
meabilities uz and yz of “‘iron’’ and drawn a smooth curve 
through the most reliable data. Using this oy 8 pee 
curve, and the equations of Appendix IV, we find u41=80 
and u2=39 at 200 Mc, and wi=u2=34 at 975 Mc. The 
good agreement between the two sets of data is largely 
accidental because the mean values derived from previous 
measurements refer to different materials (even in the case 
of ue and wz at the same frequency) and are subject to 
considerable variations. This statement is supported by 
recent results of G. Eichholz and G. F. Hodsman, Nature 
160, 302 (1947), on the apparent permeability ue in 
various types of iron and steel. A comprehensive review of 
past work on apparent permeabilities at high frequencies 
was given by J. T. Allanson, J. Inst. Elec. Eng. 92, Part 
III, 247 (1945). 
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displacements must show considerable damping 
(wr +1) at some frequency below 10 Mc. 

The extinction of weak-field domain wall dis- 
placements implies that the first of the two alter- 
natives above is correct, and the high frequency 
magnetization in weak fields arises almost 
entirely from strong and _ intermediate-field 
domain walls (and spin rotation). The character 
of these processes remains sensibly unchanged at 
the lower fields. This is most clearly shown by the 
behavior at 975 Mc where both y; and ype are 
nearly constant below 50 oersteds; spin rotation 
accounts for the slight increase in w:. According 
to our view 50-oersted domain walls and spin 
rotation are responsible for the entire permea- 
bility at 975 Mc below 50 oersteds. At this fre- 
quency 4: in intermediate fields is smaller than 
at 200 Mc, and this fact indicates that the 6- to 
50-oersted domain wall displacements have been 
damped out at 975 Mc. The decrease of the loss 
tangent at 200 Mc from 10 to 50 oersteds is 
explained naturally by the disappearance of the 
intermediate-field domains whose wall displace- 
ments are more damped. 

One difficulty occurs in the use of Eq. (34). 
The loss tangent of 0.65 at 50 oersteds for the 
975-Mc permeability implies that py: should be 
about 30 percent smaller than petat, a discrepancy 
which is definitely outside the experimental 
error.** Consequently there is some doubt as to 
. the meaning of the experimental values of ue or 
as to the applicability of Eq. (34). There are 
some indications (which will be reported in a 
later paper) that the experimental values of pe 
depend on surface conditions much more sen- 
sitively than those of yw. 

Our results for 4-79 Mo Permalloy (4-percent 
Mo, 79-percent Ni) and for 45 Permalloy (45- 
percent Ni) are shown in Figs. 11 and 12. As in 
the case of magnetic iron, relatively small 
damping is indicated at high polarizing fields. 
Contrary to the situation in iron, »; becomes 


33 The error in 4; is estimated as less than +5 percent 
but the values of us are considerably less certain. Since ps 
depends on the small difference a—8 (Eq. 22), it is dif- 
ficult to determine at fields close to saturation. This is 
especially true in iron, where 6. could not be measured 
directly and was found by an extrapolation (as in Fig. 4) 
that is subject to an error of about +2 percent. Neverthe- 
less, the error in ye is estimated as less than +10 percent 
for small values of H» and as less than +50 percent at 
Ho=500 oersteds. 
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larger than pstas and higher values of Ho are 
required to reduce yw: to unity than to produce 
static saturation. As the possibility of resonance 
is excluded by the behavior of us, the surface 
layer of Permalloy behaves like a “harder” 
magnetic substance than the interior. This is 
probably not the effect of a demagnetizing factor 
from surface scratches, which, on microscopic 
examination, appear no more pronounced in the 
permalloy than in the iron samples. It could 
result from stresses in the surface because the 
magnetic properties of Permalloy are much more 
sensitive to stresses than those of iron. To under- 
stand such effects a comprehensive investigation 
of surface conditions has been undertaken, a part 
of which has appeared.*4 Whatever the effect, 
it could undoubtedly change the weak-field 
domain wall displacements in Permalloy. How- 
ever, the complete extinction of the large changes 
iN pstat When Hy is less than 0.5 oersted indicates 
strongly that these displacements are highly 
damped in Permalloy also. 

So far we have not discussed the ‘irreversible 
wall displacements that take place when one 
domain configuration changes to another con- 
figuration of lower energy, which is not obtained 
from the first by infinitesimal displacements. 
The high frequency changes in magnetization 
are necessarily reversible (see Section IV). 
Nevertheless, the response depends on the 
domain configurations and will reflect changes 
in these configurations whether they are re- 
versible or irreversible. This is clearly demon- 
strated by the results of the technique described 
in Section IV which are summarized in. Table I]. 

In general the hysteresis effects shown in the 
oscillograms of Figs. 6, 7, and 8 are smaller at 
200 Mc and much smaller at 975 Mc than might 
be expected from the corresponding changes in 
static fields. This is illustrated in columns V and 
VI of Table II in which the permeability at zero 
field in the remanent® state is compared to the 
permeability in a polarizing field of 18 oersteds 
and to the maximum permeability reached in the 


34G. T. Rado, M. Maloof, and H. Rosenblatt, Phys. 
Rev. 74, 1206 (A) (1948). 

35 The effects indicated by these comparisons would 
appear more pronounced had the ratios in columns V and 

I of Table II referred to the demagnetized state rather 
than to the remanent state. 
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hysteresis cycle. This result follows at once from 
the extinction by damping of the weak-field do- 
main wall displacements which contribute most to 
the static changes in magnetization at low fields. 

Inspection of column III of Table II shows 
that the maximum permeability in the hysteresis 
cycle occurs at a higher polarizing field for higher 
frequencies. As the changes in permeability in 
low fields at 200 Mc are mostly wall displace- 
ments of the 6- to 50-oersted domains, the coer- 
cive force for these domains is greater, as might 
be expected from their greater stability, than it 
is for the weak-field domains. Similarly at 975 
Mc the wall displacements of 50-oersted domains 
give a still greater coercive force. 

Another interesting feature of the results is 
that the hysteresis loops indicated by the high 
frequency measurements (butterfly curves) are 
wider than the corresponding static ones. Since 
at 975 Mc the permeability changes are due to 
the most stable domains, the ratio of high 
field hysteresis changes to low field hysteresis 
changes will be greatest for 975 Mc in accordance 
with observation. Indeed the existence of wall 
displacements at 500 oersteds implies that irre- 
versible changes can take place in this strong a 
field. 

The absence of any hysteresis effects reflecting 
irreversible changes it? weak-field domains re- 
quires an explanation when it is remembered 
that we have already indicated why spin rota- 
tion in these domains must contribute a con- 
siderable fraction of the high frequency per- 
meability. Of course at low frequencies the rela- 
tive contribution of spin rotation to the weak 
field permeability is very small. Since the induced 
magnetization in spin rotation depends on the 
magnitude of the angle between the spin direc- 
tion and the applied field, an irreversible change 
that alters this angle will be reflected in the spin 
rotation permeability. However, if the irre- 
versible displacement is simply a reversal in sign 
of the spin direction (“180-degree wall”) along 
the crystal axis, there will be no change in spin 
rotation permeability. It seems plausible that 
the irreversible changes occurring when the 
direction of the applied field is reversed are of 
this kind and should be the predominant type 
for weak-field domain hysteresis. 


APPENDIX 
I. Theory of the y-Factor 


In this appendix we calculate the change of the propaga- 
tion constant (or refractive index) in a coaxial cavity 
resulting from a replacement of a section of the inner con- 
ductor by a similar section which differs in its conductivity 
and/or permeability from the original section. The result 
applies if one metal (A) is replaced by another metal (B), 
as in the substitution method of Section IV, or if the 
electromagnetic properties of a given metal are altered by 
a static magnetic field (Section II) or other means. For 
the purpose of this calculation we may assume, without 
loss of generality, that the outer conductor and end plates 
of the cavity are perfect conductors and non-magnetic. 

The refractive index (n=k/ko) is given by n4=1—iag 
+8, and its deviation from unity is now due to the inner 
conductor only. If the whole inner conductor (A) were 
replaced by another metal (B), the change of the refractive 
index would be An = —i(ag—aa)+(8s—8a), but if only a 
section of the inner conductor is replaced, the value of An 
must be modified as shown below. 

The cavity may be divided into three sections according 
to the properties of the inner conductor. In Sections I 
(z=0 to z=2,) and III (g=z2 to z=23~Xo/2) the inner 
conductor consists of metal A, and in the intermediate 
Section II (z=z; to z=z2) it is made of metal B. As the 
tangential components E, and H of the field must be con- 
tinuous at the boundaries (2; and 22), the impedance 
Z=E,/H must also be continuous, and the solution of the 
boundary value problem may be carried out in terms of Z. 
Since Z=—n in a coaxial line (Eqs. (1) and (2)), the 
expression 

m= Nm (C9 — Cm?) (9 +-Cm'e-9) 

is consistent with the field equations and describes the 
reflection of the waves in the cavity. Here @ is an abbrevi- 
ation for immkoz, the reflection coefficients c»,’ are unde- 
termined constants, and the subscript m (m=I, II, III) 
identifies the three sections of the cavity. Writing the 
constants in exponential form (¢m’=exp(—2cm)) the ex- 
pression for Z» is equivalent to 


Zm = tn, tanh (itmkoz+ Cm). 


The value of the refractive index in the various sections of 
the cavity is given by my == and my =ng=n4+An. 
Since cy’=1 (EZ, vanishes at z=0), cr=0, and only the two 
constants cyy and cyyz are unknown. These constants may 
be evaluated from the two equations resulting from the 
boundary conditions Zy=Zyz at 2, and Zy=Zyy at 2:2. 
The calculation is based on the same approximation 
(k—ko<ko, or n—1<1) which was used in Section II, and 
the result shows that both cyz and cy may be treated as 
small quantities of the order of An (An<1). It is convenient 
to introduce the quantity 7 defined by 


v= (1/) [koL + (2 sin*koD —1) sinkoL], (A-1) 


where L=z.—z; is the length of the replaced section 
(metal B) and D=|Xo/4—(2:+22)/2| is the distance of 
its center from the center of the resonator. Using this 
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abbreviation, we obtain czy =iryAn, and the value of Zy11 
at the end of the cavity (s=2z3~Xo/2) is thus given by 
na tanh[ix(na+~yAn) ]. Since y=1 if the whole inner con- 
ductor is replaced (L ~\o/2), the result of the calculation 
is that the change of the refractive index due to a replace- 
ment of a section of the inner conductor is given by yAn. 

The foregoing calculation neglects the end-effects 
existing at z, and 22; if LZ is sufficiently large, however, 
these effects may be shown to be negligible. Measurements 
of the cavity Q for several positions D of a given magnetic 
rod permitted several independent determinations of the 
attenuation ao. Since these determinations made use of 
Eq. (33), which contains +, the observed agreement (within 
the experimental error) of the various values of ao con- 
stitutes an experimental verification of the formula (A-1) 
for y. In this connection we note that D must be measured 


from the electrical center of the cavity rather than from . 


the mechanical center. The electrical center was found 
experimentally by determining the position corresponding 
to maximum Q on a symmetrical curve of cavity Q versus 
position of the magnetic rod. Other experiments showed 
that at 200 Mc L=17.75 cm is sufficiently large, and L=4 
cm too small, for the y-formula to be applicable; for 
L>10 cm, deviations caused by end-effects appear to be 
negligible. In all the 200 Mc measurements we used 
L=17.75 cm and obtained a convenient value for Qpias 
(Qc/Qvias2) by adjusting the distance D. 


II. Calculation of Q. 


Let us compare a cavity with brass inner conductor and 
a similar cavity whose inner conductor consists of a section 
of magnetic material and two sections of brass, as described 
in Section II. In analogy with Eqs. (17) and (33) we have 


(1/2)(1/Qa—1/QBr) = 7(aa—aBr). (A-2) 


The difference in losses represented in Eq. (A-2) is inde- 
pendent of any attenuation in the outer conductor and end 
plates, as well as of unknown losses in the cavity. In 
calculating a. and ag, which refer to the inner conductor, 
we use Eq. (19) with suitable values for the resistivity. 
Substituting the resulting expressions into Eq. (A-2), one 
obtains 


1/Q.=yc(p'— pz,t)/4avta In(b/a)+1/Qar,  (A-3) 


where the resistivities p (of the magnetic material) and pz, 
(of brass) are in e.s.u. (seconds). Equation (A-3) allows 
the calculation of Q.. from the measured value (Qar) of the 
cavity Q with brass. inner conductor. The resistivities are 
measured on the actual rods used for the inner conductor 
and the remaining quantities are determined by the dimen- 
sions of the cavity and the frequency. 


III. Theory of the Dielectric Tuner 


In considering the effect of the dielectric tuner on the 
resonant wave-length of the cavity, we may assume, 
without loss of generality, that the cavity has ideal walls. 
Thus the refractive index in the cavity is unity except 
in the region occupied by the dielectric bead; in this region 
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n=eqgt, where eg is the dielectric constant (assumed to be 
a real number) of the polystyrene bead. By solving a 
boundary value problem similar to that involved in the 
theory of the y-factor, and assuming that the length Ly of 
the bead is small (Zako1), one obtains the following 
expression for the increase of the resonant wave-length 
(Ado) of the cavity as a result of the presence of the bead: 


Ardo=2La(ea— 1) sin*koLa’, (A-4) 


where L,’ is the distance of the bead from either end of the 
cavity. Equation (A-4) shows, in agreement with experi- 
ment, that the calibration of the cavity (Ado versus position 
of the bead) is sensibly linear over an appreciable partof the 
range between one end of the cavity (Zg’=0) and its center 
(La’ +do/4). Because of the effect of the bead, the electrical 
center of the cavity (Appendix I) is moved slightly from 
the mechanical center to that side of the cavity which 
contains the bead. The changes in the cavity Q caused by 
displacements of the low loss polystyrene bead are neg- 
ligible. 


IV. Significance of Apparent Permeabilities 


Assuming that the permeability yu is real, Eqs. (6) and 
(19) lead to the relations a/a.=y? and B/8.=p', where 
Qo =B. is the value of a (or 8) if the permeability is unity. 
Since, in general, a and 8 are not equal, the assumption of 
a real uw is contrary to experimental facts. Contradictions 
of this kind are well known (see reference 1, pp. 233-237) 
and led to a distinction! between a real permeability, up, 
determined from a resistance measurement, and a real 
permeability, uz, determined from a reactance measure- 
ment. As pointed out by Becker! and particularly by 
Kittel (Phys. Rev. 70, 281 (1946)), however, these two 
types of measurements reveal different aspects of the same 
fundamental phenomena. Experimental data may be 
expressed either in terms of the two apparent permeabilities 
ur and ur (ur yz), or in terms of the complex permeability 
employed in the theory of W. Arkadiew (Physik. Zeits. 
14, 928 (1913)). 

In our experiment the measured attenuation is due to 
resistive losses and the measured change of phase velocity 
is due to reactive changes. Thus, the definition of the 
apparent permeabilities leads to 


a/ao=urt and B/Bo=ux}. (A-5) 


Substituting the relations (A-5) into Eqs. (21) and: (22), 
we obtain 

wi = (urpz)}, (A-6a) 
and 


u2= (1/2) (ur—uz). (A-6b) 


Using |u| =(u:?+4:*)4, these equations result in 


HR= |u| +2, (A-7a) 


and 

w= |u| —use. (A-7b) 
Equations (A-6) and (A-7), first given by Arkadiew [Zeits. 
f. Physik 27, 37 (1924) ], relate the complex permeability 
to the apparent permeabilities and are valid whenever a 
strong skin effect occurs. 
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Electrical resistivity and Hall measurements have been 
made over the temperature range from 87° to 900°K on 
pure silicon and on silicon alloys containing from 0.0005 
to 1.0 percent boron (p-type impurity) or phosphorus 
(n-type impurity). X-ray measurements indicate that both 
elements replace silicon in the lattice. It is shown that each 
added boron atom contributes one acceptor level, and 
it is likely that each added phosphorous contributes a 
donor level. 

The temperature variation of the concentrations of 
carriers, electrons and holes, and of their mobilities, are 
determined from the resistivity and Hall data for the dif- 
ferent samples. In the intrinsic range, at high tempera- 
tures, conductivity results from electrons thermally 
excited from the filled band to the conduction band. The 
energy gap is about 1.12 ev. The product of electron and 
hole concentration at any temperature is 


nnp,= 7.8X 10”7? exp(—12,900/T). 


In the saturation range, which occurs just below the 
intrinsic range, the concentrations are independent of tem- 
perature. All donors (or acceptors) are ionized and the 
concentration of carriers is equal to the net concentration 
of significant impurities (P or B). 

The energy, Ea, required to ionize an acceptor by exciting 
an electron from the filled band, as determined from the 
temperature variation of concentration at lower tem- 


(Received November 29, 1948) 


peratures, decreases with increasing impurity concentration 
and vanishes for concentrations above 5X 10!8/cm*. The 
value of E, at high dilution, 0.08 ev, is about what is 
expected for a hole moving in a hydrogen-like orbit about 
a substitutional B- ion. The decrease in E,4 with increase 
in concentration is attributed to a residual potential 
energy of attraction between the holes and impurity ions. 
The ionization energy of donors is less than that of 
acceptors, probably because conduction electrons have a 
smaller effective mass than holes. In samples with large 
impurity concentrations the carriers form a degenerate 
gas at low temperatures, and the resistivity and Hall 
coefficient become independent of temperature. 

At high temperatures the mobilities of electrons and 
holes approach the values 


He = 3.0un= 15 X 1057-3 (cm?/volt sec.). 


These values are determined by lattice scattering and are 
independent of impurity concentration. At lower tem- 
peratures scattering by both ionized and neutral impurity 
centers contribute, and the mobility is largest for the more 
pure samples. Impurity scattering increases rapidly with 
decrease in temperature and the mobility passes through a 
maximum which depends on impurity concentration. 
Theories of impurity scattering of Conwell and Weisskopf, 
of Johnson and Lark-Horovitz, and of Mott give mobilities 
which agree as to order of magnitude with the observed. 








I. INTRODUCTION 


LECTRICAL resistivity and Hall measure- 

ments have been made over a temperature 
range from 87°K to 900°K on a number of silicon. 
samples to which known amounts of boron and 
phosphorus have been added.! Both enter sub- 
stitutionally, boron acting as an acceptor im- 
purity and phosphorus as a donor. The data are 
analyzed to determine the variation of concen- 
tration of current carriers and mobility with 
impurities and temperature. The results are 
interpreted in terms of existing theories of con- 
duction in semiconductors. The analysis is 
similar to that applied by Lark-Horovitz and 


1A preliminary account of this work was presented by 
the authors at the Am. Phys. Soc. meeting in New York, 
January, 1948. See Phys. Rev. 73, 1256A (1948). Earlier 
measurements are described by G. L. Pearson and W. 


Shockley, Phys. Rev. 71, 142A (1947). 
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Johnson to the conductivity in germanium.? Our 
results are more complete, particularly as regards 
the wide range of impurity concentrations, than 
previous measurements on silicon made at the 
Universities of Pennsylvania* and Purdue.‘ 


1.1 Energy Levels in Silicon 


Silicon is an element of the fourth group of the 
periodic table, with the same crystal structure as 
diamond. Each silicon atom has four near 
neighbors with which it forms covalent bonds in 
a tetrahedral configuration. The specific gravity 
is about 2.4 and the melting point 1420°C. The 


2K. Lark-Horovitz and V. A. Johnson, Phys. Rev. 69, 
258A (1946). 
3F. Seitz, The Electrical Conductivity of Silicon and 
Germanium (NDRC 14-110, University of Pennsylvania, 
November 3, 1942). 
= Unpublished measurements of W. W. Scanlon and 
others. 
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dielectric constant is about 13. The conductivity 
at room temperature depends on the presence of 
impurities. It is estimated that ideally pure 
silicon would have a resistivity of about 10° ohm 
cm. 

Considerable progress was made in under- 
standing the nature of the significant impurities 
by research done during the war in connection 
with the development of rectifiers for radar 
uses.® Scaff, Theuerer, and Schumacher® of the 
metallurgical group of the Bell Laboratories have 
found that elements of the third group, such as 
boron and aluminum, give defect or p-type con- 
ductivity. Elements from the fifth group, such as 
phosphorus, antimony, and arsenic, give excess 
or n-type conductivity. Impurities which give 
p-type conductivity are called acceptors; those 
which give n-type conductivity, donors. We 
shall give x-ray evidence that boron and phos- 
phorus enter substitutionally into the lattice. 
Probably the other significant impurities also 
occupy substitutional rather than interstitial 
positions. 

A substitutional impurity atom from the fifth 
group has one more valence electron than is 
required to fill the four valence bonds with 
neighboring silicon atoms. In its lowest energy 
state, this extra electron is weakly bound by the 
extra charge on the nucleus of the impurity atom. 
The electron moves in a hydrogen-like orbit,’ 
but the electrostatic attractive force is reduced 
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Fic. 1. Schematic energy level diagram for silicon. 


5 J. H. Scaff and R. S. Ohl, Bell Sys. Tech. J. 26, 1 
(1947). A comprehensive review of the work done during 
the war under the NDRC is given by H. C. Torry and 
C. A. Whitmer, Crystal Rectifier (McGraw-Hill Book 
Company, Inc., New York, 1948). This book will be re- 
ferred to as T-W. 

6 J. H. Scaff, H. C. Theuerer, and E. E. Schumacher, 
“P-type and N-type silicon and the formation of the 
ort ae barrier in silicon” (to be published in Trans. 
_ See N. F. Mott and R. W. Gurney, Electronic Processes 
in Ionic Crystals (Oxford University Press, London, 1940), 
p. 166. For application to silicon, see T-W, p. 66. 
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by the dielectric constant, «x, of the crystal. The 
effect is to reduce the binding energy by a factor 
x, which brings it down to the range of thermal 
energies (~0.08 ev). This means that a large 
fraction of the impurity atoms are thermally 
ionized at room temperature, and the electrons 
thus freed contribute to the conductivity. 

A trivalent impurity atom, such as boron, has 
one less electron than is required to fill the 
valence bonds.* The position from which the 
electron is missing may shift from one valence 
bond to another in the crystal by motion of an 
electron in the opposite direction. The missing 
electron, or hole, behaves in all respects like a 


- particle with a positive charge equal in magnitude 


to the electron charge. It has inertia, momentum, 
and energy corresponding to a mass of the same 
order as the mass of an electron. Thus one speaks 
of the velocity, mobility, and kinetic energy of a 
hole moving through the crystal in just the way 
one speaks of the corresponding quantities for 
excess or conduction electrons. The only essential 
difference is in the sign of the mobile charge. 

The extra electron required to fill the valence 
bonds about the trivalent impurity gives the 
atom an effective negative charge, so that it 
becomes in effect a negative ion. In its lowest 
state, the positive hole will be weakly bound by 
the electrostatic field of the negative ion and will 
move in a hydrogen-like orbit similar to that of 
the excess electron discussed above. The ioniza- 
tion energy, that is, the energy required to free 
the hole from the negative ion so that it is free 
to contribute to the conductivity, is likewise of 
the order of thermal energy. At room tempera- 
ture the majority of the acceptor impurities will 
be dissociated into holes and negative ions. 

If sufficient energy is available, an electron 
can be removed from a normal valence bond to a 
distant place in the crystal. Both the electron so 
freed and the place of the missing electron, or 
hole, left behind are free to take part in conduc- 
tion. The energy required is about 1.12 ev in 
silicon.* Electrons and holes may be so produced 
by light quanta of sufficient energy, or by thermal 
excitation at high temperatures. In the intrinsic 

8 See T-W, p. 65. 

*This value, derived from the present experiments, 
agrees with earlier values of Seitz (reference 3) and of 


G. K. Teal, J. R. Fisher, and A. W. Treptow, J. App. 
Phys. 17, 879 (1946). 
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conductivity range there are equal concentrations 
of electrons and holes determined by a balance 
between those formed by thermal excitation and 
those recombining. The recombination, of course, 
corresponds to excess or conduction electrons 
dropping back into vacant valence bond posi- 
tions. The intrinsic conductivity range occurs at 
temperatures so high that the numbers of elec- 
trons or holes arising from impurities is small 
compared with the total number present. 

The energy relations are illustrated in the 
energy level diagram?? shown schematically in 
Fig. 1. The diagram shows the allowed energy 
levels for the valence electrons in a silicon 
crystal. There is a continuous band of levels, the 
filled band, normally occupied by the electrons 
in valence bonds, an energy gap of 1.12 ev in 
which there are no levels of the ideal crystal, and 
then another continuous band of levels, the con- 
duction band, normally unoccupied. There are 
just sufficient levels in the filled band to accom- 
modate the four valence electrons per atom. The 
acceptor impurity levels lie just above the filled 
band and the donor levels just below the con- 
duction band. The donors are normally neutral, 
but become positively charged when ionized by 
excitation of an electron to the conduction band. 
The acceptors are normally neutral, but become 
negatively charged when occupied by electrons 
excited from the filled band. 


1.2 Preparation of Samples 


The silicon used in these studies was obtained 
from E. I. du Pont de Nemours Company. It is 
in the form of long needles and was prepared from 
silicon tetrachloride by pyrolytic reduction with 
zinc. The purity is very high—about 99.97 
percent with some variation between lots as 
shown by spectroscopic analysis. The subsequent 
forming with the addition of known amounts of 
boron or phosphorus was done by J. H. Scaff 
and H. C. Theuerer of the metallurgical group 
of the Bell Telephone Laboratories. The steps 
which have been described in detail® include (1) 
careful determination of the weights of the raw 
materials, (2) melting the charge in a silica 

10 Cf. T-W, p. 49. A quantum-mechanical calculation of 
the energy bands in silicon is given by J. F. Mullaney, 
Phys. Rev. 66, 326 (1944). 


"The method used by du Pont for purifying silicon is 
described in T-W, p. 301. 


TABLE I. Composition of silicon alloys. 
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Weight Atomic Atoms of 
percent percent solute 

of per cc 
solute 


Carriers/cc 
of melt in 
saturation 

range 


8.0 X10 
.0 X 1017 
X1018 
1018 
X1018 
1019 
-2 X10%0 
8 X 102 
05 X1017 
5 X1018 
X 1020 


oO 
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0.0 
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crucible by means of an induction furnace in an 
atmosphere of helium, and (3) solidifying into an 
ingot by a precisely controlled temperature cycle. 

The ingot was cut into thin slabs approxi- 
mately 2 cmX0.5 cmX0.1 cm with a diamond 
wheel and the surfaces smoothed by lapping with 
600 mesh carborundum and water. Metallic elec- 
trodes were applied by means of the electrolytic 
deposition of rhodium. The entire surface was 
usually plated and, after protecting the desired 
sections, the excess was removed with an air 
blast containing 180-mesh carborundum grains, 
By this process non-rectifying electrodes as small 
as 0.02 cm in diameter were prepared which 
remained intact over the entire temperature 
range from 87 to 900°K in an atmosphere of air. 

Using the methods described above, samples 
having the compositions listed in columns 1-5 of 
Table I were prepared. 


1.3 Lattice Spacings of Silicon Alloys Containing 
Boron and Phosphorus 


In order to determine whether boron and 
phosphorus enter the silicon lattice in a sub- 
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Fic. 2. Lattice constants of silicon-phosphorus and 
silicon-boron alloys at 25°C as determined from x-ray 
data. 
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stitutional or an interstitial manner, a study was 
made of the lattice spacing of these alloys as a 
function of the impurity content. Since the 
atomic radii of silicon, boron, and phosphorus 
are 1.17, 0.89, and 1.10X10-® cm, respectively, 
it is predicted by Vegard’s law that if the process 
is by substitution the addition of boron should 
shrink the lattice appreciably, while phosphorus 
should produce only a slight shrinkage. If these 
atoms enter the interstices between the silicon 
atoms, however, both should expand the lattice 
with phosphorus having a greater effect. 

The lattice spacing measurements, performed 


by E. S. Greiner of the metallurgical group of the 


Bell Telephone Laboratories, were obtained by 
back reflection x-ray diffraction from powdered 
samples containing varying amounts of boron or 
phosphorus. The results, given in Fig. 2, show 
that both impurities contract the silicon lattice 
and that boron has the greater effect. Micro- 
scopic examination of alloys containing more 
than 0.5 percent boron by weight showed that a 





Te, STO. cet 





TYPE K 
POTENTI- 
OMETER 





















































SAMPLE ‘ JUNCT 
ea 


SAMPLE 
JUNCT 











no Vv 


A.C. D.C. 
SUPPLY 














ELECTROMAGNET 


LIQUID NITROGEN 


LOW TEMPERATURE [=== HIGH TEMPERATURE 
CONTROL : ; CONTROL 





Fic. 3. Circuit diagram of equipment for measuring 
resistivities and Hall coefficients at different temperatures. 


second phase appears and deposits on crystal 
grain boundaries. 

The results of this study indicate, therefore, 
that for small concentrations a substitutional 
solid solution of either boron or phosphorus is 
formed in silicon. That each added boron atom 
contributes an acceptor level is shown by a com- 
parison of columns V and VI of Table I. There 
is evidence that not all the phosphorus added 
goes into solution, which accounts for smaller 
numbers of carriers for these samples. 


II. EXPERIMENTAL PROCEDURE 


The fundamental experimental data obtained 
in this study are the resistivity and Hall voltage 
as a function of temperature for each of the 
several alloy samples. Resistivity was measured 
by the potential probe method, Hall effect from 
the transverse voltage in a magnetic field, and 
temperature by the thermoelectric voltage of a 
Chromel-Alumei thermocouple. 

A Leeds and Northrup Type K potentiometer 
in conjunction with a selector switch was used to 
measure all of these d.c. voltages. A rotating coil 
driven by a synchronous motor was used for 
measuring the magnetic field strengths. The indi- 
cating instrument for the a.c. measurement was 
a Weston model 622 voltmeter, and the system 
was calibrated with a permanent magnet whose 
field strength had been measured at the National 
Bureau of Standards. The desired temperatures 
were obtained by heating coils operating either 
in a thermos bottle containing liquid nitrogen for 
the low values, or in an electrically heated 
ceramic tube for the high values. Temperature 
gradients were avoided by placing the samples in 
good thermal contact with a non-magnetic metal 
block. 

Figure 3 is a circuit diagram of the entire 
measuring circuit. The electrode arrangement of 
the sample is as shown, with contact being made 
to the rhodium by platinum-rhodium springs 
which held their tensile strength over the entire 
temperature range. The current through the 
sample is determined from the voltage drop 
across the fixed resistor R,. The sample current, 
as well as the magnetic field polarity, may be 
reversed by switches S: and Sy. Measurements 
for both directions of these quantities are re- 
quired to eliminate spurious thermal effects. 
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After showing the Hall effect to be a linear 
function of magnetic field strength over a wide 
range, a field strength of 4000 gauss was chosen 
for most of the measurements. The current 
through the sample was regulated to give the 
most advantageous voltage readings and was 
usually between 0.1 and 10 milliamperes. At low 
temperatures this current was reduced to avoid 
Joule heating and at high temperatures, espe- 
cially in the high impurity samples, it was 
increased in order to raise the Hall voltage to a 
detectable level. It was the reduction of the Hall 
voltage at high temperatures which limited our 
Hall measurements to temperatures below 800°K 
for the high purity silicon and to still lower 
temperatures for the samples to which large 
amounts of boron or phosphorus had been added. 


RESISTIVITY IN OHM-CM 
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Fic. 4A. Resistivity of silicon-boron alloys as a function 
of the inverse absolute temperature. Compositions are 
given in Table I. 
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Fic. 4B. Resistivity of silicon-phosphorus alloys as a 
function of the inverse absolute temperature. Compositions 
are given in Table I. 


Ill. EXPERIMENTAL RESULTS 


The resistivities of the silicon-boron alloys are 
shown as a function of temperature in Fig. 4A. 
Curve 1 is for the high purity du Pont silicon to 
which no impurity was deliberately added and 
curves 2-8 are for silicon to which the specified 
amounts of boron (expressed in weight percents) 
had been introduced in the melt. The tempera- 
ture range is from 700°C to —190°C, and the 
resistivity limits are from 2X 10* ohm cm for the 
high purity silicon to 2X10~* ohm cm for the 
one percent boron alloy. 

At high temperatures the resistivities all fall 
on the same straight line. This is the intrinsic 
region in which there are approximately equal 
concentrations of electrons and holes. At lower 
temperatures the resistivity depends on the im- 
purity content, increasing amounts of boron 
giving lower resistivity. Since sample No. 1 does 
not follow the intrinsic line at the lower tem- 
peratures, it is concluded that residual impurity 
atoms of unknown elements are present in the 
melt. The rapid decrease of resistivity with tem- 
perature in the intrinsic range results from the 
increase in concentration of electrons and holes 
which arise from thermal excitation of electrons 
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from the filled to the conduction band. Theory 
indicates (see Section 5.3) that the resistivity p 
expressed in ohm cm should vary as 


p= Actor, (1) 


where A is a constant, k is Boltzman’s constant 
(8.69X10-> ev/deg.), T is the temperature in 
degrees Kelvin, and Eg is the separation in 
electron volts between the top of the filled band 
and the bottom of the conduction band. From a 
fitting of the experimental data, we conclude 
that the value of Eg for silicon is 1.12 electron 
volts and the value of the constant A is 1.110 
ohm cm. 


The resistivity of the silicon-phosphorus alloys 
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Fic. 5A. Hall coefficient in silicon-boron alloys as a 


function of the inverse absolute temperature. Compositions 
are given in Table I. 
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is shown as a function of temperature in Fig. 4B. 
These curves have the same general shape as 
those for the silicon-boron series and the intrinsic 
line is identical. 

Hall voltages of the various samples were 
measured as a function of temperature and the 
Hall coefficient R, in cm*/coulomb, calculated 
from the relation 


R=10- Vzt/HI, (2) 


where Vy is the measured Hall voltage in volts, 
t the thickness of the sample in cm, H the mag- 
netic field in gauss, and J the current in am- 
peres.”? As stated above, the measurements were 
taken with the field first in one direction and then 
in the other to eliminate false thermoelectric 
effects. The sign of the Hall coefficient was deter- 
mined from the polarities of J, H, and Vz. 
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Fic. 5B. Hall coefficient in silicon-phosphorus alloys as 
a function of the inverse absolute temperature. Composi- 
tions are given in Table I. 


® The length to width ratio of our samples was around 4. 
This: is sufficient to eliminate the errors due to short cir- 
cuiting of the current electrodes as described by I. Isen- 
berg, B. R. Russell, and R. F. Greene, Phys. Rev. 74, 
1255(A) (1948). 














Figure 5A is a plot of Hall coefficient as a 
function of temperature for the boron-silicon 
alloys. In each case the sign of the coefficient was 
positive in the low temperature or impurity con- 
duction region, which indicates that boron is an 
acceptor impurity in silicon. For the purer 
samples No. 1 and No. 2 the coefficient reduced 
to zero and went negative in the intrinsic range. 
This negative sign in the region where electrons 
and holes are present in comparable numbers 
arises from the fact, as will be discussed in more 
detail in a following section, that electrons have 
a greater mobility than the holes. 

Figure 5B is a plot of Hall coefficient as a 
function of temperature for the silicon-phos- 
phorus alloys. The sign of the coefficient is 
negative at all temperatures, indicating that 
phosphorus is a donor impurity in silicon. 


IV. CONCENTRATIONS AND MOBILITIES 


Having measured the resistivity and Hall 
coefficient as a function of temperature for the 
two silicon alloy systems, it is now possible to 
calculate the following additional quantities as 
a function of temperature for either holes or 
electrons: (1) the number nm per cm', (2) the 
mobility » in cm?/volt-sec., and (3) the mean 
free path J in cm. In Section 4.1 we deal only 
with non-degenerate cases, i.e., low densities of 
holes or electrons at medium and ‘high tem- 
peratures. The degenerate cases are considered 
in Section 4.2. 

The following notation is used: 


e=magnitude of electronic charge=1.6X10-!* cou- 
lomb. 
Ne=concentration of conduction electrons (no./cm*). 
n,=concentration of holes (no./cm*). 
Np=concentration of donor impurities (no./cm’). 
Na=concentration of acceptor impurities (no./cm*). 
He= mobility of conduction electrons (cm?/volt sec.). 
ur=mobility of holes (cm?/volt sec.). 
¢=./pa=ratio of mobilities. 
¢=conductivity (ohm cm~). 
p=1/c=resistivity (ohms cm). 
R=Hall coefficient (cm?/coulomb). 
l,.=mean free path of electrons (cm). 
1,=mean free path of holes (cm). 
Ea@=energy gap between filled and conduction bands. 
Ep=energy difference between donor level and con- 
duction band. 
Ea=energy difference between acceptor level and con- 
duction band. 
m=mass of electron in free space = 9.03 X 10-*8 grams. 
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Fic. 6. Degeneracy temperature in degrees absolute as a 
function of electron density. 


m.= effective mass of conduction electrons (grams). 
m,=effective mass of holes (grams). 
k=Boltzman’s constant = 1.37 X 10-"* erg/degree. 
T =absolute temperature (°K). 
h=Planck’s constant = 6.55 X 107? erg-sec. 
n= | Na—Nb| =saturation concentration of holes or 
electrons (no./cm'). 
«= dielectric constant. 
Eo= (h?/8m) (3n/x)t=kinetic energy of electron (or 
hole) at the surface of the Fermi distribution. 


4.1. Non-Degenerate Electron Gas 


The basic equations required for the calcula- 
tion of the mobility and concentration from 
measurements of the conductivity and Hall coef- 
ficient follow :% 


(a) Impurity range: 


o= ney, (3) 
R=+32/8en = +7.4X1018/n, (4) 
n=+7.4X10!8/R, (5) 
w= +(8/3r)oR= +0.850R. (6) 


The positive signs apply to p-type and the nega- 
tive to n-type conductivity. 


(b) Intrinsic range: 
T= Nee tMeUr, (7) 
R= — (3x/8e)([n.c?—m]/[nect+m}). (8) 
If n.=m=nNn, 
o=ne(uetun), (9) 
R= —(3x/8ne)([c—1]/[c+1]), (10) 


n= —74X10'8([e—1]/[e+1])/R. (11) 


18 For methods of deriving the equations, see, for ex- 
ample, F. Seitz, The Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940), Chapter IV. 
Cf. T-W, pp. 53-55. 











G. L. PEARSON AND J. BARDEEN 


ro) 


3. 
~ 


a 
= 
Uv 

~~ 
” 
4 
w 
« 
c 
< 
5) 
w 
o 
« 
< 
=z 
Vv 


0.002 0.004 





1 
TEMPERATURE IN DEGREES K 


Fic. 7A. Number of charge carriers per unit volume in 
silicon-boron alloys as a function of the inverse absolute 
temperature. Compositions are given in Table I. To is the 
degeneracy temperature. 


The numerical factor 37/8 which occurs in the 
expressions for R, uw, and m is based on the 
assumption that the mean free path is inde- 
pendent of velocity. While this is true for scat- 
tering by lattice vibrations (thermal scattering), 
it is not true for scattering by impurities, which 
predominates at low temperatures. A different 
numerical factor should be used in the impurity 
scattering range and intermediate values used 
when both lattice and impurity scattering are 


4 If the mean free path varies with electron velocity as 
v?, the factor is 3r#T'(p+3/2)/4(I'(p/2+2))2, which reduces 
to 3x/8 for p=0. For scattering by impurity ions, p~4 
and the factor is 1.93 in place of 1.18. 
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Fic. 7B. Number of charge carriers per unit volume in 
silicon-phosphorus alloys as a function of the inverse 
absolute temperature. Compositions are given in Table I. 
To is the degeneracy temperature. 


important. For simplicity, we neglect these vari- 
ations and use the factor 37/8 throughout. 

The equation relating the moboility yp, the 
mean free path /, and the effective mass m, is 


w= (4/3)el(2xm.kT)-*(e.s.u.). (12) 

If m.=m, the mass of an electron in free space, 
u=2.43X10°%T—*(cm?/volt-sec.), (13) 
1=4,12K10-uT? (cm). (14) 


Equations (12), (13), and (14) may be applied to 
either electron or hole mobility, provided that 
the proper effective mass is used. 


4.2. Degenerate Electron Gas 


At low temperatures and high densities the 
electron gas becomes degenerate, i.e., Fermi- 
Dirac rather than Boltzmann statistics must be 


















used. The limiting temperature, To, is that for 
which the energy of an electron (or hole) cor- 
responding to the energy at the surface of the 
Fermi distribution is equal to kT». This gives 


T= (h?/8km) (3/r) int =4.2X10-'nt. (15) 


A plot of T> as a function of the concentration, 
n, is given in Fig. 6. For T>To, the electron gas 
is non-degenerate, and Eqs. (3) to (14) applicable 
to Boltzmann statistics should be used. For 
T<T> the electron gas is completely degenerate, 
and the equations generally applied to conduction 
in metals may be used. Some of these are listed 
below. The intermediate case, for T~T>o, has 
been discussed by Johnson and Lark-Horovitz." 
The equations are much more complicated than 
for the two limiting cases, and we will not 
attempt to interpret the curves in this region. 

The expression for the Hall coefficient is 
slightly different for a degenerate electron gas in 
that the numerical factor is unity instead of 
34/8. The basic equations are :¥ 


(16) 
(17) 


o=nep, 


R= +1/en=+6.25 X10!8/n, 


y= 5x10 14 
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Fic. 8A. Hole mobility versus inverse absolute tempera- 
a - silicon-boron alloys. Compositions are given in 
able I. 


16 V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 71, 
374 (1947); 72, 531A (1947). 
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n= +6.25 X10!8/R, 
u=+toR, 


(18) 
(19) 
where the plus signs apply to hole conductors and 
the minus signs to electron conductors. 


The relation between the mean free path, /, 
and the mobility, yu, is 


l= (h/2e)(3n/m) tu (e.s.u.). (20) 
If uw is expressed in cm?/volt-sec., 
1=2.02 X10-"ntyu(cm). (21) 


4.3 Calaculation of n, u, and / 


Using Eqs. (5) and (18), the density of holes 
for the silicon-boron alloys was calculated and 
plotted in Fig. 7A as a function of temperature. 
It can be seen that m varies from 10" to 5X 10?° 
and is a function of temperature and boron 
content. The degeneracy temperature TJ) is 
plotted for reference in this figure. Samples 1 to 
4 are non-degenerate, and log increases linearly 
with temperature until saturation is reached just 
before entering the intrinsic range. In samples 
5 to 8, which are degenerate over most of the 
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Fic. 8B. Electron mobility versus inverse absolute tem- 


perature for silicon-phosphorus alloys. Compositions are 
given in Table I. 
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Fic. 9A. Reciprocal of the mean free path of con- 
duction holes in silicon-boron alloys versus the temperature 
in degrees absolute. Compositions are given in Table I. 


temperature range, ” is approximately constant 
with temperature. The intrinsic line on the left 
was calculated by substituting the high temper- 
ature Hall data for sample No. 1 into Eq. (11) 
using a value c=3.0 as derived below. 

Figure 7B gives the density of conduction elec- 
trons as a function of temperature for the 
silicon-phosphorus alloys as calculated from Eqs. 


(5) and (18). Samples A and B are non-degener- 
ate and samples C and D degenerate. 

Figure 8A gives the hole mobility yu, in the 
silicon-boron alloys as a function of temperature 
as determined by Eqs. (6) and (19). The mobility 
varies between 20 and 200 cm?/volt-sec., de- 


pending on the temperature and impurity 
content. In the higher temperature range the 
curves for the different alloys join a single line 
which fits the equation 4,.=5X10°7-1. In this 
temperature range, scattering by vibrations of 
the crystal lattice predominates. As the tem- 
perature is lowered, the mobility reaches a 
maximum and then decreases, the maximum 
value being dependent on the number of acceptor 
impurities present. Impurity scattering will be 
described in more detail in Section 6.1. Sample 
No. 1 does not follow the normal pattern and we 
believe this is due to non-homogeneity of this 
melt. Figure 8B gives the electron mobility pu, 
in the silicon-phosphorus alloys as a function of 
temperature. The general pattern is similar to 
Fig. 8A except that the ratio of the electron to 
hole mobility in the lattice scattering range is 
about 3. 
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Fic. 9B. Reciprocal of the mean free path of conduction 
electrons in silicon-phosphorus alloys versus the tempera- 
ture in degrees absolute. Compositions are given in Table I. 


Figures 9A and 9B give the reciprocal of mean 
free path for holes and electrons in the silicon 
alloys as computed from Egs. (14) and (21). In 
the lattice scattering range there is a linear in- 
verse relationship between mean free path and 
absolute temperature just as found in metals. 
The mean free path of the electrons in the lattice 
scattering range is three times that of the holes. 
In the impurity scattering range the mean free 
path decreases with increasing impurity content 
and at a given impurity content decreases with 
decrease in temperature. 


V. ANALYSIS OF CONCENTRATION DATA 


Correlation -between Impurity Concentra- 
tion and Charge Carrier Density 


5.1. 


It can be seen from Figs. 7A and 7B that as 
the temperature is raised the concentration of 
holes in the silicon-boron alloys and the concen- 
tration of conduction electrons in the silicon- 
phosphorus alloys approach a saturation value 
just below the intrinsic range. This results from 
the fact that all acceptor or donor impurity 
atoms become ionized, and a further rise in tem- 
perature cannot increase the number of charge 
carriers until thermal energy is sufficient to raise 
electrons from the filled to the conduction band. 
By comparing the density of charge carriers in 
this saturation region with the density of solute 
atoms in the melt, one can determine the number 
of charge carriers supplied by each ionized im- 
purity atom. Such a comparison is given in 
columns V, VI, and VII of Table I for each of 
the samples under study. The silicon-boron 
samples numbered 2 to 7 have a ratio of hole 
density to boron atom density close to unity, 
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which shows that each donor impurity atom 
contributes one hole. In sample 8, to which 1.3 
atomic percent of boron had been added, the 
ratio dropped to 0.36. A microscopic examination 
of this melt indicated that only a part of the 
boron atoms went into solid solution with the 
remainder forming a second phase at crystalline 
grain boundaries. Although the ratio obtained 
for each of the four silicon-phosphorus melts is 
appreciably less than unity, we believe that each 
ionized donor atom produces one conduction 
electron and that the small ratio is due to loss of 
phosphorus atoms during the processing of the 
melt. Such a loss is to be expected since the vapor 
pressure of phosphorus is much higher than that 
of silicon. A spectroscopic analysis has verified 
this conclusion. 


5.2 Calculation of Impurity Ionization Energies 


As the equations which determine the varia- 
tion of electron concentration with temperature 
in the impurity range of an n-type semiconductor 
are similar to those which give the hole concen- 
tration in p-type material, we will discuss ex- 
plicitly only the case of electrons.’* We assume 
that the concentrations of conduction electrons, 
donors, and acceptors are m,., Np, and Na. In 
an n-type semiconductor, Np is larger than Na 
and all acceptor levels are occupied (ionized). 
The energy required to raise an electron from a 
donor level to the conduction band is Ep. The 
equilibrium concentration of electrons, ”,., at any 
temperature is determined by a balance between 
the rate at which electrons are thermally excited 
from neutral donors to the conduction band and 
the rate at which electrons recombine with 
ionized donors. The equation governing the reac- 
tion may be written 


e~-+DtoD. 


The concentration of ionized donors is Na+n,, 
since N, electrons go from the donor levels to 
ionize the acceptors and m, to the conduction 
band. The concentration of neutral donors is 
Np—Na—n.. The law of mass action for the reac- 


16 The equations to be presented in this section were 
first derived by J. H. de Boer and W. C. van Geel, Physica 
2, 286 (1935). See N. F. Mott and R. W. Gurney, Elec- 
tronic Processes in Ionic Crystals (Oxford University Press, 
London, 1940), Chapter V. 


tion may be written in the form 
n-(net+Na)/(No—Na—n.) = K,. 
The equilibrium constant, K,, determined from 
statistical considerations, is 
K.=(24m kT /h*)' exp(—Ep/kT), 
in which m, is the effective mass of the electron. 
Equation (22) may be expressed in the form 
(ne+Na) (n.+K.) =NpK,, (24) 


which is a quadratic equation for the electron 
concentration n,. 

If Na is greater than Np, the semiconductor is 
p-type. The same equations apply with m, Na, 
and Np replacing m., Np, and Na. The corre- 
sponding equilibrium constant is 


Ky=(2am,kT/h?)) exp(—Ea/kT), 


(22) 


(23) 


(25) 
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Fic. 10. Concentrations of conduction electrons and 
holes in sample A, Si+0.001 percent P versus inverse 
absolute temperature. Above room temperature, points 
are derived from resistivity using lattice scattering mo- 
bility as discussed in Section 5.3. Solid lines are derived 
from semi-empirical “9 (45), using saturation concen- 
tration N,=10.5X10"*. For fit of Hall data in this range, 
see Table III. Below room temperature, points are derived 
from Hall data, solid line from semi-empirical theory 
using Eq. (22), with Np=12X10"*, Na=1.5X10°, Ep 
=0.045 ev, and m,.=0.33m. 
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TABLE II. Concentrations and ionization energies of 
donors and acceptors as determined from Hall data at low 
temperatures. 








Sample NA Nb Ea or Ep 
15x10 9x10 
6X 1017 cana 
1.3X 1038 
2.2 10'* 
5.3X 1018 
1.5X 10!* 





0.075 ev 

0.048 ev 

0.037 ev 

0.027 ev 

—— 0 

0.045 ev 
0 


1— a 
2—Si+0.0005%B 
3—Si+0.001%B 
4—Si+0.002%B 
5—Si+0.005%B 
A—Si+0.001%P 
B-Si+0.0057%P 


12X 106 
1.25 X 10'8 








in which my is the effective mass of a hole and E, 
is the energy required to excite an electron from 
the filled band to an acceptor level. 

The saturation concentrations, attained at 
temperatures so high that all donors and ac- 
ceptors are ionized, are 


n.=Np—Na(n-type), (26a) 
n,=Na—Np(p-type). (26b) 


The equations which determine the concentra- 
tion in the intrinsic range will be discussed in the 
following section. 

By fitting the variation of concentration with 
temperature as determined from the Hall effect 
(see Figs. 7A and 7B) to the theoretical, the con- 
centrations of donors and acceptors and the cor- 
responding ionization energies have been deter- 
mined. It is only for the purest samples, No. 1, 
“du Pont silicon,’”’ and A, “Si+0.001 percent P,” 
that the concentrations of donors and acceptors 
are comparable so that both need be considered. 
The observed concentrations for sample No. 1 
are somewhat irregular, so that the interpretation 
is uncertain. Values for 7<250°K can be fitted 
fairly well by taking N4a=15 X10", Np=9 X10", 
giving ,=6 X10", together with an ionization 
energy, Ea, equal to 0.075 ev. The effective mass 
of a hole, m,, is taken equal to the free electron 
value, m, in calculating K, from Eq. (25). The 
best fit to the observed data for sample A was 
obtained with. Np=12X10!®, Na=1.5X10', 
giving ,=10.5X10'*, together with an ioniza- 
tion energy for donors, Ep, equal to 0.045 ev. 
It was found that a better fit could be obtained 
by taking a value for m, less than m, and a value 
m.=0.33m was adopted. This value for m, is 
only about half that estimated from other con- 
siderations. Because of the number of adjustable 
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parameters involved, these values are uncertain, 
A comparison of calculated and observed values 
of , is given in Fig. 10. The concentration of 
holes is also shown. 

The remaining non-degenerate p-type samples, 
Nos. 2, 3, 4, and 5, contain sufficient added boron 
so that the concentration of acceptors is large 
compared with any small residual concentration 
of donors. Accordingly, the observed data were 
fitted by setting Na=n, and Np=0. Taking 
m,=m, the only remaining parameter is the 
ionization energy, Ea, which was determined in 
each case to give the best fit. The values ob- 
tained are listed in Table II and are plotted in 
Fig. 11. Figure 12 gives a comparison of the 
theoretical and experimental values of m. The 
solid lines were calculated using the constants 
listed in Table II and the points are those derived 
from Hall measurements. The agreement is satis- 
factory. 

There is a continuous decrease in Ea, as Na 
increases. Sample 5, with N4=6.5 X10!8, exhibits 
relatively little change in concentration with 
temperature, so we have set E,=0. The de- 
generacy temperature for this sample is about 
150°K. Similarly, the variation of 2, with tem- 
perature is small at low temperatures in sample 
B, which is n-type with Np=1.25X10!% We 
have set Ep=0 ‘for this sample, although this 
may be a borderline case as m, changes by a 


factor of about two between 150 and 300°K. The . 


degeneracy temperature for this sample is about 
50°K for m.=m, or about 150°K if m,=0.33m. 

In a neutral donor, the electron moves in a 
hydrogen-like orbit about the ion. Similarly, in a 
neutral acceptor, a hole moves in a hydrogen-like 
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Fic. 11. Variation of ionization energy of impurity centers 
with concentration. 
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orbit about the negative acceptor ion. In eachcase, 
the force acting on the mobile charge is reduced 
by the dielectric constant, «, of the medium. The 
ionization energy is reduced by «? and the radius 
of the orbit is increased by x. Since the radius 
of the orbit is large compared with the radius of 
the ion, only the Coulomb field of the ion is 
important in determining the energy. The 
ionization energy for a mass m* and dielectric 
constant « is given by the Bohr formula, 


Ey =2n°m*et/2h?. (27) 


For the case of holes in silicon we set m* =m, =m 
and «=13, which gives 


E,=13.5/13? =0.08 ev. (28) 


This value is close to that observed for the limit 
of high dilution. 

The decrease in activation energy with increase 
in concentration probably results from a decrease 
in the average potential energy of an electron or 
of a hole.” If an isolated atom or impurity 
center is ionized, the electron is removed to 
infinity so that there is no resultant potential 
energy of attraction between the ion and the 
electron. In a semiconductor the conduction 
electrons will tend to shield the ions, so that on 
the average any small region of the crystal will 
be electrically neutral. There will be a resultant 
potential energy of attraction which will be 
greater the higher the concentration. Other 
things being equal, this energy will be inversely 
proportional to the average distance of separa- 
tion between impurities, or, for the case of 
p-type samples, to N,}. Thus, on theoretical 
grounds one might expect the ionization energy 
to vary with concentration as 


E,=E;—aN,}, (29) 


where £; is the ionization energy for an isolated 
impurity center, about 0.08 ev in silicon, and a 
is a constant. 

The values of Ea determined by experiment 
can be fitted closely by an expression of this 
form. The solid line in Fig. 11 is plotted from 


E,=0.08—4.3 X 10-*Nai(ev). (30) 
The value 0.08 for E; is in agreement with Eq. 


17 For a similar suggestion, see T-W, p. 66. 
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Fic. 12. Concentration of holes in samples 2, 3, and 4 
versus inverse absolute temperature. Points are derived 
from Hall data, solid lines from semi-empirical theory 
= —— and ionization energies listed in 

able II. 


(28). The value of a was determined by an em- 
pirical fit of the data. A theoretical discussion 
of the factor a is given below. 

Also shown in Fig. 11 are two points, labelled 
A and B, which give the ionization energies for 
the donor levels determined from the Hall data 
on samples A and B. They lie below the curve 
for acceptors. It is probable that the effective 
mass of the conduction electrons is less than the 
free electron value, m, so that £; is less than 0.08 
ev for donors. A value 


m,.=0.67m (31) 
gives 


Ep=0.054 ev, (32) 


which is in reasonable agreement with the ob- 
servations. 

An accurate calculation of the potential energy 
term is difficult. We will attempt only very 
rough considerations to see whether or not the 
empirical value is of reasonable magnitude. The 
impurities are probably distributed more or less 
at random. The mobile charges are probably dis- 
tributed in such a way as to shield the ions from 
one another. Following the method of Wigner 
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TaBLE III. Concentrations and Hall coefficient in intrinsic range as determined from conductivity and mobility, 
Me=3yn=15X 107-4. 
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Sample 1000/T p 


ne X10-17 nk X10717 R(calc.) R(obs.) 





A—Si+0.001P 1.628 0.600 
1.472 ‘ 0.620 


n.= 1.05 X 10"7 1.386 . 0.534 
1.314 , 0.410 
1.285 ‘ 0.350 
1.215 ‘ 0.264 


1—du Pont Si { B 14.9 
n,=0.08X 1017 
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2—Si+0.0005B 
n.=5.9X 10!" 
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© 6 


™ bo bo 
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rs 
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1.06 0.01 —69.5 —70 
1.16 0.11 —59 — 68.5 
1.40 0.35 —44 —45 
1.88 0.83 — 29.5 —27 
2.18 1.13 — 23 —20 
3.06 2.01 —15 —14 


0.0035 0.0835 +495 +750 
0.0070 0.0870 +151 +310 
0.0105 0.0905 —22 —22 
0.0140 0.0940 — 132 —151 
0.0162 0.0962 —178 — 262 
0.0215 0.1015 — 248 — 400 
0.0435 0.1235 —310 —489 
0.120 0.201 — 206 —434 
0.145 0.225 —183 — 276 
0.252 0.332 —120 —212 
0.592 0.672 —58 —93 
0.925 1.005 —31 —43 
1.80 1.88 —20 —25 


0.07 5.97 +10.4 +8.45 
0.58 6.48 +1.4 +3.04 
3.60 9.50 —4.1 — 








and Seitz,'* it should be possible to draw a roughly 
spherical region about each ion which is elec- 
trically neutral. The average radius, 7,, of such 
a sphere is given by 


Anr?/3= Na, (33) 


r,=0.62N47. (34) 


If it is assumed that the mobile charges are 
uniformly distributed throughout the sphere, 
the potential energy of attraction is 


—1.5¢2/krs. (35) 


The self-energy of the uniform charge distribu- 
tion in the sphere is 


+0.6¢2/krs. (36) 


This calculation assumes no correlations between 
the positions of the mobile charges. Actually, 
there is probably a large correlation energy 
resulting from the fact that these charges tend to 
keep apart. The most stable arrangement, which 
will be approached when the kinetic energy is 
small compared with the potential, is body- 
centered cubic. The reduction in potential energy 

18 See reference 3, Chapters 9 and 10. The theory of a 
metallic modification of hydrogen, which is similar to our 


problem, has been discussed by E. Wigner and H. B. 
Huntington, J. Chem. Phys. 3, 764 (1935). 


relative to a random distribution is 

— 0.746¢e?/xr.. (37) 
The sum of these three contributions is 

— 1.646¢e?/xr.. (38) 


Substituting for 7, from Eq. (34), and putting in 
numerical values, this becomes 


~3X10-8N,4! (ev), (39) 


which is about ? of the empirical value. The 
mobile charges may be concentrated more in the 
vicinity of the ions than we have assumed, in- 
creasing the energy of attraction. 

If this is the correct picture, the assumption of 
a single ionization energy independent of the 
degree of ionization of the impurities can be con- 
sidered to be only an approximation. 


5.3. Concentrations in the Intrinsic Range 


The expressions (7) and (8) for the’ conduc- 
tivity and Hall coefficient in the intrinsic range 
involve four quantities, two concentrations, n, 
and m,, and two mobilities, u, and p,. As there 
are only two measured quantities, o and R, addi- 
tional relations are required. One may be ob- 
tained from the requirement of electrical neu- 
trality. The difference between m, and m, must 
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be equal to the net concentration of impurity 
ions, which in turn is equal to the saturation 
concentration, ,, in the impurity range. Thus 


(40a) 
N,=Mn,—N, (p-type). (40b) 


At high temperatures the mobilities of electrons 
and holes in all samples approach the values cor- 
responding to lattice scattering, which are ap- 
proximately 


be = 15 X10°7—?(cm?/Vvolt sec.), 
wa=5X1057-?. 


N,=Ne— MN, (n-type), 


(41a) 
(41b) 


The mobilities of holes in samples 2, 3, and 4 and 
of electrons in sample B lie on the lattice scat- 
tering line over the same temperature range for 
which the conductivity of samples 1 and A 
become intrinsic. Thus there is every reason to 
believe that the lattice scattering mobilities will 
apply in the intrinsic range. 

Assuming Eqs. (41a) and (41b) for the mo- 
bilities, and using Eqs. (40a) and (40b) ex- 
pressing electrical neutrality, the concentrations 
n, and m, in the intrinsic range can be found from 
either the conductivity or the Hall coefficient. 
We have determined nu, and m, from the con- 
ductivity and used these values to calculate the 
Hall coefficient to compare with the observed. 
The conductivity may be expressed in the form 

o =eup(cn.+m). (42) 
For a p-type sample we set n,.=n,—n, and find 


m= ((o/ems)-en,)/(c+1). (43) 


For an n-type sample, we set ,.=m,-+7, and find 


mn = ((o/eux) —cn,)/(c+1). (43a) 


Using these equations, both m, and m, were deter- 
mined in the intrinsic range for samples 1, 2, 
and A. The values are listed in Table III. 
Statistical theory indicates that the product 
of the electron and hole concentrations at any 
temperature is independent of impurity concen- 
tration and is given by :!® : 


19 See, for example, R. H. Fowler, Statistical Mechanics 
(Cambridge University Press, London, 1936), second edi- 
tion, Chapter 11. While not given explicitly, Eq. (44) can 
be derived readily from the relations expressing m. and ma 
in terms of the Fermi level. 
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Nn ht, =4(2amkT /h?)?(m.m,/m*)' exp(— E¢/kT) 
=2.4X 108 (m.m,/m?)!T? 
Xexp(—Ee/kT). 


A plot of log(m.,/T*) versus 1/T should then 
give a straight line. Such a plot is shown in Fig. 
13. Values of 2.m,/T* calculated from the values 
of m, and m, determined as above for the three 
samples all lie on the same straight line whose 
equation is: 


nnr/T*=7.8 X10” exp(—12,900/T). 


(44) 


(45) 


This equation is of the correct form, but the 
numerical factor is considerably larger than the 
theoretical. The difference seems too large to 
account for by the term involving the effective 
mass. In fact, the mass term operates in the 
wrong direction, as the evidence is that m, is only 
about two-thirds of m. Neglecting the difference 
in effective mass, the discrepancy is a factor of 
about 32.5. It is most likely accounted for by a 
variation of Eg with temperature. If there is 
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Fic. 13. Plot of n.n,/T*® versus inverse absolute tem- 
rature for samples 1, 2, and A. Equation of straight line 
is nenn/T*=7.8X 10® exp(12,900/T). 
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TABLE IV. Fit of mobility data by 1/u=a7—!+-bT'!. 








Impurity 
centers/cm? 


0.6 X 10'8 4. 
1.3X 1018 2. 
2.5 X 1018 4, 
0. 
2. 


8X 
10 “18 7 b 
1 7 2x 10-6 
3 : 2x 10-° 
5 2X10" 


9 -1 0.67X10-° 
0.67 X 10-* 


Sample 


2—Si+0.0005B 
3—Si+0.001B 
4—Si+0.002B 


A—Si+0.001P 
B—Si+0.0057P 





1.0X 10!" 
1.25 X 1018 


1 
3 








linear variation, we may write 
E¢(T) =E¢(0) —8T. 

The empirical equation for .m,/T* can be 

brought into agreement with the theoretical by 


taking 
Eg(0) =12,900/11,600 = 1.115 ev, 


(46) 


(47) 
and 


B=k log32.5=3.0X10-* ev/degree. (48) 


The value of Eg(0) is in close agreement with 
photoelectric studies of a silicon p—™m junction 
at low temperatures.”° These studies also indicate 
a shift in response corresponding to a change in 
Eg=0.1 ev between 90°K and 290°K, a range 
of 200°K, giving B=5X10~. The difference 
between this value of 8, obtained at low tem- 
peratures, and ours may be accounted for, in 
part, by the effective mass term. 

In the limit of high temperatures, the concen- 
tration may be found by setting »,=m,=n in 
Eq. (45) and solving for m. Using Eqs. (41a) and 
(41b) for the mobilities, the conductivity may 
be found for Eq. (9). The corresponding equation 
for the resistivity in the intrinsic range is 


p=1.1X10~ exp(6450/T) ohm. 


Values of the Hall coefficient, R, were calcu- 
lated with use of the values of ,. and m, deter- 
mined from the conductivity. The calculated 
values are compared with the observed values in 
Table III. Good agreement is obtained for the 
n-type sample (A), but there are discrepancies for 
the p-type samples, (1) and (2), which appear to 
be outside the limits of experimental error. Agree- 
ment can be obtained by using a value of c=3.75 
instead of the value 3.0 obtained from the ratio 
of the mobilities in the sub-intrinsic range of 

20F, S. Goucher, H. B. Briggs, G. L. Pearson and W. 
Shockley, “Photoelectric and electric studies of P-N 


acters. in silicon and germanium,” to be published in 
ys. R 
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other samples. This would correspond to an 
electron mobility of about 19X10°7? for the 
intrinsic range of p-type samples as compared 
with 15X10°7~—? for electrons in u-type samples, 
A real difference of this sort would be surprising, 
If the higher value is used to compute ”, and m, 
for the p-type samples, it is found that values of 
n.m,/T* for the different samples do not lie on 
the same line. It is possible that the theory for 
the Hall coefficient in the intrinsic range requires 
modification. 


VI. LATTICE AND IMPURITY SCATTERING: 
ANALYSIS OF MOBILITY DATA 


6.1. Lattice Scattering 


We have seen that the mobilities of electrons 
and holes in all samples approach the same 
limiting curves at high temperatures, inde- 
pendent of impurity concentration. The mobility 
in this temperature range is determined by scat- 
tering by vibrations of the crystal lattice. It has 
been shown by Wilson,” and later more generally 
by Seitz,” that in a non-polar material such as 
germanium or silicon the mean free path is inde- 
pendent of velocity. Above a few degrees abso- 
lute, the scattering by lattice vibrations is 
isotropic, and energy is conserved during col- 
lisions. The.mean free path varies as T— and 
in the non-degenerate case the mobility varies 
as T~!, These theoretical predictions agree well 
with the experimental results for silicon, and, as 
pointed out by Seitz,” the observed values are of 
the expected order of magnitude. 

The difference in electron and hole mobility 
(Eqs. (41a) and (41b)), a factor of three, may 
result at least in part from the fact that the 
effective mass of a conduction electron is less 
than that of a hole. Theory indicates that the 
mobility varies as (mer.)~>/. A factor of three 
would require that 


(m,/m «) 5/2 = 3, 


m,/m,=0.65. 


This ratio is about the same as that required to 
explain the difference in ionization energies 
between donors and acceptors, but is about 

#1 A. H. Wilson, Theory of _ (Cambridge University 


Press, Cambridge, 1936), p. 
#F. Seitz, Phys. Rev. 73, aS (1948). 


(49) 
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twice as large as that derived in Section 5.1 from 
concentration data for sample A. The larger 
value is probably more nearly correct. 


6.2 Impurity Scattering—Non-Degenerate 


At lower temperatures impurities contribute 
to the scattering, so that the mobilities are 
higher in the purer samples. The impurity 
centers which give the largest scattering are the 
donors and acceptors. Scattering by both ionized 
and neutral centers is large at low temperatures. 
It is not possible to make anything like an exact 
calculation of the way the mobility should 
change with temperature when both lattice and 
impurity scattering is involved for the following 
reasons : 

(1) The theory of the scattering, particularly 
by neutral centers, is complicated, and only 
rough approximations are available. 

(2) Scattering by the lattice, ionized centers, 
and neutral centers are not additive because they 
depend in different ways on the velocities of the 
carriers.” 

In this section we attempt to give only a brief 
outline of theoretical considerations involved in 
impurity scattering, and to indicate roughly the 
correlation between theory and experiment. We 
discuss first the case of a non-degenerate gas and 
then the degenerate case. 

Conwell and Weisskopf* have given an ex- 
pression for the resistivity of a semiconductor 
which is based on scattering by ions which are 
present with a total concentration N;. The ex- 
pression for the reciprocal of the mobility, which 
applies for a non-degenerate gas, may be written 
in the form 


1/p = (Nyw*!2e3}!2) /(27/2x2(RT )3/?) 
Xlog(1-+-x?)(e.s.u.), (50) 
where 


x = 6xdkT /e’. (51) 


In these equations d is the average distance the 


*3W. Shockley (unpublished) has made calculations of 
the resistivity when both lattice scattering, with /, inde- 


pendent of velocity, and scattering by ions, with 1;~v~, 
- oe Large deviations from simple additivity are 
ound. 

* E. Conwell and V. F. Weisskopf, Phys. Rev. 69, 258A 
(1946). The problem is mathematically identical with that 
of the scattering of electrons in an ionized gas which has 
been solved to the same approximation by S. Chapman, 
Monthly Notices, R.A.S. 82, 294 (1922). 
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field of any one ion extends, so that 2d is some- 
thing like the average distance between near 
neighbors. For the purpose of numerical calcu- 


lation, we take 
d=0.5N rt. (52) 


The choice of the numerical factor is somewhat 
arbitrary. Inserting numerical values for the 
fundamental constants and converting to prac- 
tical units, Eqs. (50) and (51) may be written for 
application to silicon in the form 


1/u=1.8X10-8N;T- log(1+22), (53) 
*x=2.3X10!N-T. (54) 


A neutral donor or acceptor consists of an 
electron or hole moving in a hydrogen-like orbit 
about the corresponding ion. The calculation of 
the scattering by such a center is mathematically 
the same as that of the scattering of an electron 
by a hydrogen atom, which problem has been 
treated theoretically by Massey and Mohr.”5 
An exact calculation is difficult, particularly for 
incident energies less than the ionization energy, 
for which exchange effects are important. In the 
limit of zero velocity of the incident particle, the 
cross section for scattering is 124 times that of 
the Bohr orbit. The cross section decreases rapidly 
with increasing velocity, but is still large when 
the kinetic energy of the incident particle is less 
than about 25 percent of the kinetic energy of an 
electron in a Bohr orbit. The radius of the orbit 
about an ion in a semiconductor is increased by 
the dielectric constant and the cross section by 
the square of the dielectric constant. 

To compare the scattering by neutral and 
ionized centers, we write down an expression for 
the mobility in a semiconductor containing NV, 
neutral scattering centers. The reciprocal of the 
mobility is related to the effective scattering 
cross section, A, by 


1/u=(m/e)N,vA (e.s.u.), 
where v is an average thermal velocity for the 
carrier. We may set 

A=124rr?A,2a(T), 


where a(T) is a numerical factor which equals 
unity at T=0 and decreases with increasing 


(55) 


(56) 


% H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. 
A132, 605 (1931); A136, 289 (1932). 
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TaBLE V. Limiting low temperature resistivities and 
mobilities for degenerate samples. 








1.87 X10""/n 
1.33X 10™? 
1.56X 10-* 
3.9 X10 


-l X10-% 


Sample n 7 


6—Si+0.01B 14x10 31 
7-—Si+01B 1.2X10 30 
8-—Si+1.0B  4.8xX10% 54 


C—Si+0.1P 1.7X10% 130 
D—Si+1.0P 





, 1 
2.6X10 50 5S. 7.2 X10 











temperature. Putting «=13 for silicon, sub- 

stituting in Eq. (55), and converting to practical 

units gives 
1/u=7.6X10-2N,,T'a(T). 


This equation may be compared with Eq. (53) 
which applies to ionized centers. The effective 
scattering cross sections will be equal for a tem- 
perature such that 


T?=2.4X 108 log(1+22)/a(T). 


(57) 


It is not unreasonable to expect that the effective 
scattering cross section for neutral centers is as 
large or is larger than the cross section for 
ionized centers at temperatures above about 
100°K. 

The mobilities of the p-type samples are shown 
in Fig. 8A and the n-type in Fig. 8B. Of the 
p-type samples, numbers 1, 2, 3, and’4 are non- 
degenerate and number 5 is borderline, as the 
degeneracy temperature is about 150°K. The 
mobility values for sample 1 are anomalously 
low. It is thought that in this case the sample 
is not homogeneous so that the method does not 
give reliable results. The mobilities of the re- 
maining p-type samples, numbers 2, 3, and 4, 
and of the m-type samples, A and B, can be 
approximated over the temperature range by an 
expression of the form 


1/u=aT-?+6T?}. (58) 


This form is suggested by assuming additivity of 
lattice and impurity scattering, and by the form 
of Eq. (53) for impurity scattering. The first 
term represents impurity scattering and the 
second term lattice scattering. The coefficient } 
is equal to 2X 10~* for the p-type samples and to 
0.67 X10-° for the n-type samples. Values of a 
which give the best fit to the observed data are 
listed in Table IV. 
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The empirical values of a are of the same order 
as expected from theory. Equation (53) gives 


a=1.8X10—8N ; log(1+<?). (59) 


The factor multiplying the logarithm is listed in 
Table IV for the different samples. The logarithm 
is slowly varying with concentration and tem- 
perature, and may be expected to increase a by 
a small factor. The order of magnitude is about 
the same as the observed. Actually, a large frac- 
tion of the impurity centers are neutral over the 
temperature range, the concentration of ions 
decreasing with decrease in temperature, so that 
the comparison is not significant except as to 
general order of magnitude. The empirical values 
of a do not decrease as rapidly as expected with 
decreasing concentration. The discrepancy is 
particularly large for sample A. 


6.3. Impurity Scattering— Degenerate 


In the degenerate cases, the concentrations 
and resistivities approach constant values at low 
temperatures. The resistivity is determined by 
impurity scattering. Because of Fermi-Dirac 
statistics, the effective velocities of the carriers 
and thus the mobilities and resistivities become 
temperature independent. The constancy of p 
and R over a wide temperature range for samples 
6, 7, 8, and Dis striking.”6 

When degeneracy applies, it may be assumed 
that there are impurity centers of only one type 
and that these are all ionized. The concentration 
of ions is then equal to that of the electrons (or 
holes). Johnson and Lark-Horovitz!® have ex- 
tended the calculations of Conwell and Weisskopf 
to cover this case. the problem is mathematically 
identical with that of the calculation of the 
resistivity of dilute solutions of metals of higher 
valency in monovalent solvents such as Cu, Ag, 
and ‘Au. This latter problem has been discussed 
by Mott.?7 He assumes that the impurity ions 
are screened by the electrons, so that the poten- 


26G. L. Pearson and W. Shockley (reference 1) have 
found that the resistivity and Hall coefficient of a sample 
of silicon similar in composition to sample 6 remain con- 
stant to 10°K. Similar results were obtained for a ger- 
manium sample with added impurities. I. Esterman, A. 
Foner, and J. A. Randall (Phys. Rev. 72, 530A (1947)] 
have reported that the resistivity and Hall coefficient of a 
sample of germanium with 0.04 atomic percent Al added 
remained substantially constant between 20°K and 200°K. 

27.N. F. Mott, Proc. Camb. Phil. Soc. 32, 281 (1936). 
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tial of an ion is of the form 
V(r) =(Ze*/r)e-@, 


where Z is the difference in valency between the 
solute and solvent atoms, and g depends on the 
screening. To apply to our case we replace Z by 
1/x, where «x is the dielectric constant. 

Both Mott’s theory and that of Johnson and 
Lark-Horovitz lead to an expression for the 
reciprocal of the mobility of the form: 


1/p = (82re?m?/3x7h*) f(y) (e.s.u.). 


The parameter y is a measure of the ratio of the 
kinetic energy of an electron at the surface of the 
Fermi distribution, Eo, to the potential energy 
in the field of the ion: 


y = xEo/e’nt = (xh? /8me?) (3/2) inh. 


The form of the function f(y) is discussed below. 
Putting in numerical values for silicon gives 


y=3.4X10-7n}. 


(60) 


(61) 


(62) 


(63) 


Inserting constants for silicon into Eq. (61) and 
converting to practical units gives 


p=1/nep= (1.87 X 10!7/n) f(y) (ohm cm). 


The function f(y) depends on what is assumed 
for the field of an ion. Johnson and Lark-Horovitz 
assume a cut-off distance 


d=n-*/2r*=0.28n-}, 


(64) 


(65) 


which, using an extension of the Conwell-Weiss- 
kopf theory, gives 

f(y) =log(1+-y?/7). 
In the limiting case of y? small compared with 
unity, the logarithm can be replaced by y?/z, 
giving 


(66) 


1/p = (arh/4e) (3/2) *n# (e.s.u.). (67) 


The mobility and thus the resistivity are in this 
approximation independent of the dielectric 
constant and effective mass, and so should 
depend only on the concentration. The resistivity 
is inversely proportional to the cube root of the 
concentration. In practical units 


p=6270n-? (ohm cm). (68) 


This is the formula as given by Johnson and 
Lark-Horovitz. 
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Mott’s expression for f(y) may be written in 
the form 


f(y) =log(1+ay) —ay/(1+ay). 


The numerical factor @ is inversely proportional 
to the square of the screening constant, g, and 
is equal to 2(x/3)* if the Thomas-Fermi method 
is used to evaluate g. Mott believes that this 
method yields a value for g which is too large. 
The best value for a may therefore be several 
times larger than 2(x/3)*. In the derivation of 
Eq. (69) the Born approximation is used to 
determine the collision cross sections. This ap- 
proximation is valid in the limit of large ratios 
of kinetic to potential energy, that is, for large 
values of y. This condition is not well satisfied in 
our case, and it is probable that the actual cross 
sections are larger than given by the formula. 

We would expect a formula based on screening 
to be more accurate than one based on a cut-off 
distance for the ion field, so that Mott’s formula 
is to be preferred. The use of the Born approxima- 
tion limits the accuracy that can be attained. 

The experimental results do not agree well 
with either formula except as to order of mag- 
nitude. In Table V we have listed the limiting 
resistivities and mobilities and have also listed 
the values of the factor multiplying f(y) in Eq. 
(64). It can be seen that these values are in fair 
agreement with the observed values of p, indi- 
cating that f(y)~1. Both Lark-Horovitz’s and 
Mott’s expressions yield values for f(y) which 
are smaller than unity. It appears likely, how- 
ever, that appropriate modifications of Mott’s 
theory would yield agreement. 


(69) 
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On the Theory of Superfluidity 


L. LANDAU 


Institute for Physical Problems Academy of Sciences of the U.S.S.R., 
Moscow, U.S.S.R. 


November 19, 1948 


INCE my paper on the theory of the superfluidity of 
helium JI was published in 1941! and in later papers,®* 
this problem has been repeatedly discussed in scientific 
literature. I should like to express my opinion on some of 
the statements which have been put forward, especially in 
connection with the last paper by L. Tisza.‘ * 

It follows unambiguously from quantum mechanics that 
for every slightly excited macroscopic system a conception 
can be introduced of “elementary excitations,’’ which de- 
scribe the ‘‘collective’’ motion of the particles and which 
have certain energies e and momenta (leaving aside the 
question as to the actual dependence ¢(), i.e., the actual 
form of the energy spectrum). It is this assumption, 
indisputable in my opinion, which is the basis of the micro- 
scopical part of my theory. On the contrary, every con- 
sideration of the motion of individual atoms in the system 
of strongly interacting particles is in contradiction with 
the first principles of quantum mechanics.** 

As to the actual form of the energy spectrum, the general 
principles allow one merely to assert! that for small ener- 
gies the dependence e(p) must be of the “phonon’’ type, 
i.e., €=cp, c being the velocity of sound. This fact is in 
itself sufficient to deduce strictly the superfluidity of the 
liquid at sufficiently low temperatures (reference 1, § 5). It 
is useful to note that N. N. Bogoliubov® has succeeded 
recently, by an igenious application of second quantiza- 
tion, in determining the general form of the energy spec- 
trum of a Bose-Einstein gas with a weak interaction be- 
tween the particles. As it should be, the “elementary ex- 
citations” appear automatically, and their energy « as a 
function of the momentum is represented by a single 
curve, which has a linear initial part. Although the model 
of such a gas does not have any direct bearing on the ac- 
tual liquid helium JJ, it shows the manner in which the 
quantum-mechanical mathematical formalism leads, in 
fact, from a macroscopical body to an energy spectrum 
with the indicated properties. 

The further trend of the « vs. p curve cannot be estab- 
lished in a general form by purely theoretical considera- 
tions. The spectrum with two branches (e=cp ande=A 
+ ?/2u), which I originally postulated, consisted of two 
intersecting curves; the latter fact alone makes this spec- 
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trum unsatisfactory. These considerations, together with 
an elaborate investigation of the new experimental data, 
lead* to a spectrum consisting of a single curve; after a 
linear initial part, the function e(p) passes through a maxi- 
mum, then has a minimum and increases again.*** 

Apart from the microscopic theory and the calculation 
of the thermodynamic quantities based on this theory, my 
paper of 1941 contained also the derivation of the hydro- 
dynamic equations for helium JJ. This part of the theory 
does not depend on the assumptions concerning the energy 
spectrum and the equations can be deduced starting merely 
from the conservation laws and the Galilean relativity 
principle. From these hydrodynamic equations the formula 
which determines the velocity of the “second sound” in 
terms of the thermodynamic quantities of helium JI was 
deduced. I would like to emphasize that, at present this 
formula can be directly checked by the experimental data 
on the entropy and the specific heat of helium JJ and the 
values of p,» directly measured by E. Andronikashvilli.‘ 
Such a comparison shows excellent agreement between the 
theory and the experiment well inside the limits of the 
experimental error. Therefore, one must consider as a mere 
misunderstanding Tisza’s assertion that this formula is 
in conflict with experiment. 

The hydrodynamic equations given by Tisza are, in 
my opinion, quite unsatisfactory. It is easy to see that in 
their exact form they even violate the conservation 
laws!**** If one tries to obtain my results starting from 
these equations, it can be done only as far as equations of 
the first approximation are concerned, in which the terms 
of the second order in the velocities are neglected. In this 
case Tisza’s equations can be readily reduced to my equa- 
tions by means of a suitable definition of the arbitrary 
quantity pa, which enters Tisza’s theory; this is exactly 
what he does in his recent paper. Unfortunately, however, 
he obtains the correct result by using an incorrect assump- 
tion of the proportionality between the entropy and the 
normal part of the density pa» of helium JI. Tisza’s effort 
to give a thermodynamical foundation for this assumption 
is quite unconvincing and the formulas given!? actually 
show that such a proportionality is absent.t 

Tisza excludes phonons from the “normal part” of the 
liquid, the argument being that the phonons are “‘associ- 
ateu with the liquid as a whole,” contrary to the “ele- 
mentary excitations” which “correspond to helium atoms 
in translational Bloch-type states.’’ Such exclusion of the 
phonons evidently presumes either that (1) the phonons 
penetrate freely through narrow slits, without scattering 
by the walls (I do not mention their mutual collisions, 
which can be calculated hydrodynamically and turn out 
to be by no means improbable), or (2) the moving phonon 
gas has no momentum, whereas the opposite (‘‘the sound 
wind’’!) is well known. Both alternatives are so obviously 
incorrect that I can hardly imagine which is the one 
adopted by Tisza. It should also be noted that the part of 
the density p, which is due to phonons can be strictly 
calculated.! tt The experimental data which are available 
at present are yet insufficient to disprove Tisza’s assertion, 
because of the comparatively small role of the phonons in 
the temperature region explored. But I have no doubt 
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whatever that at temperatures of 1.0-1.1°K the second 
sound velocity will have a minimum and will increase with 
the further decrease in temperature. This follows from the 
yalues of the thermodynamic quantities of helium JI 
calculated by me. 

Tisza’s paper contains also some considerations con- 
cerning the viscosity of helium JJ. These considerations 
are, however, confined to some unconvincing remarks on 
the necessity of distinguishing the “‘liquid-type viscosity” 
from the ‘‘gas-type or transport viscosity,” and as a result 
Tisza concludes that the viscosity must decrease with 
decreasing temperature. Actually, this problem is theo- 
retically rather complicated, and its solution requires an 
elaborate investigation of different elementary collision 
processes of phonons and rotons with each other. Such an 
investigation shows that the viscosity coefficient of helium 
II can be represented as a sum of two parts—the ‘‘roton 
part” and the ‘“‘phonon part.” The first one turns out to be 
independent of the temperature, whereas the second in- 
creases experimentally with decreasing temperature (a 
temperature region which is not too near to the A-point is 
implied, thus allowing one to consider the phonons and 
rotons as a “perfect gas’). These results are entirely in 
accord with the recent viscosity measurements by E. 
Andronikashvilli,?’ which correspondingly are in conflict 
with Tisza’s considerations. 

Finally, I should like to dwell upon the question of be- 
havior of foreign atoms dissolved in helium JI (e.g., atoms 
of the isotope He®). In a recent paper by I. Pomeranchuk 
and the author,’ it was shown by considering the energy 
spectrum of a quantum liquid, together with a foreign 
atom that the presence of such atoms gives rise to the 
appearance of a new kind of “elementary excitation” con- 
nected with these atoms. These atoms enter the “‘normal 
part” of the liquid together with the phonons and rotons 
and thus cannot penetrate narrow slits (a fact actually ob- 
served by Daunt et al.®). It is to be emphasized that this 
fact has nothing to do with the question as to the super- 
fluidity of the substance of the admixture in itself (in 
particular of the pure He*), contrary to the opinion ex- 
pressed in the literature (J. Franck!® and Tisza‘). 

*I am glad to use this occasion to pay tribute to L. Tisza for intro- 
ducing, -as early as 1938, the conception of the macroscopical descrip- 
tion of helium IJ by dividing its density into two parts and introducing, 
correspondingly, two velocity fields. This made it possible for him to 
predict two kinds of sound waves in helium JJ. [Tisza’s detailed paper 
(J. de phys. et rad. 1, 165, 350 (1940) was not available in U.S.S.R. 
until 1943 owing to war conditions, and I regret having missed seein: 
his previous short letter (Comptes Rendus 207, 1035, 1186 (1938)). 
However, his entire quantitative theory (microscopic as well as thermo- 
dynamic-hydrodynamic) is in my opinion, entirely incorrect. 

** Such reasonings are also present in Tisza’s recent paper. No 
quantum meaning can be given to such assertions, as, e.g., “every vortex 
element can be associated with a definite mass contained in the volume 
in which the vorticity is different from zero” (reference 4, p. 852). 

_ *** Tisza's remark that this assumption ‘‘tends to modify the theory 
in the wrong direction” (reference 4, p. 852) can hardly be justified. 


*ee* For instance, the time derivative of the total momentum 
JS (enVn+psVs)dV is not equal to zero. 

t Accidentally, the temperature dependences of the roton parts of pn 
and of the entropy are very similar (the only difference being the factor 
1+3T/2A). It is this circumstance that enabled Tisza to attain a good 
agreement with the experimental data on the second sound velocity in 
the region of not too low temperatures, where the rotons prevail over 
the phonons. 

_tt Tisza remarks that the argument given in reference 1 “‘is not con- 
vincing as it tends to obtain information on a kinetic coefficient (vis- 
cosity) from equilibrium considerations” (reference 4, p. 852). However, 
this is a mere misunderstanding. It is generally known that the uniform 
rotation admits a thermodynamic consideration, and the argumenta- 
tion given! uses such considerations only for the calculation of that 
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part of the helium mass which rotates together with the rotating vessel, 
whereas no conclusions on the magnitude of the helium viscosity can 
be obtained in such a way. Of course, my paper does not make an at- 
tempt of this kind. 

1L. Landau, J. Phys. U.S.S.R. 5, 71 (1941). 

2L. Landau, J. Phys. U.S.S.R. 8, 1 (1944). 

3L. Landau, J. Phys. U.S.S.R. 11, 91 (1947). 

4L. Tisza, Phys. Rev. 72, 838 (1947). 

5 N. Bogoliubov, J. Phys. U.S.S.R. 11, 23 (1947). 
(1948) Andronikashvilli, J. Exper. Theor. Phys. 16, 780 (1946); 18, 424 

7 E. Andronikashvilli, J. Exper. Theor. Phys. 18, 429 (1948). 

8L. Landau and I. Pomeranchuk, Comptes Rendus Acad. Sci. 
U.S.S.R. 59, 669 (1948). 
“sa” Probst, Johnston, Aldrich, and Nier, Phys. Rev. 72, 502 

10 J, Franck, Phys. Rev. 70, 561 (1946). 





On the Theory of Superfluidity* 


L. Tisza 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
December 20, 1948 


N order to appreciate the relation of Landau’s theory+? 

of superfluidity to ours*-§ one has to keep in mind a 
fundamental difference in attitude. We started from the 
conviction that the present techniques of handling the 
quantum-mechanical many-body problem are inadequate 
for a theory of liquid helium and formulated a few as- 
sumptions which enabled us to correlate and predict ex- 
perimental facts. 

On the other hand Landau attacked the helium problem 
from a more fundamental point of view and tried to derive 
the properties of this system from the principles of quan- 
tum mechanics. Landau criticizes our ideas not so much 
because of their internal inconsistency but because they 
do not follow from his theory of phonons and rotons. 
We are frankly impressed by the audacity and power of 
Landau’s approach but we feel that he has introduced into 
his theory more or less disguised assumptions which can- 
not claim the same degree of certainty as the principles of 
quantum mechanics. These assumptions need an experi- 
mental verification no less than the assumptions formu- 
lated by ourselves.** 

There are essentially two issues awaiting experimental 
decision. The first is whether or not the Bose-Einstein 
statistics is essential for the superfluidity of HeZI. We 
have pointed out® that the macroscopic effects cannot de- 
cide either for or against this assumption, since their 
interpretation depends only on certain general features of 
the two-fluid model. Landau is right in pointing out that 
the experiments with He, He‘ mixtures are not quite con- 
clusive in this respect either. Recently, however, the lique- 
faction of pure He® has been reported® and the question 
is likely to be decided before long. 

The second group of experiments concerns the low tem- 
perature behavior of helium IJ. In contrast to Landau, we 
predicted that somewhere between 0.6 and 1°K, helium JJ 
gradually becomes a homogeneous liquid and the thermo- 
mechanical effect vanishes. Thus heat transfer should occur 
by the conventional mechanism and not by second sound. 
Also the cooling method based on the thermomechanical 
effect®7 should fail in this temperature range. 

The origin of this divergence is in a rather subtle differ- 
ence in the interpretation of the two-fluid concept. We 
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consider the ‘“‘normal flow” as a drift of elementary excita- 
tions possessing rest masses (postulate c®) whereas for 
Landau the normal flow is that of the whole excitation 
energy. Thus Landau includes and we exclude phonons. 
We doubt that this issue can be conclusively decided the- 
oretically at the present time and we would await the out- 
come of the low temperature experiments. 

We would like to make a few remarks on Landau’s 
criticism of our hydrodynamic equations. These equations 
appear as direct consequences of the two-body problem 
in point mechanics; hence the conservation laws are auto- 
matically satisfied. Since we were mostly interested in 
wave propagation, the quadratic terms in the velocity 
were not always considered. 

The osmotic pressure P, is not an arbitrary quantity; 
it is directly observed as the fountain pressure. The 
possibility of its definition follows from the existence of 
semi-permeable capillaries. 

Landau questions the validity of our relation (11) of 
of reference 5, which is the basis for the proof of equiva- 
lence of the two expressions for the velocity of second 
sound. Equation (11) is valid for adiabatic processes (such 
as the propagation of sound) provided our postulate c® is 
valid. Thus the use of (11) is legitimate within the frame- 
work of our assumptions. 

On the other hand, the validity of Eq. (12) and conse- 
quently of Eq. (28)5 giving the explicit temperature de- 
pendence of the second sound velocity have only an 


approximate nature.* The approximation should be better | 


for lower temperatures and in fact Peshkov’s® measure- 
ments between 1.2° and 1.6°K show that they are satisfied 
to a very great accuracy. Therefore we concluded® that 
experiment is in favor of our postulate c. Since that time 
Pellam"® has extended Peshkov’s measurefnents to nearly 
1°K. At the lowest temperatures he does not completely 
check Peshkov’s measurements; thus it seems justified to 
consider this question to be open until the measurements 
have been carried out well below 1°K. 

The situation can be summed up as follows: (1) The two 
macroscopic theories are essentially equivalent. The actual 
overlapping is not complete. E.g. Landau obtained several 
particular solutions of the hydrodynamic equations. On 
the other hand we discussed questions such as what is 
responsible for the difference in behavior of Hel, a quan- 
tum liquid, and hydrogen, aclassical liquid, which is hard to 
understand from Landau’s point of view. (2) Landau and 
ourselves have formed somewhat different intuitive pic- 
tures of the two-fluid model. Since this concept is no doubt 
in need of further clarification, it seems rather fortunate 
that several variants could be developed leading to differ- 
ent experimental predictions. The results of these crucial 
experiments are bound to render the theory more definite 
and thus prepare the ground for a satisfactory quantum- 
mechanical foundation. 


* We would like to express our thanks to the Editor for making it 
possible for us to comment on Landau’s paper before its publication. 

** A few examples will suffice to explain our point: (1) The form 
(1.10) of reference 1 for the Hamiltonian is hardly obvious. The assump- 
tion of a potential energy dependent on the density alone is probably 
related to our assumption of the vanishing of the microscopic rigidity. 
(2) It is tacitly assumed that the energy gap A is independent of the 
size of the system. First, this is not obvious; second, it seems to be in 
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conflict with the observation that the critical velocity is di ent on 
the geometry of the system. Also the observed critical velocity may be 
as much as 100 times smaller than the one computed by Landau. (3) 
It is assumed that the symmetrization of the wave function according 
to the Bose-Einstein statistics is unimportant. (4) In the experiment on 
the rotating vessel it is assumed that the relaxation time is short com- 
pared with the duration of real experiments. Assumptions (3) and (4) 
are at present open questions. 

iL. dau, J. Phys. U.S.S.R. 5, 71 (1941). 

2L. Landau, J. Phys. U.S.S.R. 11, 91 (1947). 

3L. Tisza, Comptes Rendus 207, 1035, 1186 (1938). 

4L. Tisza, J. de phys. et rad. 1, 165, 350 (1940). 

5 L. Tisza, Phys. Rev. 72, 838 (1947). 

6S. G. Sydoriak, E. R. Grilly, and E. F. Hammel, Phys. Rev. 75, 
nl — Announced by Grilly at Chicago Am. Phys. Soc. meeting, 

ov. S 

7P. Kapitza, J. Phys. U.S.S.R. 5, 59 (1941), 

8 This was pointed out to us by Dr. Dingle. See R. B. Dingle, Proc. 
Phys. Soc. 61, 9 (1948). 

®V. Peshkov, J. Phys. U.S.S.R. 10, 389 (1946). 

10 J. R. Pellam, Phys. Rev. (in press). 





The Viscosity of Mixtures of He; and He, 


D. TER HAAR AND H. WERGELAND 
Department of Physics, Purdue University, Lafayette, Indiana 
January 10, 1949 


F one may accept Tisza’s phenomenological picture! 
of the viscosity of He,, it is not difficult to estimate 
the influence of an admixture of He; to the He, liquid. 
In Tisza’s picture the viscosity consists of two parts, the 
kinetic and the dynamic viscosity : 


9 = kin gdyn, (1) 


The first part, 7*i", is given by the well-known formula 
from kinetic gas theory 


nkin = 3pdl, (2) 


where / is the mean free path, ¢ the average velocity, an 
p the density. For the He, liquid below the \-point, the 
dynamic viscosity should be zero and the kinetic viscosity 
will be decreasing rapidly with decreasing temperature, 
thus accounting for the superfluidity of HeJJ. 

If a fraction x of the liquid is changed from He, to Hes, 
the dynamic viscosity will presumably not change ap- 
preciably since it is determined by the forces between the 
atoms. The same applies for the spacing of the atoms in the 
liquid, and we shall assume 


ps/ms=ps/ma, (3) 


where m is the mass of one atom. 

Because of the difference in statistics, the kinetic vis- 
cosity of He; will be much larger than that of Hey. It will 
not decrease for decreasing temperature but approach to 
a constant value corresponding to the zero-point momen- 
tum in a Fermi-Dirac gas. Since the kinetic viscosity of a 
mixture should be additive in high approximation, we 
can write for the increase in viscosity due to a fraction x 
of He; in the He, liquid: 


An= nmix— 14=%(n3ki2 — n4ki2) xeygkin, (4) 


where we have neglected the kinetic viscosity of He, as 
compared to the kinetic viscosity of Hes. 

It is easy to get an estimate for 43*i". The mean zero- 
point energy of a particle in a Fermi-Dirac gas and the 
corresponding mean velocity are given by 
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TABLE I. 











TinnEhs 102 12 22°. 324° 2.2° 2.4° 3° 4° 





minuwP: 0.18 0.35 0.80 1.5 15 22 25 28 
0.35 0.18 0.079 0.042 0.0042 0.0029 0.0025 0.0022 


An/na: 








E = (3h?/10m) (3p/8xm)}, 
c= (2H/m)*= (h/m)(3/5)*(3p/8xm)). 


For p/m we may take the value given by Eq. (3) since we 
should take for the volume available per Hes atom the 
free volume of one atom in the liquid. The density of liquid 
He, does not change appreciably over the whole range of 
possible temperatures. We shall assume p4=0.145 g/cm#. 
Since the mean free path / is equal to m/V2xpd?, where d 
is the diameter of the atoms involved, we have for ns3*i® 
from Eqs. (2), (3), and (5): 


ns*i2 = (h/wd?) (30)-4(3p4/8m4)'=6.3uP, 


with d=2.9A.? 

Using Eq. (6), expression (4) for the change in viscosity 
and the experimental values of ps given’ in Keesom’s 
monograph,’ it is possible to calculate the percentage 
changes in viscosity. For x=0.01, these changes are for 
different temperatures (see Table I). 

It must be remarked that the values in the table are 
lower estimates. There are two reasons why the effect may 
well be higher. Firstly, the Maxwell tail of the Fermi 
distribution may give rise to a slightly higher value of ¢. 
Secondly, Hes; may well have a dynamic viscosity below 
2.2°K since its A-point, if it exists, will probably occur for 
a lower temperature. The higher viscosity of the mixture, 
however, might perhaps under certain conditions of flow be 
partly concealed by a lubricating effect of the He,. Finally, 
we must remark that even if He; should show a )-transi- 
tion, which could, e.g., be observed in the specific heat 
curve, no superfluidity or large heat conductivity would be 
present due to the Fermi-Dirac viscosity, given by Eq. (6) 

1L. Tisza, Phys. Rev. 72, 838 (1947). 

2W. H. Keesom, Helium (Elsevier Publishing Company, Amsterdam, 


1942), p. 50 and following pages. 
3 See reference 2, p. 267, Fig. 6.03; p. 271, Table 6.02. 


(5) 


(6) 





On the Nuclear Electric Quadrupole 
Moment of Li*® 


P. KuscH 
Columbia University, New York, New York 
January 24, 1949 


HE line observed in the molecular beam magnetic 
resonance method, and which results from the re- 
orientation of the nuclear spin with respect to an applied 
magnetic field, is the envelope of a large number of closely 
spaced lines arising in the rotational states, J, ms. Feld 
and Lamb! have shown that the effect of a quadrupole 
moment of one of the nuclei in a heteronuclear diatomic 
molecule at sufficiently high fields is to introduce into this 
envelope 2I equally spaced maxima, each maximum corre- 
sponding to a particular transition m1 to mri+1. The 
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maxima are symmetrically disposed about the frequency 
g1uol1/h. From the separation of the maxima it is possible 
to determine the quadrupole interaction energy, eqQ. 

Whether or not the maxima are observable depends on a 
number of factors which include the inherent width of the 
maxima as determined by the interaction of the quad- 
rupole moment with the molecular rotation, the interac- 
tion of the magnetic dipole moment with the molecular 
rotation, and the resolution of the molecular beam ap- 
paratus. 

The spectra of all the lithium halides have been ob- 
served at a field of about 11,000 gauss. At this field the Li? 
line occurs at a frequency of about 9.6 mc/sec. and all 
second- and higher order terms in the quadrupole interac- 
tion energy may be ignored. The line of Li’ in all of the 
lithium halides shows the characteristic structure pre- 
dicted by Feld and Lamb. Three peaks occur, and the 
frequency separation of the two extreme peaks, e’gQ7/2h, 
is given for the case of the four lithium halides in the second 
column of Table I. The width of the central maximum, 
which is a measure of the interaction of the nuclear mo- 
ment with the magnetic field of the molecular rotation, is 
given in the third column of Table I. 

The line of Li®, where I=1, should consist of two com- 
ponents whose separation is 3e*gQ./4h. Evidently, since 
the same value of g occurs for either isotope in a given 
molecule, and since the separation of the peaks is sub- 
stantially the same for Li’? in LiCl, LiBr, and Lil, it is to 
be expected that the separation of the two peaks in the 
molecules containing Li® should also be the same. How- 
ever, the line of Li® in three lithium halides appears as a 
single line whose width is given in Table I. The lack of 
resolution occurs either because of the extremely small 
quadrupole interaction or because the widths of lines re- 
sulting from other interactions and instrumental limitations 
preclude resolution. The fact that the widths are not 
constant can be attributed to the rather large differences 
which occur in the interaction energy of the nuclear mo- 
ment with the molecular rotation. 

In the case of Lil, where the Li® line has the least width, 
the maxima of the intensity distribution must lie some- 
where within the observed pattern. Accordingly an upper 
limit for the quantity 3 e*g¢Q./4h is 2.85 kc/sec. The quan- 
tity e*¢Q7/2h for the same molecule is 43 kc. Hence it is 
possible to state at once that Q./Q7< 1/23=0.044. 

It is to be emphasized that no experimental evidence 
exists and that the quadrupole moment of Li® is other than 
zero. In the absence of a quadrupole moment of Li’, the 
ratio of the width of the observed line to that of the central 


TABLE I. The first column lists the molecule; the second column, the 
frequency separation in kc/sec. between the extreme peaks of the Li? 
lines; the third column, the half-width in kc/sec. of the central com- 

nent of the lines of Li?; and the fourth column, the half-width of the 

i® lines. 
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component of the line of Li? should be the ratio of the 
nuclear g-values. The observed ratio is about 2.85, while 
the ratio of the g-values is 2.64. The resolution of our 
apparatus is somewhat variable, depending on the velocity 
of the molecules in the beam. The best resolution occurs, 
in these experiments for Lil, where, for a perfectly homo- 
geneous magnetic field, the resolution half-width is about 
1.2 kc/sec. It is thus evident that the entire width of the 
observed Li® line can be accounted for without any broad- 
ening due to the electric quadrupole moment of Li®. 

By use of a Hartree Model, Weisskopf? has calculated 
the quadrupole moment of the Li’ nucleus to be —2.2 X 10-* 
cm*. Nordheim* has proposed a model which assumes that 
all nuclear properties are derivable from the last odd par- 
ticle in the nucleus. Mr. Vernon Hughes of this laboratory 
has used the model to determine the appropriate mixture 
of wave functions necessary to give the observed spin and 
magnetic moment of the nucleus. From this wave func- 
tion, the quadrupole moment of the nucleus may be calcu- 
lated and it is found that Q7=—2.0X10-* cm?. If Q7 
is taken to be —2X 10-** cm?, then Qe +0.88X 107%? cm’. 
The quadrupole moment of the deuteron is known‘ to be 
2.73 X 10-2’ cm?, and this arises because of a’small admix- 
ture of a D state into the S state of the deuteron. Evi- 
dently since the quadrupole moment of Li® is at most one- 
third as great as that of H?, the Li® nucleus is in very nearly 
a pure S state. 

I wish to acknowledge my indebtedness to Professor I. I. 
Rabi for his interest in the experiments and their inter- 
pretation. 


1B. T. Feld and W. E. Lamb, Phys. Rev. 67, 15 o-- 
2V. F. Weisskopf, private communication et Xk. 
3L. W. Nordheim, Bull. Am. Phys. Soc., 2, No. , = 1947), 
and a ae! circulated prepublication copy of a paper. 
B. Kellog, I. I. Rabi, N. F. Ramsey, and J, R. Zacharias, 
Phys. ody 57, 677 (1940). 





The Absorption Spectrum of Neodymium 
Bromate Crystals 
A. BENTON AND E. L. KINSEY 


University of California, Los Angeles, California 
January 13, 1949 


HE visible absorption spectrum of neodymium 
bromate crystals with polarized light was studied 
by Kinsey and Krueger.! By the use of the theory of group 
representations, they obtained a quantum-mechanical 
explanation of the observed polarization effects and as- 


A 
3467A 


Fic. 1. The figure shows the absorption spectra of Nd(BrOs)3-9H20 
(labeled H2O) and Nd(BrOs)3-9D2O-(labeled D2O) taken with polarized 
light (# and o denote E vector parallel and perpendicular, respectively, 
to the optic axis of the crystal). The rD2O spectrum is omitted because 
it — we same relationship to the aD2O spectrum as does the rH:0 
to the ¢ 
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signed quantum numbers to many of the energy levels of 
the neodymium ion in the crystal. We extended their work 
to the ultraviolet region of the spectrum. One interesting 
result of this work is that spectra obtained with thin 
(0.32 mm) crystals of Nd(BrOs)3-9H:O and Nd(Br0,), 
-9D.0 are identical in all respects except one. The strong 
line which appears in the former at 3469A (28826 cm7) 
is displaced toward higher frequencies by 17 cm in the 
latter, appearing at 3467A (28843 cm™). This shift of 
one and only one strong line, which occurs in both polariza. 
tions, is so remarkable that a photograph of it made ona 
large Littrow type Bausch and Lomb spectrograph is 
reproduced in this preliminary note (Fig. 1). The shift 
appears to be in some way connected with an interaction 
between electronic energy levels of the Nd*** ion and 
those of curtailed rotations of the water molecules in the 
crystal lattice. 

The ultraviolet absorption spectrum of neodymium 
bromate was found to have only one group of very strong, 
fairly sharp lines. The five lines of this group occur at 
3562, 3552, 3538, 3509, and 3469A. By following an 
analysis similar to that employed by Kinsey and Krueger 
in their work on the visible spectrum of neodymium 
bromate, these lines were shown to be the result of elec- 
tronic transitions from the ‘I9/2 ground state of Ndt** to 
each of the five component levels into which the *G7/. 
upper state is split by the crystal field. The analysis also 
furnished the M quantum numbers associated with each 
level. 

After completion of the work in the ultraviolet, the 
spectra of Nd(BrO;)3-9H2O and Nd(BrOs)3-9D,0 in the 
visible region were compared. No shift of any strong line 
of the type found in the ultraviolet was observed. Differ- 
ences, however, in the two spectra appeared when very 
thick (4 mm) crystals were used. It was found that several 
very weak lines, present only with thick crystals, were dis- 
placed in the one spectrum relative to the other. A detailed 
analysis showed these lines to result from a coupling of the 
3u-vibrational terms of the water molecules in the crystal 
lattice with electronic terms of the Ndt*t ion. 


1E. L. Kinsey and R. W. Krueger, Phys. Rev. 62, 82 (1942). 





On The Compressibility of Metallic Cesium 
R. M. STERNHEIMER 
Deportment of Physics, University of Chicago, Chicago, Illinois, 
AND 


Department of Physics, Yale University, New Haven, Connecticut* 
January 20, 1949 


HE volume discontinuity of cesium! at 45,000 kg/cm? 

is too large (about 11 percent) to be accounted for 

by a change of crystal structure. The probable explanation 
is that the free electrons which normally occupy the 6s 
band are forced into the empty 5d band at higher pressures. 
A Wigner-Seitz? calculation shows that the energy versus 
volume curves for the bottom of the 5d band and the top 
of the 6s band cross at approximately the volume where 
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the phase transition begins. As the metal is further com- 
pressed, electrons from the top of 6s move into 5d. The 
energy of the lattice. does not increase as rapidly with 
decreasing volume as it would in the absence of 5d. This 
effect is pronounced, because the energy of the bottom of the 
5d band decreases while the energy of the bottom of the 6s 
band increases with decreasing volume in this region, and 
because the 5d band is narrower than the 6s band. When 
a reasonable correction is made for the change in the 
energy of the inner electrons, the resulting total energy 
versus volume curve has a region of downward curvature 
near the volume for which the phase transition is found 
experimentally. The volume changes discontinuously be- 
tween the two points with common tangent. This gives a 
discontinuity of the right order of magnitude at a pressure 
of about 52,000 kg/cm. 

The potential on which the Wigner-Seitz calculations are 
based is described and tabulated in a forthcoming paper. 
The essential quantitative agreement with the experi- 
mental pressure versus volume curve is partly caused by an 
empirical parameter in the energy of the inner electrons. 

I would like to express my thanks to Professor E. Fermi, 
who suggested the line of approach to this problem and to 
Professor E. Teller for many helpful discussions. 

* Assisted by the O.N.R. 

1P, W. Bridgman, Phys. Rev. 72, 533 (1947); Proc. Am. Acad. 76, 
55 (1948). I am very much indebted to Professor Bridgman for a table 


of the volume compression before publication. 
2 E, Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 (1934). 





Search for Nuclear Isomers with Half-Lives 
between a Millisecond and a Second 


J. E. R. Hoitmes, J. Y. MEI,* AND R. S. TURGEL 
Physics Department, University of Birmingham, Birmingham, England 
January 13, 1949 


SEARCH has been made for short-lived isomers with 
half-lives in the range of 10-* to 1 sec. A rotating 
wheel method was employed similar to that of Nahmias 
and Walen.? 

The sample, placed along the inside of a steel hoop 18 in. 
in diameter, was irradiated with slow neutrons from a 230- 
millicurie Ra—Be source surrounded by 2 in. of paraffin 
wax. Diametrically opposite the source and facing the 
sample was a thin-window Geiger-Miiller counter, well 
shielded from y-radiation from the neutron source. 

Any short-lived activity produced in the sample would 
give a rate of counting depending upon the speed of rota- 
tion of the hoop. 

The sensitivity of the experiment was limited by the 
y-ray background from the neutron source (about 65 
counts/min.) and by any f§-activity produced in the sample. 
It was also dependent upon the internal conversion coeffi- 
cient of the isomeric transition. The least cross section of 
formation of an isomer required to detect the isomer could 
thus not be simply stated, but in typical cases would be of 
the order of 5 or 10 10-* cm. Therefore, the search had 
to be restricted to elements having fairly large slow neutron 
capture cross sections. 
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In the 16 elements examined (Li, B, Cl, Ni, Cu, Rh, 
Ag, Cd, In, Sm, Eu, Gd, Dy, Ir, Au, Hg) no isomers were 
found. 

The above method applies only to metastable states 
formed as the immediate consequence of slow-neutron 
capture, in contrast to the delayed coincidence method? 
which detects metastable states formed by 8-decay. 

For half-lives greater than 10 sec., the known isomeric 
transitions are distributed roughly uniformly with respect 
to the logarithm of the half-life.? If the same were true 
for shorter-lived isomers, about as many could be expected 
between 10-* and 1 sec. as between 10-* and 107 sec. 
Within this latter range the delayed coincidence method 
has yielded four isomers out of the 62 isotopes investigated.” 

* Now at the University of Indiana, Bloomington, Indiana. 

1M. E. Nahmias and R. J. Walen, J. de phys. et rad. 8, 153 att 


2S. De Benedetti and F. K. McGowan, Phys. Rev. 74, 728 (1948). 
3M. L. Wiedenbeck, Phys. Rev. 69, 567 (1946), see Fig. 1. 





Second-Order Stark Effect of Methyl Chloride 


ROBERT KarRPLus* AND A. HARRY SHARBAUGH 
General Electric Research Laboratory, Schenectady, New York 
January 19, 1949 


HE first rotational transition, (J, K) = (0, 0)—(1, 0), 

of C®H;Cl*5 and C¥H;Cl*? has been measured and 

analyzed by Gordy, Simmons, and Smith.! We have re- 

examined these lines, using the square wave Stark Effect 

modulation technique and find these lines to exhibit a 

second-order Stark Effect. This is expected, because that 
part of the Hamiltonian, 


Hr-o= —u:-E+Het+Ho™* (1) 


(u=electric dipole moment, E=electric field, Hg=quad- 
rupolar interaction between nuclear spin J, and molecular 















= 
Ss 
be 


(xv/om)* 


Fic. 1. Stark splitting for J=Q-—1 transition of C!H3:CI87. Solid 
lines—theoretical calculation for we =1.70 D and eQ(d2V /dz*) = —59.0 
Mc/sec. Circles—experimentally observed values. 
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Fic. 2. Stark effect of C"2H;C7?; J =0-+1 transition; x =0.164 uot; 
— electric moment in debye units; E =electric field in 
v/cm. 


angular momentum J, Ho=rigid rotor Hamiltonian), which 
depends on the electric field, has a vanishing expectation 
value in the initial and final rigid rotor states. Because of 
this fact, however, one can transform to a set of wave 
functions which take into account, to first order, the 
presence of the electric field. In this representation, the 
appropriate Hamiltonian is 


H'x.0= —1/2[S, u-E]+HoetHo, (2) 


where [.S, Ho ]=—iu-E, and where terms too small to be 
of interest for methyl! chloride have been omitted. The first 
term describes the second-order Stark Effect; the other 
operators have the same meaning as in Eq. (1). 

Now one must find the wave functions which diagonalize 
H'x.0. They are intermediate between the wave functions 
which diagonalize the interaction with the electric field 
(M;, My; quantum numbers) and those which diagonalize 


Fic. 3. The Stark pattern for the C!2H;CI*’ triplet for 
the J =0-1 transition. 


the quadrupole interaction (F=I+J; Mr=M1+ Mz quan. 
tum numbers) * The eigenvalues of H’x.o and the trans. 
formation matrix to the correct wave functions have beep 
obtained as a function of the applied electric field. By 
means of these quantities, the field dependence of the 
positions of the absorption lines (Fig. 1 shows the most 
intense ones) and of their intensity (Fig. 2) has been cal- 
culated for C#H;Cl*’, with the quadrupole coupling re. 
ported in reference 1. 

The straight lines in Fig. 2 indicate the limiting weak 
field behavior. Interestingly enough, this is almost identical 
for the three components. Experimentally, such a simi- 
larity is also found. In fact, the most accurate measure- 
ments which were made with fields between one-half and 
one kilovolt per centimeter, can be summarized by the 


equation 
Av/E?=10.5+0.2 mc/(kv/cm)?. (3) 


At lower fields, the lines and their Stark effect images 
could not be resolved.? Figure 3 shows the three pairs of 
lines found for C%H;Cl*’, the right member of each pair 
being the unperturbed line. Equation (3) should be com- 
pared to the theoretical weak field behavior (Fig. 2), 


Av/E*= (3.70+0.02) uo? mc/(kv/cm)?, (4) 
which leads to a value 
po= 1.70+0.03 debye, (5) 


considerably lower than the value of 1.86 debye given by 
Smyth; a value of 1.65 debye was reported by Sircar.' | 
At high fields the agreement with theory is not so good 
(Fig. 1). Nevertheless, the close doublet predicted for the 
central line was resolved. 

Incidental to this study, the quadrupole coupling con- 
stants eQ(d?V/dZ*) were measured for the two isotopic 
species, and were found to be in substantial agreement with 
those reported by Gordy eé al.? 


eQ(d*V/dz*)(Gordy) eQ(6?V/dz*) (this paper) 


CH;Cl*" —75.13 — 75.50 mc 
CH;Cl*” — 59.03 — 58.03 


MN nol address, The Institute for Advanced Study, Princeton, 
ew Jerse 
a aan. Gordy, J. W. Simmons, and A. G. Smith, Phys. Rev. 74, 243 

2 E. B. Wilson, Jr. and R. H. Hughes, a. Rev. 71, 562 (1947). 

3 Robert Karplus, Phys. Rev. 73, 1027 (1948). 

** The diagonal block of the Hamiltonian corresponding to K =0 is 
relevant alone, because the perturbations bes not produce transitions 
between different values of this quantum number. 

4U. Fano, J. Research Nat. Bur. Stand. 40, 215 (1948). - 

5C. P. Smyth, Dielectric Constant and Molecular Structure (Reinhold 
Publishing Company, New York, 1931). 

6S. C. Sircar, Ind. J. Phys. 3, 197 (1928). 





A Note on the Arc Spectrum of Lithium 


B. EpL&n AND K. LIDEN 
Department of Physics, University of Lund, Lund, Sweden 
January 3, 1949 


N a study of the arc spectrum of fluorine, using a hollow 
cathode lamp charged with LiF, the lines of Lil in 
the visible and photographic infra-red were recorded with 
various grating and prism spectrographs. When comparing 
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our results with the interferometer measures recently 
published by Meissner, Mundie, and Stelson,’ we found 
agreement within our limits of error for all lines except 
one, viz., 44132. For this double line MMS give the center 
of gravity wave-length 4132.173A, while we find from 
several plates, consistently within +0.02A, the value 
4132.60. The difference of 0.43A is at least 10 times in 
excess of our limits of error. 

As an explanation for this discrepancy, ' we suggest that 
the inaccuracy of the wave-length data available in the 
literature? has led MMS to choose an incorrect order 
number in the interpretation of the Fabry-Perot patterns 
of this line. It turns out that a correction of 4, 5, 10, and 18 
fringes for the 8-, 10-, 20-, and 36-mm spacers, respectively, 
would bring the interferometer values in close agreement 
with our observations. This change would decrease the 
wave numbers given by MMS for 22P—5 2D by 2.500 cm“, 
acorrection which is confirmed by applying a Ritz formula 
to the series m 2D. In fact, after fixing the series limit of the 
sharp and the diffuse series at 2?P3/2= 28583.19+0.02cm™', 
the four levels 3, 4, 5, 6 2Ds/2 are reproduced by the formula 


T= 109728.6(n —0.0019350+-0.3762- 10-77), 


with an accuracy of +0.002 cm. 

As a consequence of the above observation, the figures 
given in Atomic Energy Levels* for 5d *D3/2, 5d *D5;2, and 
the limit, should be changed to 39094.93, 39094.94, and 
43487.19, respectively. 

1K. W. Meissner, L. G. Mundie, and P. H. Stelson, Phys. Rev. 74, 
932 (1948). Hereinafter referred to as MMS. 

2It should be noted, however, that a — value, 4132.66A, was 
given by S. Werner, Dissertation (Copenhagen, 192 


pf of the National Bureau of Standards 467, Washington 





Erratum: Structure of the 7D Terms of the 
Arc Spectrum of Lithium 
[Phys. Rev. 74, 932 (1948)] 


K. W. MEISSNER, L. G. MUNDIE, AND, P. H. STELSON 
Purdue University, Lafayette, Indiana 


COPY of the foregoing letter to the editor was 

kindly sent to us by Dr. Edlén. Thus I am able to 
comment without delay on the origin of the discrepancy 
they found. 

The authors are quite right in their assumption that the 
wave-length data available in the literature has led us to 
select incorrect order numbers for the line 4132A. I should 
like to point out that the order numbers we employed 
were the only feasible ones if one assumed that the wave- 
length values given in the literature were correct within 
one- to two-tenths of an angstrom. 

Two wave-length values were at our disposal, namely, 
Fowler’s value given in the MIT tables, 4132.16A, and 
Datta’s value, 4132.244A. These values suggested that the 
true wave-length was approximately 4132.2A. With this 
assumption the comparison of the different possible values 
obtained with 8mm and 10-mm spacers, the smallest 
employed with the atomic beam source, was sufficient to 
select the only permissible value. The different possible 
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TABLE I. Possible values for the strong components resulting from 
Perot-Fabry patterns. 











8 mm 10 mm 
4132.6176 4132.6173 

2.511 2.532 

2.405 2.447 

2.362 

2.298 2.277 
4132.1917 4132.1919 

2.085 2.107 

1.979 2.022 

1.937 

1.872 1.852 
4131.7658 4131.7666 








values of the strong component resulting from Perot- 
Fabry patterns are given in Table I. 

As one sees, only three pairs of these values agree with 
each other, namely 4132.617A and 4131.766A. Considering 
the close mutual agreement of the two values of the litera- 
ture, we had to choose, consequently, the value 4132.192A 
and to discard the two other ones. If we had known the 
greater wave-length reported by Werner, the first one 
would have been possible too and a definite decision could 
have been obtained by employing another properly chosen 
spacer, e.g., a 3-mm. 

Unfortunately, we were not able to carry out grating 
measurements of sufficiently high accuracy when we started 
our work since the Purdue Concave Grating mounting was 
not ready yet. After the receipt of Dr. Edlén’s information, 
Mr. Wannlund and the writer carried out measurements 
with this instrument employing a lithium vacuum arc as 
light source. The grating employed is a concave grating 
with 15,000 lines per inch and a 30-ft. radius. The wave- 
length values obtained confirm the greater wave-length 
given by Edlén and Lidén. The average value of our grating 
measurements (center of gravity of the unresolved doub- 
let) is 4132.61+0.01A, in close agreement with the value 
obtained by Edlén and Lidén with the hollow cathode 
source. 

The interferometric wave-length values of the two 
components of 4132A reported in our paper for the atomic 
beam source and the vacuum arc have to be changed 
accordingly. The average values obtained from patterns 
with 8-, 10-, 20-, 36-, and 66-mm spacers are: 


v= 24 190.940 cm7!; 
v= 24 191.268 cm. 


It may be stated that the conclusion regardingthe struc- 
ture of the D terms is not affected by this change. 


strong component: A\=4132.618A, 
weak component: \=4132.562A, 





A Note on the Determination of the Rates of 
Energy Loss of H' and H? Nuclei in 
Gold and Aluminum 


T. A. HALL AND S. D. WARSHAW 
Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
January 24, 1949 


UR laboratory is extending the previously reported 
measurements! of the energy loss of slow nuclear 
particles passing through thin metallic foils. In these ex- 
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periments the nuclear particles are accelerated by a Cock- 
roft-Walton set, magnetically selected and then scattered 
at 90° from a thin film of gold on a beryllium button to 
produce the monoenergetic beam incident on the foils. 
The beam energy is then measured by an electrostatic 
analyzer, once with the foil in the beam path, and twice 
with the foil withdrawn. 

At present the accuracy of the measurements is limited 
by two factors: non-uniformity of the foils, and deposition 
of diffusion pump oil on the foil and on the target as was 
noted by Wilcox. In the newer measurements, we have 
given these factors more attention, using more efficient 
dry ice, acetone traps in an attempt to freeze out the oil 
before it could reach the foil, and measuring the loss 
through more foils in an attempt to average out the non- 
uniformity. Some of Wilcox’ conclusions! must be changed. 

Protons and deuterons of the same velocity were re- 
ported by Wilcox as having different rates of energy loss in 
gold, although he could find no such effect in aluminum. 
To check this point closely, we have admitted a mixture 
of hydrogen and deuterium gases to our ion source; the 
H,* and the D* components are selected together mag- 
netically from the accelerated beam and, after scattering 
from the target button, give a beam of mono-velocity 
Ht and Dt. It is possible to study these protons and 
deuterons separately and almost simultaneously, since the 
analyzer selects each at a different voltage.” 

The pairs of values obtained in this way never differed 
by more than 3 percent, and the difference was never 
consistently either more or less for the deuterons over the 
protons. This deviation is less than the dispersion of the 
proton points over the whole curve. Therefore, it can be 
concluded that the deuterons and protons both have the 
same rate of energy loss. ; 

Wilcox suggested that ‘‘hard” atomic collisions might 
have accounted for his observed difference at low energies. 
However, Bohr’ gives a formula for this effect: 


dE _ ,4retZ2Z 2" MM: , | 
dx “hard” — M2v* log eaten. 





Mi+M. 2Z:Z2¢e? 


where N=atoms/cm? in the foil, M@i1=mass of incident 
nucleus, Z:=effective charge, Mz=mass of foil nucleus, 
Z2=charge, v=velocity of incident nucleus, a2" =inter- 
nuclear distance: the distance where the electronic screen- 
ing cancels the nuclear force, taken to be just the Bohr 
radius (a9=0.53A) in this calculation. Actually a1" is 
smaller than do and the effect is even more negligible. 
Direct substitution shows that protons incident on gold at 
100 kev would lose only 0.6 kev/mg/cm? or less due to 
hard sphere collisions, while deuterons would lose only 
about 20 percent more from the same cause. This mecha- 
nism could, therefore, hardly account for a 10 percent 
difference in the total loss rates, which are about 80 kev/ 
mg/cm?, 

Preliminary results indicate that the rate of loss in 
aluminum is somewhat less (about 25 percent) than that 
reported by Wilcox, while the shape of the curve is sub- 
stantially the same. The rather large discrepancy is pre- 
sumably due to local non-uniformities in the foils used, and 
an attempt will be made to eliminate this source of error. 
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We hope to publish a complete report of these measure. 
ments soon, including beryllium as a stopping substance, 
and possibly including other incident nuclei. In acknowl. 
edgement, we would like to thank S. K. Allison for sug. 
gesting the work and for his help in its progress. 


1H. A. Wilcox, Phys. Rev. 74, 1743 (1948). 

2 One objection to this procedure is that the counted beam consists 
of deuterons or protons alone, while the input monitor beam contains 
both deuterons and protons so that a fluctuation in beam composition 
would affect the data. However, this could produce only random effects, 
and the consistency of our results makes it certain that no error has been 
introduced by this possibility. It is also possible to use the HD+ beam 
obtained when our ion source is run on commercial deuterium gas; on 
scattering from the target, this beam breaks up into mono-velocity H+ 
and Dt. While the use of this convenient two-component, mono- 
velocity beam would eliminate any monitoring question, we have not, 
because of technical difficulties, been able to run with it successfully. 

3N. Bohr, Phys. Rev. 59, 270 (1941). 





Erratum: The Cosmic-Ray Intensity 
Above the Atmosphere 
[Phys. Rev. 75, 57 (1949)] 
A. V. GANGNEsS, J. F. JENKINS, JR., AND J. A. VAN ALLEN 
Applied Physics Laboratory, Johns Hopkins University, 
Silver Spring, Maryland 
N pages 67 and 68 the name of Pomerantz should be 
substituted for Primakoff. Inasmuch as Dr. Pome- 
rantz’ work appeared in the same issue of the Physical 
Review, reference 20 may be revised as foliows: 


20M. A. Pomerantz, Phys. Rev. 75, 69 (1949). 





On the Origin of Cosmic Rays 
H. ALFVEN 
Royal I nstitute of Technology, Stockholm, Sweden 
AND 


R. D. RICHTMYER 
The Institute for Advanced Study, Princeton, New Jersey 


AND 


E, TELLER 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
December 29, 1948 


'HE discovery of highly charged nuclei among cosmic 
rays makes it appear probable that cosmic rays are 
due to electromagnetic acceleration processes. The great 
total energy present in cosmic rays would require very 
efficient methods for the production of these rays if one 
assumes that cosmic rays are spread uniformly throughout 
the galaxy,! and even more so if they are spread uniformly 
throughout intergalactic space. One way out of this diffi- 
culty is to assume that cosmic rays are generated on or in 
the neighborhood of the sun and are kept near the solar 
system by extended magnetic fields. These fields could 
also account for the isotropy and constancy of cosmic rays 
by repeatedly reflecting and homogenizing the charged 
particles. The assumption of the presence of such a field 
considerably simplifies the problem of the generation of 
cosmic rays. 
Feenberg and Primakoff? have shown. that Compton 
scattering processes eliminate the faster electrons from 
cosmic rays that are evenly distributed through inter- 
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galactic space. If one assumes that the cosmic rays are 
confined to the planetary system, the intense solar radia- 
tion will give rise to a sufficient number of Compton 
scatterings to account for the absence of electrons in- 
cluding those of low energy. 

During magnetic storms, cosmic-ray variations of up to 
20 percent are sometimes observed. These variations can- 
not be explained as effects of disturbances of the earth’s 
magnetic field. The only phenomenon that can account for 
these variations seems to be the electric field of the storm- 
producing beams. According to the corpuscular theory of 
magnetic storms, beams are emitted from the sun with a 
very high velocity. During their passage through the solar 
magnetic field these beams are polarized and the electric 
field generated in this way is probably responsible for the 
variations of cosmic ray intensity during magnetic storms. 

It seems plausible to assume that cosmic rays are pro- 
duced by repeated passages of particles through beams of 
the kind described above. During such passages the par- 
ticles may be accelerated or decelerated by the electric 
fields in these beams. Further changes in the energy of the 
particles may occur as a result of the changes in the solar 
magnetic field connected with the storm-producing beams. 
On the average, the acceleration processes predominate 
and the particle may be accelerated to cosmic-ray energies. 

A detailed discussion of these points will be published 
shortly. 


1We are indebted to Professor E. Fermi for telling us of such an 
efficient method of cosmic-ray production. This work of Professor Fermi 
is now in press, 

2 E, Feenberg and H. Primakoff, Phys. Rev. 73, 449 (1948). 





Domain Interactions in the Theory of 
Ferromagnetic Resonance 


GEORGE T. RADO 
Naval Research Laboratory, Washington 20, D. C. 
January 20, 1949 


HE application of Kittel’s theory! of ferromagnetic 

resonance to the experimental data obtained at 
microwave frequencies yields values of the Landé splitting 
factor, g, considerably larger than the value g = 2 associated 
with a free electron spin. This apparent gyromagnetic 
anomaly has not yet been explained. In view of recent 
and relatively accurate experiments,?~ a deficiency in the 
theory is indicated. It will be shown that the g-values 
resulting from the application of the theory proposed below 
are smaller than two, and that they agree satisfactorily 
with those measured by the Barnett effect. 

In his treatment of polycrystals, Kittel neglects mag- 
netic anisotropy and assumes implicitly that the whole 
sample is a single domain.® This assumption does not seem 
justifiable for the relatively small fields (H ~ 10? oersteds) 
used in the experiments. Each crystallite, however, is 
known to be a single domain in these fields. Since the 
crystallites are oriented at random, the additional field 
arising from the magnetic interaction of the crystallites 
(i.e., domains) cannot be parallel to the magnetic moment 
of a given domain. Thus there must be an additional torque 
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acting on the moment of each domain so that the g-factor 
derived from a resonance experiment at a fixed frequency 
should be smaller than that derived from the same experi- 
ment on the assumption of a single domain or non-inter- 
acting domains, 

Although the quantitative determination of the local 
field is difficult, Néel* has solved just this problem in his 
ingenious theory of the approach to saturation in cubic, 
polycrystalline substances. He finds, in effect, that (to 
the order of 1/H?) the lining-up of the domains proceeds as 
if they were independent of each other but subject to a 
field 


H’=H(2/P)}, (1) 
where 


P=1+34(r+1) 
+[4(r+1)*0¢r+1)/r}} tanh [r/(r+1) J. (2) 


Here r=4xM,/H, and M, is the saturation value of the 
magnetization, M. 

Since the microwave component of the magnetization 
is very small, the equations of motion show that the domain 
interactions in ferromagnetic resonance absorption may 
be accounted for by simply using the local field H’, instead 
of the applied field H, in the equations of Kittel and 
Larmor. Thus the resonance conditions become 


w= y[H’(H’+4rM) } (3) 
for a plane sample, and 
w= 7H’ (4) 


for a sphere small compared to the skin depth. Here w is 
the circular frequency at resonance and +(=ge/2mc) de- 
notes the gyromagnetic ratio. 

Table I compares the g-factors calculated by means of 
Eqs. (3) and (4) with those calculated on Kittel’s theory. 
It is seen that the g-factors for nickel (Griffiths’ new* ex- 
periment) and for Supermalloy now differ by only 2.6 
percent from Barnett’s’? experimental values, whereas 
Kittel’s theory leads to discrepancies of 12 and 14 percent. 
For zinc-manganese ferrite no Barnett-effect values are 


TABLE I. Comparison of the g-factors calculated from Eqs. (3) 
and (4) with those calculated from Kittel’s theory. 











Value of the 
— Landé g-factor 
Shape fre- meas- 
plate sphere quency Calculated ured 
: thickness diam. c.p.s. Kittel’s present Barnett 
Material cm cm X10-! theory theory effect 
Supermalloy® 0.01 —_ 2.41 2.17 1.86 1.91 
>8 X10-5 _ 2.44 2.14 1.86 
Nickel> 1.91 
<5 X10-5 ao 2.44 2.00 1.75¢ 
0.03 _ 2.40 2.12 1.96 — 
Ferritee 


— 0.15 2.37 2.16 1.98 _— 








® See reference 2. 

b See reference 4. M =M,=500 was assumed in the calculation. 

¢ See reference 3. The material was (ZnO) (MnO) -2Fe20Os. The calcu- 
lation for the spherical sample is based on the value M, =200 given for 
the plane sample. 

4 See reference 7. Barnett’s value for Supermalloy refers to an alloy of 
similar composition. 

¢ See text for comment. 
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available, but the proposed theory leads to reasonable 
g-values (g<2). The difficulty in the case of Griffiths’ very 
thin sample (<5 10-5 cm) may well be due to a lack of 
randomness in the crystallite orientations so that Eq. (1) 
may not apply. 

Since P, and especially (2/P)4, is a slowly varying func- 
tion of r in the range of interest, the remarkable constancy 
of Kittel’s g-values (+2.2) is easily understandable. It 
is also interesting that for large fields (r1) the local field 
becomes H’=H+(4rM,)/3, which is just the Lorentz 
cavity field. Thus H’=dH for fields large compared to the 
ferric induction, and Kittel’s theory is seen to represent 
the limiting case corresponding to the hypothesis of a 
single-domain sample. 

1 Charles Kittel, Phys. Rev. 71, 270 tage 73, 155 eee 

2W. A. Yager and R. M. Bozorth, Phys. Rev. 72, 80 (1947). 

ow. H. Hewitt, Jr., Phys. Rev. 73, 1118 (1948). 

‘J. H. E. Griffiths, Program of the Oxford Conference of the Physical 
Society, July 23 and 24, 1948. 

5 On pp. 160 and 161 of his 1948 paper, Kittel considers a space- 
dependent magnetization (and hence a multi-domain model) but the 
result is the same as that of his 1947 paper because the interactions 
between domains are neglected. incident , the left side of his Eq. 
(30) should be — curl curl Hl instead of V2 


*L. Néel, J. de phys. week [VIII], 9, 193 (1948). 
7 For a review, see S. Barnett, Am. J. Phys. 16, 140 (1948). 





Differential Cross Section for Reaction 
D(d,n)He? for 10-Mev 
Bombarding Energy* 

K. W. Erickson, J. L. FOWLER, AND E. J. STOVALL, JR. 


Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
January 10, 1949 


HE subject reaction was produced in a thin gas target 

by the deuteron beam focused 15 ft. away from the 

Los Alamos cyclotron. He? particles, emitted at laboratory 
angles from 16° to 40° (to the direction of the beam) were 
detected by a proportional counter and the resulting 
pulses were fed through an amplifier and into a ten- 
channel pulse amplitude analyzer where they were sepa- 
rated and counted according to energy lost in the counter. 
The deuteron beam current was measured by means of a 
Faraday cup and current integrator. The accuracy of the 
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Fic. 1. Differential cross section for D(d,x)He® for 10-Mev deuterons. 
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current measurement was checked by the temperature 
rise of a copper block placed in the beam. 

The energy of the deuteron beam was measured by 
magnetic deflection immediately after the data for each 
angular point was taken. The cross, section for all points 
was corrected to 10.3 Mev. 

Preliminary results on this work have been previously 
reported ;! however, since the time of that report several 
improvements have been made in equipment and tech- 
nique which permit more accurate data to be taken. 
These include better angular definition of the beam 
(+0.5°), use of a palladium valve and deuterium gas of 
higher purity (99.3 percent), improved counter design, and 
better control over the energy lost by the He® in the 
counter. This last improvement was realized by placing a 
remote controlled foil system between the counter and the 


target. 


Since, for any one angle, the foil system was adjusted 
to allow the He® particles to just traverse the counter, 
these particles lost considerably more energy in the counter 
than the other particles involved, and therefore resulted 
in a well resolved peak located (on curves.from the ten- 
channel analyzer) well above the background. The mini- 
mum between the peak and background for most points 
was about one percent of the peak. These curves have been 
analyzed for possible excited states of the He* nucleus, and 
this analysis indicates that no such states exist up to 
three-Mev energy above the ground state. If a group of 
He® particles corresponding to such excited states were 
present to two percent of the main group, they would have 
been detected. 

The cross section at zero degrees was obtained from the 
neutrons emitted by this reaction in the vicinity of zero 
degrees. This yield was determined by use of Cu®(,2n)Cu® 
detectors. Thus the D(d,n)He? cross section was obtained 
in terms of the 10-min. activation cross section of Cu® 
which in turn was estimated from results of several un- 
published measurements made at Los Alamos. 

Figure 1 shows the differential cross section obtained as 
a function of angle in the center of mass system. The curve 
is dotted below 39° because of uncertainties in the de- 
termination of the cross section at zero degrees. The total 
cross section (obtained by integrating this curve through 
360°) was found to be 0.07 x 107% cm?. 

* This document is based on work performed at Los Alamos Scientific 
Laboratory of the University of California under Government Contract 


W-7405-eng-36. 
1B. R. Curtis, L. Rosen, and J. L. Fowler, Phys. Rev. 73, 648 (1948). 





Neutron Production by Cosmic Rays 
at Sea Level* 


A. R. ToBEy** 


Sloane Physics Laboratory, Yale University, New Haven, 
Connecticut®** 


January 7, 1949 


HE rates of production of neutrons in paraffin, lead, 
and aluminum by cosmic rays at sea level have been 
measured. A cylindrical ionization chamber ten inches 
long and three inches in diameter filled with boron tri- 
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fluoride served as a detector. The chamber was em- 
bedded in a block of paraffin of dimensions 25X25X36 
inches for the pure paraffin measurement. In the lead and 
aluminum experiments, the metal was distributed through 
the block of paraffin in lattice or laminar arrangements. 
In the latter experiments, the paraffin served as a modera- 
tor for neutrons produced in the metals. 

A slow-neutron detector placed in a medium of short 
diffusion length acts as a sink toward which neutrons 
diffuse. For mathematical simplicity, the cylindrical cham- 
ber filled with BF was extended to 37 inches over all, the 
detector itself comprising the central section. Under these 
conditions, a solution of the diffusion equation for slow 
neutrons in cylindrical coordinates leads to a rigorous rela- 
tion in closed form between the rate of production in the 
medium (assumed uniform throughout the block) and the 
number of neutrons captured per unit time in the chamber. 

The lattice and laminar structures used in the investiga- 
tion of lead and aluminum were treated mathematically 
as homogeneous mixtures. This procedure is justified by 
the fact that the spacing between blocks or layers of the 
metal was always less than the root-mean-square distance 
traveled by a neutron slowing to thermal velocity from a 
few Mev. Since it is generally assumed that neutrons are 
produced with energies comparable to those observed in 
other nuclear processes in the laboratory, the diffusion 
accompanying their slowing down to thermal energies 
thus results in a fairly homogeneous distribution of thermal 
neutrons. The rate of production of neutrons in each mix- 
ture was measured, and the contribution from the metal 
calculated using the measured value for pure paraffin. 

The over-all size of the block or ‘‘pile” was large enough 
to assure a negligible effect at the detector of diffusion in 
or out at the outer boundaries. This fact was verified by 
(a) surrounding the block with borax, and (b) varying the 
size of the block. The assumption that the rate of produc- 
tion was constant throughout the block is equivalent to 
the assumption that the neutron-producing radiation is not 
appreciably absorbed in the thickness used. 

The background, consisting of alpha-particles from the 
walls of the chamber and large cosmic-ray bursts of ioniza- 
tion, was determined by immediately surrounding the 
chamber with about 1 inch of borax and then by the 
paraffin. The rates of neutron production so determined 
are: 


2.0 X10-5 neutron per second per gram of paraffin, 

6.1 X10-5 neutron per second per gram of lead, and 

2.3 X1075 neutron per second per gram of aluminum, 
with an estimated error of about 10 percent. If one assumes 
that the production of neutrons in paraffin is entirely the 
results of the carbon, the calculated rate of production for 
carbon is 2.3 10~-§ neutron per second per gram. 

The details of this work and further measurements con- 

ducted at Denver and Climax, Colorado, are being pre- 
pared for publication. 


* This work i is part of a dissertation presented for the degree of Doctor 
of Philosophy in Yale University. 

** Now at the Department - Physics, State College of Washington, 
Pullman, Washington. 
*** Assisted by the joint program of the ONR and AEC. 
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The Scattering of Slow Neutrons by 
Paramagnetic Crystals* 


I. W. RUDERMAN, W. W. HAVENS, JR., T. I. TAYLOR, 
AND L. J. RAINWATER 


Columbia University, New York, New York 
January 17, 1949 


PARAMAGNETIC ion such as Mn*+, which has a 
large magnetic moment in virtue of its five unpaired 
3d electrons, should scatter neutrons because of the inter- 
action of the ionic and neutron magnetic moments. This 
phenomenon has been treated theoretically in detail by 
Halpern and Johnson,'? but the experimental evidence 
for paramagnetic scattering has thus far been inconclu- 
sive.*-§ In this paper are presented preliminary results of 
an investigation of the slow neutron transmission of 0.5-mm 
crystals of pure, anhydrous manganous fluoride. The ex- 
istence of a large paramagnetic cross section, opm, is 
clearly indicated. 
For an isolated paramagnetic ion having a total electron 
spin quantum number, S, opm is given* by: 


o pm = | (8x/3) (e?y/me*)*S(S+1)]F, (1) 


where 7 is the neutron magnetic moment in nuclear mag~- 
netons and F is the form factor integrated over all scatter- 
ing angles. When F is unity, then opm for Mn++ becomes 
equal to 21.2 barns; the order of magnitude of paramag- 
netic scattering is thus seen to be large enough for the 
effect to be measurable. 

F has been computed on the basis of Halpern’s model 
which assumes elastic scattering, and is shown in Fig. 1 
for various values of a/k=6x/rod, where fo is the most 
probable radius of the paramagnetic ion and ) is the neu- 
tron wave-length. When there is strong spin coupling of 
the paramagnetic ions, the scattering is predominantly 
inelastic; in this case, Van Vleck has shown’ that the form 
factor may be much smaller than it would be for elastic 
scattering. Exchange coupling should be important for 
those compounds having a large A in the Weiss-Curie 
formula x=C/(T+A). Since A for MnF; is 1137 (while 
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Fic. 1. The theoretical integral form factor, F, for the paramagnetic 
scattering of a free paramagnetic ion as a function of (a/K), assuming 
elastic scattering. 
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Fic. 2. The observed slow neutron total cross section of manganous 
fluoride compared with a hypothetical curve which neglects paramag- 
netic scattering. 


A= 827 for MnS which Van Vleck used as an example in 
his calculations), F for MnF2 may not be too badly repre- 
sented by the curve in Fig. 1. 

The Columbia neutron velocity spectrometer® was used 
to obtain the transmission data shown in Fig. 2. For 
A>3A Be and BeO filters were used to eliminate per- 
turbing effects caused by faster neutrons. Since para- 
magnetic scattering is incoherent with respect to nuclear 
scattering, we may separate the two types of scattering in 
regions where there are no interfering crystal diffraction 
effects. To aid in such a separation, the hypothetical curve 
shown in Fig. 2 was constructed by extending to 5.46A 
the experimental curve between 0 and 1.0A. The equation 
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Fic. 3. Experimental values of the paramagnetic scattering cross 
section of Mn** in manganous fluoride compared with a theoretical 
curve calculated on the basis of elastic scattering. 
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of the line so obtained is given by o=(8.7+2.31E-), 
which agrees well in slope and intercept with reported 
data®® for Mn and F. For simplicity, we assume that there 
is no loss of coherent scattering in the hypothetical curve 
up to 5.46A, the cut-off wave-length for Bragg reflections 
for MnF:.!° Beyond the cut-off the equation of the curve 
is given by o=(1.0+2.31E~4); the assumed residual in- 
coherent scattering cross section of 1.0 barn appears to bea 
justifiable approximation on the basis of other studies 
carried out here. The difference between the experimental 
and hypothetical curve (Fig. 2) in the regions 0 to 4.2A 
and 5.5 to 6.2A was taken as the paramagnetic cross 
section. No analysis was made in the intermediate region, 
where the experimental curve indicates marked crystal 
diffraction effects. Figure 3 shows the values of opm ob- 
tained in this way, as well as a theoretical curve calculated 
from Eq. (1) using values of F taken from Fig. 1 with rp 
set equal to 0.82A so as to give the best fit. The dependence 
of opm on d is seen to have the predicted form. 

A similar investigation of the paramagnetic scattering 
of MnO, MnS, MnBre, MnIz, and MnSQ, is now under 
way. It is hoped that the variation of opm with \ observed 
for this series of compounds of different magnetic dilution 
will shed some light on the nature of exchange coupling 
forces between ions in paramagnetic solids. 

The authors wish to express their appreciation to Pro- 
fessor O. Halpern, who suggested this problem, for his 
valuable advice and criticism. They are also indebted to 
Professor F. Seitz for helpful discussions and to Professor 
J. R. Dunning for his interest and encouragement. 

* This letter is based on work performed under Contract AT-30-1-Gen 
72 with the AEC at Columbia University. Publication assisted by the 
Ernest Kempton Adams Fund for Physical Research at Columbia 
University. 

10. Halpern and M. H. Johnson, Jr., Phys. Rev. 51, 992 (1937); 52, 
i and M. H. Johnson, oe Ly 55, 898 (1939). 

* Martin D. Whitaker, Phys. Rev. 52, 384 (1 937). 

4M. D. Whitaker, H. G. Beyer, and J. R Dunning, Phys. Rev. 54, 
" MOD, Whitaker and W. C. Bright, Yoo Rev. 60, 280 (1941). 

ty H . Van Vleck, Phys. Rev. 55, 924 (1939). 

7H. Bizette and B. Tsai, Comptes rendus 209, 205 (1939). 

8 Rainwater, Havens, Jr.. Wu, and Dunning, Phys. Rev. 71, 65 
a Havens, Jr., Dunning, and Wu, Phys. Rev. 73, 733 (1948). 

10 The 110 plane reflects at 6. 92A, but because the Mn and F scatter 
in opposite phase the crystal structure factor is small, and this reflection 


is so weak that it may be neglected. See E. O. Wollan and C. G. Shull, 
Phy. Rev. 73, 830 (1948). 





The Theory of Statistical and 
Isotropic Turbulence 


S. CHANDRASEKHAR 
Yerkes Observatory, University of Chicago, Williams Bay, Wisconsin 
January 24, 1949 


N two recent papers Heisenberg! has developed the 
theory of locally isotropic turbulence (in the sense of 
Kolmogoroff) by incorporating the idea that the energy 
dissipated by the eddies of the various sizes is constant 
along the hierarchy of eddies which is present in a turbu- 
lent fluid. Analyzing the velocity field in a Fourier series, 
Heisenberg obtains the expression 


Su=2{ utp 1 an"e''-s/ F(e")} J “dk'k"F(k’), (1) 
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for the loss of energy of that part of the spectrum that is 
contained between the wave numbers k=0 and &. In (1), 
nis the coefficient of viscosity, p is the density, x a number 
of order unity (~0.8), and pF(k)dk is the energy contained 
between the wave numbers k and k+dk. 

Under stationary conditions S; is independent of k 
and this constancy of S, determines the spectrum of 
turbulence, F(). Heisenberg discusses the condition 


S-=constant, (2) 


and derives the correct asymptotic behaviors of F(k). 
However, it can be shown that the condition (2) leads to 
the following explicit solution for F(R): 


F(k)=F (= 


5/8 (14-C)4/3 . 
[C+ (ebay (3) 


where ¢ is a constant given by 
3/4c(1+c¢)#=p/xp[ko/F(ko) J+. (4) 


For large Reynolds numbers (to which, alone, this theory 
is applicable) ¢ is a very large member. Accordingly, 
defining 


k= Roct, (5) 


we can rewrite the solution (3), to a sufficient accuracy, 
in the form 


F(k) = F(ko) (o/k)*/*L1+ (k/k,)* 4. (6) 
This solution is to be contrasted with the expression 
F(k) = F(ho) (Ro/k)®*[1+ (k/k,)*? J, 


suggested by Heisenberg as a suitable “interpolation” 
formula. The use of (6) modifies some of the numerical 
results of Heisenberg, but the physical picture is, of 
course, unaltered. 


1 W. Heisenberg, Zeits. f. Physik 124, 628 (1948) and Proc. Roy. Soc. 
A195, 402 (1948). 





Some Characteristics of Antimony (125)* 


C. E. MANDEVILLE AND E. SHAPIRO 


Bartol Research Foundation of the Franklin Institute, 
Swarthmore, Pennsylvania 


January 7, 1949 


HE radiations of the 2.7-year Sb!*5 have been in- 

vestigated by Stanley and Glendenin! who report 
two beta-ray spectra having end points at 0.3 and 0.7 Mev, 
the intensity ratio being 65:35. Friedlander, Goldhaber, 
and Scharff-Goldhaber? have found a“60-day daughter 
activity, emitting conversion electrons and x-rays, which 
they have assigned to an isomer of the stable tellurium 
(125). 

The activities discussed in this letter were obtained when 
metallic tin was irradiated by slow neutrons in the Oak 
Ridge pile. After aging for four months, the irradiated tin 
was dissolved in aqua regia and carrier antimony and 
tellurium in 3N HCl solution were added to the tin 
solution. Metallic tellurium was precipitated from a hot 
10 percent HCI solution with SO: and removed by filtra- 
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Fic. 1. Absorption in aluminum of the beta-rays of Sb!25. 


tion. Metallic antimony was precipitated from the filtrate 
with iron powder after the excess SO: was removed. To 
insure high purity, both the tellurium and antimony pre- 
cipitates were dissolved in aqua regia and reprecipitated 
with SO2 and iron powder as before. 

The beta-rays of the 2.7-year antimony were absorbed 
in aluminum as shown in Fig. 1. The end point, 220 
mg/cm?, corresponds to a maximum energy of 0.704 Mev 
as calculated by Feather’s equation. The beta-gamma- 
coincidence rate of Sb" is plotted in Fig. 2 where it seems 
to be independent of the beta-ray energy. This would sug- 
gest a simple spectrum. However, there is evidence to the 
contrary.? Since the coincidence rate of Fig. 2 is constant 
out to the end point of the 0.704-Mev beta-ray group, it 
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Fic. 2. Beta-gamma-coincidence rate of Sb'*5 as a function of the surface 
density of aluminum placed before the beta-ray counter. 
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Fic. 3. Absorption in aluminum of the conversion electrons of *Te!?5 


can be concluded that the high energy beta-rays do not go 
directly to the 60-day tellurium level but are followed by 
gamma-rays which then lead to the tellurium isomer. The 
beta-gamma-coincidence rate, 0.42 10-* coincidence per 
beta-ray, suggests that the beta-rays of the high energy 
group are followed by 0.31 Mev of ‘immediate’ gamma- 
ray energy. 

The conversion electrons of *Te”® were absorbed in 
aluminum as shown in Fig. 3. The end point, shown by the 
arrow, occurs at 18 mg/cm’, 120 kev, in exact agreement 
with the earlier measurement.? On the other hand, extra- 
polation of the curve as indicated by the broken line, gives 
an end point at 12.7 mg/cm? or 93 kev. Either value, to- 
gether with the half-life, corresponds to a 25-pole isomeric 
transition. 

All measurements were completed within five days after 
the chemical separations. It should also be mentioned that 
a coincidence absorption experiment disclosed the presence 
of the 1.7-Mev gamma-ray of Sb™ in the antimony 
fraction. 


* _— by the jot 8 ao of the ONR and the AEC. 
‘< Stanley and L. Glendenin, Plutonium A Report, 

“Nuclei | me in ——, ti oF Mod. Phys. 18, 513 (194 

2G. Friedlander, M. Goldhaber, and G. Sate Coldbaber, Phys. 
Rev. 74, 981 ios. 

3A. C. G. Mitchell, verbal communication. Spectrometric data of the 
Indiana group indicate the presence of soft spectra in Sb!%4 in addition 
to the principal group at 0.704 Mev. 





On Radiative Corrections to 
Electron Scattering 
JULIAN SCHWINGER 
Harvard University, Cambridge, Massachusetts 
January 21, 1949 

ADIATIVE corrections to the electromagnetic prop- 
erties of the electron produce energy level displace- 
ments and modify electron scattering cross sections, 


TO THE EDITOR 


Although the high accuracy of radiofrequency spectro- 
scopy facilitates the measurement of energy level displace- 
ments, as in the Lamb-Retherford experiment! and the 
evidence on the anomalous magnetic moment of the elec- 
tron,? nevertheless the correction to the cross section for 
scattering of an electron in a Coulomb field is not without 
interest, since it permits a comparison between theory and 
experiment in the relativistic region, as compared to the 
non-relativistic domain to which the energy level measure- 
ments pertain. 

The radiative correction to the cross section for essen- 
tially elastic scattering of an electron by a Coulomb field 
has been computed with the form of quantum electro- 
dynamics developed in several recent papers.* In addi- 
tion to the emission and absorption of virtual quanta, we 
include the real emission of quanta with maximum energy 
AE, which is small in comparison with W=E—mc’?, the 
initial kinetic energy of the electron. In other words, we 
treat only those inelastic events in which a small fraction 
of the original energy is radiated. The contribution of the 
remainder of the inelastic processes can be derived from 
the well-known bremsstrahlung cross section, and is not 
of principal interest. The result, expressed as a fractional 
decrease in the differential cross section for scattering 
through an angle 9, is 


5=2a/x| (log — 1) (Kot K)+4Ko— Kit}3K2-L 


. mc?/E) 
+ Soak (1) 


where 
Ko=[A/(1+ *)#] log[(1+?)4+A], A= (p/mc) sin(#/2), 
Ki=[(1+0*)/A*]Ko—1, (2) 
K2=[(1+*)/\?7]Ki-— 
and 
eee if log3(1—Bx) _ 
L=(¥+4) fil ae 
_imcr/E) log$(1—8) 
B 1+8 





logit) ee 
1—Bx x 
_logd(1+8)] | 


a (3) 





Here 
x =[1—sin?(#/2)(1—v*) }8 (4) 


and 6=pc/E. Note that 6 diverges logarithmically in the 
limit AE—0. It is well known that this difficulty stems from 
the neglect of processes involving more than one low fre- 
quency quantum.‘ Actually the essentially elastic scatter- 
ing cross section approaches zero as AE->0; that is, it 
never happens that a scattering event is unaccompanied by 
the emission of quanta. This is described by replacing the 
radiative correction factor 1—é with e~*, which has the 
proper limiting behavior. The further terms in the series 
expansion of e~’ express the effects of higher order processes 
involving the multiple emission of soft quanta. However, 
for practical purposes such a refinement is unnecessary. 
The accuracy with which the energy of a particle can be 
measured is such that the limit AE—0 cannot be realized, 
and 6 will be small in comparison with unity under pres- 
ently accessible circumstances. 
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In the non-relativistic limit, B<1, 


=[1/(2n+1) ]6? sin*(3/2), 
L=[(4/3) (log2 — 1) — $6? sin?(/2), 


and 
§= (8/3)? sin*(9/2)[log(mc*/24E) + (19/30) ], (6) 


which increases linearly with the kinetic energy of the 
particle. For a slowly moving particle, it is an elementary 
matter to include the additional scattering produced by 
the real emission of quanta with energies in the interval 
from AE to W. One thereby obtains the following frac- 
tional decrease in the differential cross section for scattering 
through an angle @, irrespective of the final energy: 


$= (8a/3x)6? sin* (3/2) [log(mc?/8W) + (19/30) 
+(#—8) tan(8/2)+[[cos #/cos*(8/2)] log csc(#/2)]. (7) 


We may remark, parenthetically, that in the same non- 
relativistic approximation, the radiative correction to the 
energy of a particle moving in an external field with po- 
tential energy V(r) is® 


bE = (a/3x) [log (mc?/2Aw) + (31/120) ](4/mc)*{V? V) 
+ (a/2x)(h/2mc){—iBa-V V) 
= (a/3m) (4/mc)*[(log(mc?/2A W) + (19/30)){V?V) 
+i(@-L(1/r)(dV/dr))], 


where L is the orbital angular momentum operator in 
in units of kh, and AW is an average excitation energy of the 
system.* Applied to the relative displacement of the 27S; 
and 2?2P,; levels of hydrogen, this formula yields 1051 
mc/sec., to be compared with the experimental value’ of 
1062+5 mc/sec. 

The extreme relativistic limit of (1) is 


b= (4a/x)[(log(E/AE) — (13/12)) 
X (log (2E/me*) sin(9/2) — 4) + (17/72) +o) ], 


(5) 


(8) 


(9) 


where 


o(0)=4sin(o/2) ("eter 
cos(/2) 


1—x 





log$(1 =a 
1+x 
dx 
(x?—cos*(#/2)4" 


x (10) 
The integral can be performed analytically for d=7, 
¢(r) =x*/24, but must be evaluated numerically for other 
angles. An approximation in excess, which has the correct 
asymptotic form at small angles, is provided by 


1—cos(#/2) 
o(8)~ [2 cos(#/2) (1+cos(8/2)) }# 
1 1—cos(#/2) , 
7 [eesc—sonerant 4 a i 


This approximation is reasonably accurate even at 3 = $2, 
where the value yielded by (11) exceeds by only 8.6 per- 
cent the following result of a numerical calculation, 
$(x/2) =0.292. 

The asymptotic formula (9) is quite accurate for even 
moderate energies. Thus, with #=4x7, AE=10 kev, and 
W=3.1 Mev, which corresponds to (E/mc*) sin(#/2) =5, the 
value of 6 computed from (9) differs from the correct 
value, §= 8.6 10~%, by only a few tenths of a percent. It is 
evident from this numerical result that radiative correc- 
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tions to scattering cross sections can be quite appreciable. 
For the particular conditions chosen, AE can be materially 
increased (but still subject to AE<W), without seriously 
impairing 5. Thus, with AE=40 kev, 5=6.3 10-?, while 
AE=80 kev yields 5=5.1 10-*. As to the energy depend- 
ence of 3, we remark that with a given accuracy in the 
determination of the energy, say AE/E=0.04/3.6 =1.1 107, 
an increase in the total energy by a factor of four produces 
an addition of 4.4 10 to 6. Thus, for a kinetic energy of 
14 Mev, 6=11 107. 

The variation of 6 with angle, at moderate energies, 
cannot be studied with the asymptotic formula (9) alone, 
for at small angles thecondition (p/mc)? sin*(#/2)>>1, which 
underlies this formula, will not be maintained. It is evi- 
dent from (1) that dis proportional to sin?(@/2) at angles such 
that (p/mc)* sin?40<K1. However, for W=3.1 Mev, 
AE=40 kev, and ¢=7/4, which corresponds to (p/mc) sin 
(3/2) =2.7, the correct value of 5, 4.2 107*, exceeds that de- 
duced from (9) by only 2 percent. For the same choice of 
W and AE, the value of & associated with ?=32/4 is 
6=7.2 107. 

The verification of these predictions would provide 
valuable conformation for the relativistic aspects of the 
radiative corrections to the electromagnetic properties of 
the electron. 

1W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 (1947). 

my E. Nafe, E. B. Nelson, and I. . Rabi, Phys. Rev. 71, 914 ig 

E. Nagle, R. S. Julian, and J. Zacharias, Phys. Rev. 72, 971 
ist P. Kusch and H. M. Foley, Phys Rev. 72, 1256 (1947); 73, 412 

3 J. Schwinger, Phys. Rev. 74, 1939 (1948); 75, = -— 

4F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (19. 

5 This result agrees with that obtained by an ae method [J. 
Schwinger, Phys. Rev. 73, 416 (1948)], and announced at the January 
1948 meeting of the American Physical Society. However, in the pre- 
vious method the contribution of the additional magnetic moment to 
the energy in an electric field had to be artificially corrected in order to 
obtain a Lorentz invariant result. This difficulty is attributable to the 
incorrect transformation properties of the electron self-energy obtained 
from the conventional Hamiltonian treatment, and is completely re- 
moved in the — formulation now employed. Independent calcu- 
lations by J. French and V eisskopf [Phys. PRev. 75, 338 


(1949)], pA a N. M. Kroll and W. E. Lamb, Jr. [Phys. Rev. 75, 
388 (1949). are also in agreement with a Ee (8). 


Bethe, Phys. Rev. *~ 339 (194 
rR c Retherford and W. E. - Lamb, e Bull. Am. Phys. Soc. 24, 


No. 1, (1949). 





Measurements of Behavior and Mobility 
of Polyatomic Ions 


P. B. WEIsz AND W. P. KERN 


Socony-Vacuum Laboratories, Research and Development Department, 
Paulsboro, New Jersey 


December 27, 1948 


TECHNIQUE capable of tracing continuously in 

time the motion of a body of ions in an electric field 
is desirable for the measurement of mobility and could 
indicate changes of mobility occurring due to changes in 
the nature of the moving charges (due to transfer of charge 
in ion-molecule collision, dissociation to smaller, or asso- 
ciation to larger ionic masses, etc.). 

The technique used by H. G. Stever! in obtaining a 
“recovery curve’’ for Geiger-Mueller tube discharges has 
been extended to give information concerning the actual 
progress of the sheath r=r(t) by simultaneously performing 
three experiments: 
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100 
—t (a sec.) 


Fic. 1. Plot of r? vs. the dead-time #, showing linear relation 
up tor=0.9. 


1. The “recovery curve,”’ i.e., pulse-size of subsequent discharge 
pulses S as a function of time elapsed since the previous discharge pulse 


t, at an applied potential Vo. , ‘ 
2. The pulse-size S versus applied potential V for ordinary space- 


charge free operation. 

3. The space-charge density g developed per pulse at V= Vo. 

These three measurements together with the relation- 
ship 

V= Vo—2g log(b/r), 

which defines the effect of the ionic sheath of space-charge 
gq on the field condition near the wire by comparing it to the 
effect of an equivalent potential V in absence of space- 
charge is used to derive the progress of the sheath r=r(t). 
In the case of the cylindrical geometry at hand, the mobil- 
ity k can then be shown to be 

k=4(C/Vo)(d/dt)(r*), 
so that the slope of a r? versus ¢ plot will reveal the effective 
mobility at each point. 

For a tube in which fmax == 1.0 cm, plots of r? versus t 
obtained from mixtures of 5.0 cm Hg of argon and 2.5 cm 
Hg of polyatomic component P, for the six normal hydro- 
carbons C,H2n+2 from ethane (C2Hs) to heptane (C;His), 
straight lines were obtained between the dead-time radius 
(at which the measurement becomes possible) to about 
r=0.9. Thereafter, a ‘‘tail” is observed for all experiments 
which is believed to be caused mainly by electrical end- 
effect and by eccentricity. Figure 1 is an example. 

Figure 2 indicates relative mobility figures derived from 
the respective straight-line slopes. 

Mass spectrometer research together with calculations 
of fields in the G-M tube would indicate that in the dis- 
charge-avalanche process large concentrations of fragment 
ions are to be expected having masses considerably smaller 
than those of the parent molecules. The rather straight- 
forward trend of mobility with parent mass, however, 
seems to indicate that the bulk of ionic masses consists of 
ionized parent molecules. . 

The observations made concern ions over a path of some 
10‘ collisions but are also begun only after elapse of some 
10‘ collisions since their creation (because'of the ‘‘dead- 
time” phenomenon). Charge transfer from initial “frag- 
ment” ions to ultimate parent ions may have occurred, 
therefore. 

It can be shown that a transfer mechanism to the com- 
plete parent such as C3H7++CogHie>C3H7+C,His* re- 


quires additional energy, about 2.6 ev in this case, while 
the type of transfer exemplified by 


C3H7*+CeHig>CsHs+CoHist 


can proceed ‘‘exothermally” as is probably true generally 
for the latter type of transfer, namely: 

(Cy Hy 41)* + (CpH2p42)—>(CyHay+2) + (CpH2p41)*, 
as long as f< which is true by definition of fragment and 
parent. 

However, there is a region in the G-M discharge in 
which kinetic energies of the order of 2.6 ev can be ob- 
tained? so that the first type of exchange may also proceed.’ 

Incidentally, the measurement on ethyl alcohol demon- 
strates that a relationship of mobility with molecular mass 
is applicable only to a homologous series of molecules. 
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Fic. 2. Mobilities of various molecular ions as a function 
of molecular weight. 


The transfer of ionic charge from one type of parent 

ion such as ethane to parent molecules of lower charac- 
teristic ionization potentials by admixing a controlled 
impurity of the latter molecules has also been demon- 
strated by the same technique of measurement. 
While the experimental work is as yet incomplete, it 
seemed worth pointing out that the technique employed 
may well aid in studying a number of aspects of polyatomic 
ion behavior in a perhaps unique manner. 

1H. G. Stever, Phys. Rev. 61, 38 (1942). 

ye A. Korff, Phys. Rev. 72, 477 (1947). 


Allen pointed out to us that the experiment on CsH7Br would 
be indicative of the first-mentioned type of transfer reaction. 





Scintillation Counting with Chrysene 


EpwIn J. SCHILLINGER, JR.,* BERNARD WALDMAN, 
AND WALTER C. MILLER 


Department of Physics, University of Notre Dame, 
Notre Dame, Indiana 


January 19, 1949 


O extend the range of response of scintillation counters 

to low energy beta-particles, various organic phos- 
phors have been investigated. Chrysene has proved to be 
at least as efficient as anthracene for crystals of comparable 
size. However, with respect to ease of crystallization of 
relatively large size crystals, chrysene is superior to an- 
thracene. Slow cooling of a heated solution of toluene and 
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chrysene in a Dewar flask precipitated colorless rhombic 
crystals averaging 5X5X0.5 millimeters. Preliminary tests 
with one- and two-thickness layers of these crystals and 
with smaller crystals showed that the originals were about 
optimum size for low energy beta-counting; i.e., 150 kev 
and less. No attempt was made to make larger crystals 
although it is assumed that it could be accomplished by 
the method of Feazel and Smith.! 

Anthracene crystals were precipitated in the same man- 
ner as above but large size crystals were not obtained. A 
comparison was made between the small anthracene crys- 
tals so obtained and chrysene crystals of comparable size. 
The counting rates, using C™ as a source, showed chrysene 
to be slightly more efficient than anthracene. A one-layer 
screen of the large chrysene crystals gave appreciably 
greater counting rates than for the small anthracene 
crystals. 

The scintillation counter employed a 1P21 photo- 
multiplier tube with 75 volts on each of the first twodynode 
stages and 100 volts on each of the last seven. A gain of 
from 5 to 10 percent in the signal-to-noise ratio was found 
by decreasing the voltage between dynode nine and ground 
from 50 to 5 or 10 volts. The pulses were fed into a cathode 
follower and then into a Los Alamos model 501 amplifier, 
using a gain of about four hundred. All data were taken 
at room temperature. 





f 








BIAS (VOLTS) 


Fic. 1. Comparison of Koppers naphthalene, small anthracene crys- 
tals, and large chrysene crystals using an uncollimated C™ source. 
Counts per minute are plotted against bias. All rates are with back- 
ground subtracted. 


With the same values of the circuit parameters as above, 
efficiency tests were made. The C source, roughly colli- 
mated, when placed next to the window (1.93 mg/sq. cm) of a 
Tracerlab G-M counter, produced two thousand counts 
per minute. The chrysene scintillation counter, using the 
same collimated source, had the same efficiency when the 
counter bias was adjusted to admit a background of sixty 
counts per minute. Lowering the bias to admit four hun- 
dred background pulses per minute gave a counting rate 
(with background subtracted) 1.4 times the G-M rate 
(see Fig. 1). 

Efficiency tests were also made on the beta-rays of Co®. 
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A screen two crystals deep was found to be the optimum 
thickness for this source, but the efficiency of the scintilla- 
tion counter could not be made equal to that of the G-M 
counter unless a background of 450 pulses per minute was 
admitted. This high rate is undesirable especially since the 
actual counting rate was only one thousand counts per 
minute over background. The apparent inefficiency of the 
scintillation counter for these energies (300 kev and less) 
is undoubtedly due to loss of light by reflection from the 
crystal faces. Crystals of about one millimeter thickness 
should bring the efficiency of the scintillation counter to 
a more practical value. 

The chrysene scintillation counter was used to detect 
the internally converted electrons from Rh** (about 
40 kev). A weakly activated sample (x-ray excited) gave 
counting rates slightly greater than twice background at an 
optimum bias setting. 

This work was supported by the joint program of the 
ONR and the AEC. 


* AEC Predoctoral Fellow. 
1C. E. Feazel and C. D. Smith, Rev. Sci. Inst. 19, 817 (1948). 





Neutron Yield from Li’(p, n)Be’ 


G. FREIER, E. E. Lamp, AND J. H. WILLIAMS 
University of Minnesota, Minneapolis, Minnesota 
January 13, 1949 


INCE the reaction Li’(p, 2) Be’ is used extensively as a 
monochromatic source of fast neutrons, we have 
studied the yield from the threshold, 1.88 Mev to 3.66 Mev 
to determine whether there exists more than one group of 
neutrons. It has been reported! that a resonance occurs at 
3.06 Mev with the possibility that this is due to an ex- 
cited state of Be’. 

The Minnesota Van de Graaff generator was used to 
accelerate protons up to 3.66 Mev with an energy control 
of +5 kev. The lithium target was evaporated on a 0.010- 
inch thick rotating backing. The target was measured to 
be 24 kev thick.? The measurements of the neutron yield 
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Fic. 1, The neutron yield at 0° and 90° as measured with a flat energy 
response detector. The statistical deviations are +2.5 percent at 2.8 
Mev in the 0° curve and +4.0 percent in the 90° curve. 
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Fic. 2. The ratio of counts in an ionization chamber to those in a 
boron trifluoride counter covered with paraffin. The statistical devia- 
tions are +6.4 percent at 2.8 Mev. 


at 0° and 90° were taken with a flat energy response de- 
tector similar to the one described by A. O. Hanson and 
J. L. McKibben.* 

The yield at 0° was measured with the counter 13} 
inches from the target. In this position it subtended a 
solid angle of 0.28 steradian. At 90° the counter was placed 
31 inches from the target. Figure 1 shows the yield at 90° 
and 0° as measured with the flat energy response counter. 
The large solid angle at 0° distorts the first peak in the 
curve. The results agree fairly well with those of Taschek 
and Hemmindinger.? No evidence for additional resonances 
as reported by Hill and Shoupp! were found. 

In an attempt to find more than one group of neutrons, a 
comparison was made of the yield at 20° as measured 
simultaneously with an ionization chamber and a boron 
trifluoride-filled counter surrounded with a two-inch layer 
of paraffin. The argon-filled ionization chamber with a thin 
paraffin radiator was designed to detect only fast neutrons 
of energy greater than 0.6 Mev. Since the ionization 
chamber efficiency increases with neutron energy and the 
boron counter decreases with neutron energy, it was felt 
that an excited state of Be’? would result in a discontinuity 
in the ratio of counts in these two detectors at an incident 
proton energy just sufficient to produce this excited state. 
Figure 2 shows the ratio between the neutron counts in 
the ionization chamber and the boron trifluoride counter 
as a function of the proton energy. No anomalies were 
found. We conclude that to within the accuracy of our 
measurements there is only one group of neutrons emitted 
in this reaction up to a proton energy 3.66 Mev. 

This research was done under the partial support of the 
ONR, Contract N5ori-147. 

1 J. E. Hill and W. E. Shoupp, Phys. Rev. 73, 931 (1948). 


2 R. Taschek and A. Hemmindinger, Phys. Rev. 74, 373 (1948). 
3A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 





Measurement of the Proton Moment 
in Absolute Units 


HAROLD A, THOMAS, RAYMOND L. DRISCOLL, AND JOHN A. HIPPLE 
National Bureau of Standards, Washington, D.C. 
January 10, 1949 


HE absolute value of the magnetic moment of the 
proton has been determined by measuring the mag- 
netic field and frequency required for nuclear resonance 
absorption in a proton sample. The nuclear resonance 
technique is similar to that developed by Purcell! and his 
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collaborators but has a modified circuit design. The sample 
is water with the relaxation time adjusted to an optimum 
value by the addition of ferric oxalate. 

An electromagnet having auxiliary coils in addition to 
the main exciting windings was used to produce a field 
of about 5000 gauss in a 2-inch gap having approximately 
rectangular pole pieces 8} inches by 123 inches. The field 
distribution in the gap was obtained by using two nuclear 
resonance probes, one to plot the field and the other to 
regulate the field by means of a phase detector and power 
amplifier supplying the auxiliary coils. After shimming, 
field variations throughout the volume used did not exceed 
one part in 10,000 and they were accurately plotted. By 
means of a balance the value of the field at the center of the 
gap was measured from the force produced on straight 
conductors 10 cm long which carried a known current. 
These conductors form one side of a rectangular coil whose 
Opposite side is 70 cm above the center of the gap. The 
stray field at the upper end of the coil was reduced to zero 
by a pair of large diameter Helmholtz coils. The accuracy 
of the measurement of the field by this means was limited 
principally by the uncertainty in the length of the con- 
ductors which was one part in 20,000. 

During the measurement, the field was regulated to 
within 0.02 gauss by one resonance probe which had a local 
field bias such that the field at the center of the gap where 
the conductors were located was the exact value required 
for proton resonance. This could be checked before and 
after each field measurement by using the other probe. 
Both resonance probes were supplied from a 20-mc crystal 
oscillator, and the frequency was measured to a few parts 
per million by heterodyning the oscillator with the NBS 
standard frequency station WWV. 

The values of field and frequency thus measured give 
a value for the gyromagnetic ratio of the proton of 


¥p= (2.6752-+0.0002) X 10. 


GYROMAGNETIC RATIO 
OF THE PROTON 


Fic. 1. (1) indicates the value of the gyromagnetic ratio of the proton 
reported by Millman and Kusch (reference 3). (The error does not 
include any uncertainty in the value of m/M); (2) shows the value of 
Millman and Kusch with the radiative correction to the electron 
moment (see references 4 and 5); (3) is the value reported here. 
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The magnetic moment of the proton is known less ac- 
curately than this because of the greater uncertainty in the 
value of kh. Using a value? of 


h= (6.6234+0.0011) x 10-*? erg sec., 
the magnetic moment of the proton is 
up = (1.4100+0.0003) X 10-8 gauss cm’. 


The figure shows the value of +, from this measurement 
compared with a value given by Millman and Kusch? 
which was obtained by determining the magnetic field 
from radiofrequency spectra of the alkali atoms and thus 
depends on the electron moment. If the radiative correc- 
tion**® for the electron moment is applied to their value, 
excellent agreement, well within the experimental error, is 
noted. 


ris4s)e E. M. Purcell, and R. V. Pound, Phys. Rev. 73, 

6 

2J. W. Dumond and E. R. Cohen, Rev. Mod. ro. 20, 82 (1948). 
3S. Millman and P. Kusch, Phys. Rev. 60, 91 (1941). 

( a and H. M. Foley, Phys. Rev. 72, 1256 (1947); 73, 412 
1948 

5 Julian Schwinger, Phys. Rev. 73, 415 (1948). 





Coincidence Measurement of Neutron Energy 


DonaLp C. WortH* 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut** 
January 10, 1949 


TECHNIQUE for measurement of neutron energy 
has been developed in which use is made of a coin- 
cidence-absorption arrangement. Protons which originate 
as recoils from the incident neutrons in a hydrogen-filled 
proportional counter pass through a variable amount of 
absorption into a second proportional counter. Coinci- 
dences between the two counters are registered on the 
output of a medium resolution coincidence circuit and are 
normalized to the counting rate in the first counter. A 
plot of coincidence rate as a function of absorption gives 
the extrapolated range and energy of the scattered protons, 
hence of the neutrons. 

Figure 1 gives an idea of the physical setup used for gas- 
target bombardment. The proportional counters have a 
grounded cathode of one-inch inner diameter, the center 
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Fic. 1. Sketch of arrangement used. The foil changer disks are re- 
motely operated by synchros, with provision on the disk for infinite 


absorption. 
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Fic. 2. Composite plot of several runs. The filled-in circles are infinite 
absorption points and represent the background yield. 


wire being maintained at a positive (above ground) po- 
tential. The associated preamplifiers are of the type stand- 
ard to this laboratory,’ modified to allow for the positive 
center-wire voltage by means of a high voltage blocking 
condenser. The video amplifiers? and resolution circuit® are 
of conventional type. The first counter (where recoils 
originate) is at low bias and the second counter is “‘peaked.” 
When peaking is great enough, separate neutron groups 
may be seen. 

A first test of the method is seen in the H*(dn)He? re- 
action tried which was chosen for its homogeneous neutron 
yield. A composite plot of results is shown in Fig. 2. The 
Q-value determined by the extrapolated range is Q=3.08 
+0.18 Mev, with most of the uncertainty connected with 
the energy of the cyclotron beam after passing through a 
gold foil into the bombardment chamber. 

* AEC Fellow. 

** Assisted by the ‘o% program of the ONR and the AEC. 

1H. L. Schultz and R. Beringer, Rev. Sci. rae 19, 424 (1948). 


2 Bruce B. Benson, Rev. Sci. Inst. 17, 533 (1946 
3H. L. Schultz and E. C. Pollard, Rev. Sci. Inst. 19, 617 (1948). 





A Cosmic-Ray Particle of Charge 
Two or Greater* 
R. W. SAFFoRD** AND A. M. THORNDIKE 
Brookhaven National Laboratory, Upton, New York 
January 17, 1949 

CLOUD-CHAMBER photograph has been obtained 
at an altitude of 93,000 feet*** which shows a heavily 
ionized track penetrating a 1.25-cm lead plate. Stereo- 
scopic views are given in Fig. 1. The track appears to have 
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Fic. 1. Pair of stereoscopic photographs of heavily ionizing pene- 
trating track taken at 93,000 feet. Lightly ionizing tracks are barely 
visible at ‘‘A.’’ Because of temperature changes during the flight the 
cloud chamber is rather foggy, especially near the lead plates. Parts of 
> right-hand picture are doubly exposed because of failure of the film 
advance. 


passed through the upper 0.63-cm lead plate as well but is 
not well illuminated above the plate. The track is some- 
what old, so that it is not sharp and the bottom section is 
much distorted, presumably by turbulence. 

On the assumption that the tracks marked “A” have 
minimum ionization, it is estimated that between the two 
plates the heavily ionizing track has a density of ionization 
between 10 and 100 minimum ionization. There is no 
marked change in ionization density on passing through 
the bottom plate. The ionization density above the top 
plate cannot be determined. The extent of scattering is 
unknown since the tracks are certainly distorted by 
turbulence. 

Comparison of these observations with curves for range 
and energy loss! shows that the particle causing the track 
must be heavier than a proton. A proton with ionization 
density of 10X minimum or greater would have a range 
not greater than 2 g/cm?, whereas the particle actually 
passes through 16 g/cm? in the bottom plate. An alpha- 
particle with ionization 10X the minimum for a particle 
of unit charge would, however, have a range of about 28 
g/cm? of lead and could penetrate our lead plate. A lithium 
nucleus could also cause such a track, but a particle of 
charge 4 would cause ionization at least 16X minimum. 
If the ionization is considered to be as high as 100X 
minimum, then the particle must have 7 ¢Z < 10, assum- 
ing that its mass is 2Z. Thus the estimate of ionization 
between 10X and 100 the minimum for a particle of 
unit charge implies a charge not less than two nor more 
than ten, with higher charges resulting from higher esti- 
mates of the ionization. In the absence of an accurate 
determination of the density of ionization of the track, it 
seems most probable that it was caused by an alpha- 
particle since alpha-particles have been reported to be 
much more numerous than heavier nuclei.* To cause the 
observed track an alpha-particle would require energy of 
the order of 400 Mev; a heavier particle would have to be 
more energetic. The high energy and approximately vertical 
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incidence make it probable that a primary particle is 
involved, similar to those found by Freier, Lofgren, Ney, 
and Oppenheimer.? 


* Research carried out at Brookhaven National Laboratory under 
the auspices of the AEC. 

** Now at Laboratory for Nuclear Science and Engineering, Massa- 
chusetts Institute of Technology, Cambridge, Massachusetts. 

#*e Equipment was flown by General Mills, Inc. Project ‘‘“Skyhook”’ 
balloon from Camp Ripley, Minnesota. 

1B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 

2 Freier, Lofgren, Ney, and Oppenheimer, Phys. Rev. 74, 1818 (1948), 





The Mass of the Cosmic-Ray Mesotrons* 


ROBERT B. BRODE 
Department of Physics, University of California, Berkeley, California 
January 10, 1949 


N a paper by W. B. Fretter! measurements were re- 
ported on the range (R) and the momentum (Bp) of 
26 mesotrons. There is a unique relation between mass, 
range, and momentum so that the knowledge of range and 
momentum enables one to determine the mass of the 
mesotrons. The 26 mass values observed by Fretter were 
treated by him as a set of linear measurements, and the 
mean value (%) was found by weighting each value (m;) in 
inverse proportion to the square of the probable error 
(Am,) assigned to that value, i.e., 


m = {Z[mi/(Am;)*]/Z[1/ (Ams)? }}. 


This calculation gave a value, in units of the electrons’ 
mass, for m of 202 with a probable error of +5. The prob- 
able error of the individual measurements was of the order 
of 15 percent of the mass values. 

Since the range of the mesotron was measured by ob- 
serving the lead plate in which it stopped, the mean value 
of the range is taken ag the distance to the middle of the 
plate with a probable error in this estimate of one-quarter 
of the plate thickness. This probable error is independent 
of the range of the particle. The curvature (C) of the par- 
ticle in the magnetic field determines its momentum. 
The scattering of the particle and turbulence in the cloud 
chamber introduces spurious curvatures, which with equal 
probability increase or decrease the true curvature. The 
principal cause of error in curvature is the turbulence 
which introduces an error that is independent of the mag- 
nitude of the curvature. In a plot which uses range and 
curvature to determine the mass of the mesotron, the 
probable errors in both of the variables are nearly inde- 
pendent of their position in the plot. The choice of the 
best parameter curve, that is the curve of constant m, 
for the distribution of observed values of range (R) and 
curvature (C) is given by the curve for which 


2{[Va?/(AR/R)*]+[Vc?/(AC/C)*)} 


is a minimum. The residuals Vz and V¢ are the difference 
between the observed coordinates and the coordinates of 
the corresponding point on the parameter curve.? With this 
more accurate method of treatment of the data given by 
Fretter the value of the mesotron mass in electron mass 
units is found to be 212+5. 

If the percent probable errors in range and curvature 
are equal, the observed point will be on{the orthogonal to 
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the parameter curve that passes through the corresponding 
point on the parameter curve. An inspection of the curves 
of constant m in the range, curvature coordinates shows 
that the linear measure orthogonal to the parameter curves 
is closely proportional to log m. The change of the variable 
from m to log m with appropriate change in weight makes 
an appreciable change in the mean value of the mass. 
When each value of log m is weighted inversely as a square 
of Am/m the value of m corresponding to the mean is 
found to be 212 in agreement with the more accurate 
method. 


* Assisted by the joint program of the ONR and AEC. 

1W. B. Fretter, Phys. Rev. 70, 625 (1946). 

2A detailed discussion of the adjustment of a parameter curve to 
two Gaussian variables is given by Demming, Statistical Adjustment of 
Data (John Wiley and Sons, Inc., 1943), pp. 141-144. 





Interaction of Mesons with Nucleons 
and Light Particles 


T. D. LEE, M. ROSENBLUTH, AND C. N. YANG 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
January 7, 1949 


E have been making a phenomenological study of 

the various experiments which have been done in 

recent years on the interaction between the various types 

of particles. In the course of this investigation two inter- 
esting points have come to light. 

First, we found that if the decay of the u-mesons and 

the capture of the u~-mesons by nuclei are described by 

the reactions! 


uoetut+y 
wo +P—>N+p 


and that the Fermi type interactions are assumed to be 
responsible for these processes, the coupling constants 
would have the values 


Lue~3 X 10-* erg cm! 


( e=electron, y=neutrino) 
(P=proton, N=neutron), 


and 
2up~2X 10~* erg cm', 


respectively. These values are so determined as to fit the 
experimental lifetime? of the u-mesons and the capture 
probability of the u~-mesons by nuclei.* It is remarkable 
that the three independent experiments: the 8-decay of the 
nucleons and the yu-mesons and the interaction of the 
nucleons with the u-mesons lead to coupling constants of 
the same order of magnitude. 

One can perhaps attempt to explain the equality of these 
interactions in a manner analogous to that used for the 
Coulomb interactions, i.e. by assuming these interactions 
to be transmitted through an intermediate field with 
respect to which all particles have the same “charge.” 
The ‘“‘quanta’”’ of such a field would have a very short 
lifetime and would have escaped detection. 

Second, if we assume the x-mesons to have integral spin 
and assume direct couplings for the processes 


x—>p+anti v 
N—P+2- 


with coupling constants determined from the lifetime of the 
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x-mesons‘ and the strength of nuclear forces,® the. interac- 
tion between the u-mesons and the nucleons can be 
quantitatively explained as a second-order interaction 
through the virtual creation and annihilation of -mesons. 

After the completion of our work Mr. A. Ore has kindly 
informed us that similar considerations have been carried 
out by J. A. Wheeler and J. Tiomno. 


1 The masses of the z- and w-mesons are taken to be 
Mz =286me, My =212me. 


2 B. Rossi, Rev. Mod. Phys. 20, 537 (1948). 
3B. Rossi, Rev. Mod. Phys. 20, 537 (1948). In the calculation for the 
capture process the Fermi model for the nucleus is assumed and only 
single particle excitations are considered. See M. Rosenbluth, Phys. 
Rev. 75, 532 (1949). 
4J. R. Richardson, Phys. Rev. 74, 1720 (1948). 
5H. Bethe, Phys. Rev. 57, 390 (1940). 





Some Preliminary Cloud-Chamber Photographs 
of Artificial Mesons 


WALTER HARTSOUGH, EVANS HAYWARD, AND WILSON M. POWELL 
Radiation Laboratory, University of California, Berkeley, California 
January 24, 1949 


HE 184-inch cyclotron has recently been converted 

so that it accelerates protons up to an energy of 
350 Mev. A cloud chamber has been operated in the 
neutron beam which is produced when the 350-Mev 
protons are allowed to strike a two-inch copper target. 
The first run has yielded several tracks that may be 
definitely classified as meson tracks though we are not 
able to distinguish between light and heavy mesons. 

The cloud chamber was operated in a magnetic field of 
21,700 gauss and contained 13 atmospheres of argon with 
water vapor. The neutron beam was six inches in diameter 
and was allowed to strike the chamber so that it traversed 


Fic. 1. Meson track produced in a cloud chamber, operated in a 
beam of neutrons from a copper target bombarded by 350-Mev protons. 
Its radius of curvature corresponds to a 2-meson of 2.3 Mev or a 
u-meson of 3.0 Mev. 
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Fic. 2. Capture of a negative meson by a nucleus, presumably an argon 
nucleus. A star with two prongs may be seen, 


both the top glass and the Lucite at the bottom of the 
chamber. Out of 100 photographs, seven examples have 
been found that are definitely the tracks of mesons of two 
or three Mev. They were all produced in either the top or 
bottom of the chamber; and in all cases but one, ‘they were 
observed only to traverse the illuminated region. They 
have been identified by the fact that their radii of curva- 
ture are ~5 cm whereas a proton stops while its radius is 
larger than 10 cm. The meson tracks show ionization com- 
parable to that of a slow proton. Figure 1 is a photograph 
of the first meson observed; its radius of curvature corre- 
sponds to a z-meson of 2.3 Mev or a u-meson of 3.0 Mev. 
Figure 2 shows the capture of a negative meson by a 
nucleus, presumably by an argon nucleus. The resulting 
star has two heavy fragments. 

Another interesting group of tracks has been observed 
in the same film. They are particles that ionize near the 
minimum but are curved too much to be protons. They 
may be either fast electrons or fast mesons. Their curva- 
tures correspond to electrons of about 150 Mev or mesons 
of about 70 Mev. If electrons, they may result from the 
bremsstrahlung of suddenly accelerated protons though 
there is no reason for not expecting to see mesons of this 
energy. 

We wish to thank Professor E. O. Lawrence for his 
interest and encouragement. This work was done under the 
auspices of the AEC. 





Upper Limit for the (d,H*) Reaction 
in Phosphorus* 


Davip KAHN AND GERHART GROETZINGER 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
January 10, 1949 


EVERAL cases of (d,H*) reactions have been reported. 

In spite of the fact that such a-reaction is energetically 
possible, L. B. Borst mentioned in an abstract that he 
could not find it in P®! with 7.5-Mev deuterons, but made 


no quantitative statement about the smallest cross section 
that could have been observed.! The search for this reac- 
tion has been repeated by bombarding elemental red 
phosphorus for periods of one minute with 7.5-Mev deu- 
terons with an arrangement which would allow the de- 
tection of this process if the cross section were larger than 
5X 10-* cm?. 

The product nucleus which would occur in such a reac- 
tion is P®°, a positron emitter with a half-life of 150 seconds. 
Using a magnetic field to separate the positive and nega- 
tive electrons only a positron radiation of approximately 
72-second half-life was observed after bombardments. 
The major impurities in our samples determined by the 
manufacturer were approximately 130 p.p.m.SiOz, 8 
p.p.m.S, and a few p.p.m.Fe.? The oxidation in the form 
of phosphates which might have been incurred in handling 
before bombardment was determined by a phosphate- 
molybdate colorimetric test® to be less than 5 p.p.m. The 
bombardment of the impurities leads only in the case of 
oxygen to a positron-emitting product nucleus decaying 
with a half-life between one and three minutes, namely F” 
with a half-life of 70 seconds. The observed activity is thus 
due to the oxygen impurity. Assuming a cross section of 
= 1X 10-** cm? for the O'%(d,n)F1" reaction,‘ and assuming 
that a P*®° activity one-tenth as strong at the end of the 
bombardment could have been detected (especially in 
view of the fact that activity measurements were begun 
approximately 2.5 minutes afterwards) the above men- 
tioned upper limit can be given. A rough check using the 
observed strength of the 72-second half-life activity leads 
to approximately the same amount of oxygen in the sample 
as specified by the manufacturer. 

* Assisted by the joint program of the ONR and the AEC. 

1L. B. Borst, Phys. Rev. 61, 106A (1942). 

2We wish to thank Dr. G. A. Stiegman of the Oldbury Electro- 
Chemical Company for the specially prepared sample of phosphorus 
and the above impurity analysis. 

+ This determination was made by Mr. George Herz using the method 


described in Snell's Colorimetric Methods of Analysis. 
4H. W. Newson, Phys. Rev. 51, 620 (1937). 





Cascade Theory* 


HARTLAND S. SNYDER 
Brookhaven National Laboratory, Upton, New York 
January 20, 1949 


N a recent paper! and in earlier papers, Bhabha and 
Chakrabarty have questioned the validity of the solu- 
tions of the diffusion equations as given by Serber? and 
myself? Their objections were twofold. First, we used 
graphical interpolation methods for evaluating a function 
Ku(y, s) which satisfies a difference equation of the form 


Ku(y, s)=g(y, s—1)Kuly, s—1). (1) 


The function Ky(y, s) satisfies the condition Kyu(y, 0) =1. 
It is easy to compute the values of Ku(y, s) for integral 
values of s. From the values of Ku(y—~y) for integral y the 
values of this function were estimated for non-integral 
values of y by interpolation. All the uncertainties thus 
engendered are overcome by a suitable solution of (1), 
namely 
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Kuly, s) =Kuly, t)a(y, t)s-* 
© /2(y, t-+-n)/2(y, t-+n+1)\~ 
“3 (y,s+n)\ gly, t-+n) ) ): (2) 


n=0 
The conditions that (2) shall be a solution of (1) are: (a) 
the infinite product in (2) converges; (b) limw.[g(y, s+N)/ 
g(y, N)]=1. Both of these conditions are satisfied for the 
particular g(y, s) that comes from cascade theory. 

Their second objection was that our solution did not 
satisfy the correct boundary conditions. This is true, but if 
B<Ep the error introduced is negligible. In a paper which 
will be submitted for publication soon, a solution will be 
given which does satisfy the correct boundary conditions, 
a solution which can be reduced to the forms given by 
Bhabha and Chakrabarty. Also, the form of the energy 
spectrum will be given for low energies (E< 8). My results 
do not agree with those of Bhabha and Chakrabarty! as 
given by their Eqs. (37), but do agree with those given 
earlier by Carlson and Oppenheimer‘ in their Eqs. (34). 

* Research carried out at Brookhaven National Laboratory under the 
auspices of the Atomic Energy Commission. 

1H. J. Bhabha and S. K. Chakrabarty, Phys. Rev. 74, 220 (1937). 

2 R. Serber, Phys. Rev. 54, 317 (1938). 


3H. Snyder, Phys. Rev. 53, 960 (1938). 
4J. F. Carlson and J. R. Oppenheimer, Phys. Rev. 51, 220 (1937). 








Electro-Disintegration of Nuclei 


J. S. Bian 
Department of Physics, University of Illinois, Urbana, Illinois 
January 10, 1949 


N recently reported experiments! the electron beam 

from the 22-Mev betatron activated a stack of thin, 
uniform foils by the reaction A*(e; e’, m)(A—1)*. The ac- 
tivity in a foil was the sum of the activity from electro- 
disintegration, which was constant in each foil, and from 
photo-disintegration by bremsstrahlung produced by the 
incident electrons, which was a linear function of foil 
position. 

The relative activities due to these two processes were 
estimated using the virtual quanta method? to obtain the 
electro-disintegration cross section and agreed closely 
with experiment. But since the virtual quanta method is 
not valid for energy transfers comparable to the incident 
electron energy, we have calculated the relative activities 
using more accurate expressions for the electro-disintegra- 
tion cross section. 

We assume that neither the electron beam nor the 
bremsstrahlung lose appreciable numbers or energy in 
traversing the foil and the bremsstrahlung is predominantly 
in the forward direction. Then we find 


Wpa= Z*r2Na(n = 3) Fwai, 


where wWp¢ and w,; are the activities in the mth foil from the 
photo- and electro-disintegration, respectively, due to the 
excitation of a single level, Z is the atomic number, N is 
number of nuclei/cc, r¢=2.8(10-14) cm, a is thickness of 
foil in cm, F is a function only of the initial and final ener- 
gies of the electron and of the kind of transition to the 
excited level, i.e., electric dipole, magnetic dipole, or 
electric quadrupole. The expression for F involves the cross 
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section for bremsstrahlung production,? the transition 
probabilities for photo-excitation, and the cross sections 
for electro-excitation.* At very low energy transfers, F for 
electric and magnetic dipole transitions converges to the 
virtual quanta result, 8r/3, while it vanishes for electric 
quadrupole transitions. 

In the above equation we can interpret wpa and we: as 
the total activities, found by summing over-all excited 
levels leading to disintegration, if we replace F by its 
average for energy transfers above disintegration threshold, 
F. We find that F is almost constant for energy transfers 
between disintegration threshold and 16 Mev, the inci- 
dent electron energy, for the three reactions studied. Thus 
the manner in which F is averaged is not very critical. 

The comparison (Fig. 1) between calculated values of F 
as a function of energy transfer and the experimental 
values of F, seems to indicate that electric dipole transi- 
tions do not predominate. Theoretical and experimental 
uncertainties, however, make this judgment tentative. 
Further experiments with higher incident electron energies 
would be very informative, particularly with respect to the 
presence of electric quadrupole transitions. 

The quadrupole curve was computed assuming that the 
invariant moment (a|Zr,;?|b), discussed by Wick, vanishes. 
Since this moment contributes to electro-, but not to photo- 
transitions, its presence would further lower the quadrupole 
curve. 

The angular distribution of inelastically scattered elec- 
trons is a marked function of the kind of nuclear transition. 
The presence, however, of electrons inelastically scattered 
in producing bremsstrahlung will make it necessary to use 
special techniques to investigate this effect. 

We wish to thank Professor S. M. Dancoff for his guid- 
ance and Professors A. T. Nordsieck, A. O. Hanson, D. W. 
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Fic. 1. Comparison of experimental F and calculated F for 16-Mev 


incident electrons. Experimental values of F are drawn as straight lines 
extending over energy transfers above disintegration threshold. 
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Kerst, Dr. L. S. Skaggs, and Mr. S. P. Lloyd for helpful 
discussions. This investigation was assisted by the joint 
program of the ONR and the AEC. 


1 Skaggs, Laughlin, Hanson, and Orlin, Phys. Rev. 73, 420 (1948). 
‘ soa rs Williams, Kgl. Danske Vid. Selskab Math.-Fys. Medd. XIII, 
3 Heitler, The Quantum Theory of Radiation, fOnteet University 
Press, London, 1944), second o. ay ag! 17, Eq. (20 
4G. C. Wick, Ric. Sci. oa 1940); B Peters 3 and e, Richman, 
Phys. Rev. 59, 804 (1941); . Sneddon and B. F. Touschek, Proc. 
Roy. Soc. 193, 344 (1948); cane H. Bethe and R. Peierls, Proc. Roy. 
Soc. 148, 146 (1935). There is a discrepancy in the electron excitation 
cross section for electric quadrupole transitions between Sneddon and 
Touschek, who obtain essentially the same result for both electric 
quadrupole and magnetic dipole transitions, and Wick. We have also 
calculated this and agree with Wick’s result. 





On the Nature of Mesons in 
Penetrating Showers 


H. A. MEyYER, G. SCHWACHHEIM, A. WATAGHIN, AND G. WATAGHIN 
Departamento de Fisica, Universidade de Sao Paulo, Séo Paulo, Brasil 
January 6, 1949 


HE present experiment was performed at an altitude 

of 1750 meters at Campos do Jordao in order to ob- 

tain some information on the nature of the particles pro- 
duced in penetrating showers. The penetrating showers 
were detected by a Geiger-Miiller counter arrangement as 
shown in Fig. 1. The counter trays had an area of 500 cm? 
each and were connected in fourfold coincidence. The ex- 
periment consisted in comparing the penetrating power of 
showers produced in the atmosphere and showers produced 
in 21 g/cm? of gasoline located above the counters (see 
Fig. 1). The absorption of the penetrating showers was 
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Fic. 1. Arrangement of Geiger-Miiller counters. 
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TABLE I. Hourly rate of coincidences. 








No material 

Pb in position A 

Pb in position B 

Gasoline 

Goalies with Pb in position A 
Gasoline with Pb in position B 








obtained by 110 g/cm? of lead alternatively situated in 
position A, just below the gasoline, and in position B, 
just above the permanent shielding of the telescopes. 
Our results are shown in Table I. The frequency of the 
showers produced in the air is given in the first line. The 
lead placed in position B did not alter this frequency. 
This indicates that showers produced in the air are not 
appreciably absorbed in an additional protection of 10 cm 
of lead. This result has been checked by several independ- 
‘ent experiments (to be published shortly—see also Cocconi 
and Greisen,! and Sazepin and Eydus?), so that it seems 
difficult to explain the constant frequencies by a compensa- 
tion of production and absorption in the additional lead. 
When the lead was placed in position A, we noticed a 
production of 0.73+0.29 hr.—!. Probably the production in 
B was not registered due to an unfavorable geometrical 
arrangement.’ 

The frequency of showers produced in gasoline alone is 
0.79+0.25 hr.-!, whereas the rate due to the compound 
effect of gasoline and lead in A is 0.70+0.25 hr.—!. This 
effect is much smaller than the one we should expect due to 
the production in gasoline plus the production in lead, 
taking into account the reduction of the intensity of the 
shower-producing radiation in gasoline. On the basis of 
previous results we assume that nucleons responsible for 
penetrating showers are absorbed in gasoline with a coeffi- 
cient ~60 g/cm?.‘ Thus it seems to us that 76+41 percent 
of the showers produced in gasoline are absorbed in the 
additional layer of lead. Similarly we noticed that 84+31 
percent of the production in gasoline is absorbed by the 
lead in position B. 

We conclude that some of the shower particles produced 
locally above the counter arrangement are much softer than 
those of the penetrating showers produced in the atmos- 
phere, the former being absorbed in 28 cm of lead. This 
result cannot be explained by theoretical arguments, since 
showers produced in gasoline should be more aie 
than those produced in air.5 

We are led to explain the experimental results a the 
following considerations based on some recent ideas about 
the properties of different types of mesons. The mesons 
produced initially in the penetrating showers are mainly 
x-mesons.® These mesons, responsible for the nuclear forces, 
should interact strongly with matter and in consequence 
be appreciably absorbed by the lead layer near to their 
production center. As the z-mesons are unstable with a 
mean life of ~ 10-8 sec.,? they should after a path of a few 
meters decay into u-mesons, which are the usual mesons 
observed in cosmic radiation and which have a great 
penetrating power. Now, the main part of the penetrating 
showers produced in air have their production centers at a 
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greater distance than, e.g., 10 meters so that the particles 
constituting the showers are unaffected by the additional 
layer of 10 cm of lead. 

We acknowledge our indebtness to Professor H. Stamm- 
reich and Mr. R. Salmerén for some helpful assistance with 
our experimental equipment. | 


1G. Cocconi and K. Greisen, Phys. Rev. 74, 62 (1948). 

2G. Sazepin and L. Eydus, J. Exper. Theor. Phys. 18, 259 (1948). 

3L, Janossy and G. D. Rochester, Proc. Roy. Soc. A183, 181 (1944). 

4H. A. —_— G. Schwachheim, and A. Wataghin, Phys. Rev. 74, 
846 (1948). 

5 Gee Wataghin, Phys. Rev. 74, 975 (1948). 

6C. M. G. Lattes, G. P. S. Occhialini, and C. F. Powell, Nature 160, 
453 and 486 (1947). ’ 

7Camerini, Muirhead, Powell, and Ritson, Nature 162, 433 (1948). 





On the Beta-Particle Spectrum from 
the Decay of Tritium 
W. J. Byatt, 
The University of North Carolina, Chapel Hill, North Carolina 


F. T. RoGers, Jr., 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


AND 


ARTHUR WALTNER 
North Carolina State College of Engineering, Raleigh, North Carolina 
January 21, 1949 


N an earlier letter we presented! unreduced data rela- 
tive to the beta-particle spectrum from the decay of 
tritium ; these data, taken from tracks of the beta-particles 
in a cloud chamber, were in the form of a differential dis- 
tribution of plane-projected track lengths. A reduction of 
these data has now been completed, with the following 
interesting results. 

By numerical solution of the rather complicated relevant 
integral equation, a differential distribution of true track 
lengths was obtained; this, after consideration of the small 
effects of straggling, was converted to a differential energy- 
distribution; finally, this last distribution was compared 
in the standard way with the theory of Fermi.? Extrapola- 
tion of the linear portion of the Fermi plot indicated an 
end-point energy which is 1.222 times that shown by the 
initial distribution of projections; this extrapolation was 
based upon the statistically satisfactory portions of the 
data, so the extrapolated end-point can be determined 
by the energy-range relation of von Droste. Thus the 
cloud-chamber data now lead to an extrapolated end- 
point energy of 14.0X1.222=17.0 kev, which is in ex- 
tremely good agreement with the 16.9 kev recently ob- 
tained‘ by Curran, Angus, and Cockcroft. 

Figure 1 shows the distribution of energy in the decay 
of tritium, as determined by both experiments, on the 
assumption that both experiments indicate the same end- 
point energy. Although there are statistical limitations to 
the precision of the cloud-chamber data at energies near 
the end point, and observational limitations at very short 
ranges (both of which could be considerably reduced by 
obvious means), the agreement between the results of the 
two experiments, at energies between 6 and 13} kev, is 
remarkably, good. This agreement, incidentally, has a 
significant bearing upon the results reported recently® on 
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Fic. 1. Distribution of energies in the beta-decay of tritium. 


the low energy portion of the beta-particle spectrum from 
the decay of RaE, for the RaE data were obtained with 
the same apparatus and the same detailed techniques, 
except that Bi?!°*(CHs)3; was the molecule instead of 
tritiated water. 


1W. J. Byatt, F. T. Rogers, Jr., and Arthur Waltner, Phys. Rev. 74, 
699 (1948). In this reference is an expression of the authors’ indebted- 
ness to the Carnegie Institution of Washington for the gift of tritiated 
water. 

2 See E. J. Konopinski, Rev. Mod. Phys. 15, 209 (1943). 

3 Von Droste, Zeits. f. Physik 84, 33 (1933). 

4S. C. Curran, J. Angus, and A. L. Cockcroft, Nature 162, 302 (1948). 

5 Arthur Waltner and F. T. Rogers, Jr., Phys. Rev. 74, 699 (1948). 





The Gamma-Rays Following Au’ 6-Decay 


D. SAXON AND R, HELLER 
Argonne National Laboratory, Chicago, Illinois 
January 20, 1949 


HE question whether the decay of Au!* is simple or 
complex has been pointed up by much recent work 
in the literature. Levy and Greuling,! from spectrometer 
measurements, have proposed a complex decay scheme 
wherein ~15 percent of the transitions emit a 8 of 0.605 
Mev, and 7’s of 0.157 and 0.208 Mev. DuMond, Lind, 
and Watson,? by absorption in Sn, found low energy 7's 
in ~15 percent ratio to the precisely measured 0.4112-Mev 
y-ray. These low energy 7’s could explain the y-y coin- 
cidences of many recent measurements.* 4 

In a spectrometer measurement of the 6-shape Saxon® 
found the spectrum allowed down to 0.2 Mev, but no 
systematic search for the low energy y’s was made. Wilkin- 
son and Peacock® also report a simple spectrum, while 
Jurney and Keck? found no y-y coincidences. 

In view of the above conflicting measurements, it was 
decided to rerun the Au spectrum, with particular care in 
looking for low energy internal conversion lines from the 
0.157- and 0.208-Mev v’s. The same source material used 
previously® was reactivated in the Argonne heavy water 
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Fic. 1. The 8-ray spectrum of Au!%8, 


pile. The final source was ~3 mg/cm?, mounted on 0.5- 
mg/cm? Nylon. The counter window, as before, was 0.3- 
mg/cm? Nylon, while the resolution AHp/Hp was 2 percent. 

The momentum plot of the resulting spectrum is given 
in Fig. 1. The K and L lines of the high energy vy give 
415+5 kev, close to the precision value of DuMond et al.? 
From the areas under the peaks and curve we get the fol- 
lowing conversion coefficients, correction having been 
made for the window absorption at low energies: 


E(y) K L+MK+L+M K/(L+M) 
415 kev 3.50% 1.30% 4.80% 2.69 * 


The spin change of the y can be estimated from the K/L 
ratio, assuming the M contribution to be a small part of the 
L peak. Extrapolating the theoretical curves of Hebb and 
Nelson® to high Z, for electric multipole radiation, the spin 
change is found to be AJ=3. The value of 4.80 percent for 
the total conversion coefficient agrees well with that of 
4.70+0.24 percent determined by Wiedenbeck and Chu? 
using an entirely different method. As to the 0.157- and 
0.208-Mev --rays, there is no sign of a conversion line at 
either the K or L positions. From the statistical errors in 
this region of the spectrum, it is possible to estimate an 
upper limit for the presence of the low energy y’s, after 
making some reasonable assumptions as to their conversion 
properties. If both y’s were electric dipole, then conversion 
coefficients of ~5 percent would be expected from Hulme’s® 
theoretical data. This leads to an upper limit of ~4 per- 
cent for the presence of the y-rays. Similarly, for electric 
quadrapole radiation, using the theoretical curve of Taylor 
and Mott,!° this upper limit is decreased to ~1 percent. 
It is clear that y’s present in 15 percent ratio to the 6’s, 
would be easily detected even with conversion coefficients 
as low as 1 percent. 

The only reasonable conclusion seems to be that the low 
energy 7’s are associated with an impurity. Mitchell, in a 
communication to DuMond,? has suggested that this 
impurity is mercury. An analysis of our samples by F. 
Tompkins’ group shows <0.01 percent Hg and Pt. 

Jnanananda" found a conversion line at 58.4 kev, 
Hp=837 gauss cm, which was interpreted as an Auger 
electron due to the 70.3 kev Hg Ka x-ray converting in the 
L111 shell of Au'**, We do not find this line in our curve, 
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even though the window is thin enough to let most of the 
continuous 6’s through at the line energy. If we use our 
value of 3.50 percent for the K conversion coefficient of 
the 411-kev y-rays, and assume a value of ~0.9 for the 
fluorescence yield of the Hg K level, the expected yield of 
the Auger line is ~0.35 percent of the continuous £-spec- 
trum. This value is about the limit of our sensitivity, 
indicating why the line was not found. 

The previous value for the Au half-life, 2.66+0.01 
days, has been raised slightly, after recalculating some of 
the background corrections. Our final value is 2.69+0.02. 

1P, W. Levy and E. Greuling, Phys. Rev. 73, 83 (1948). 

2 J. W. M. DuMond, D. A. Lind, and B. B. Watson, Phys. Rev. 73 
eT iedenbeck and K. Y. Chu, Phys. Rev. 72, 1171 (1947). 
4C. E. Mandeville and M. V. Scherb, Phys. Rev. 73, 634 (1948). 
5D. Saxon, Phys. Rev. 73, 811 (1948); Phys. Rev. 74, 297 roar 


6R. G. Wilkinson and C. L. Peacock, Phys. Rev. 74, 1250 (1948). 
7E. T. Jurney and M. R. Keck, Phys. Rev. 73, 1220 (1948); E. T. 


Jurney, Phys. Rev. 74, 1049 (1948). 


8 M. H. Hebb and E. Nelson, Phys. Rev. 58, 486 (1940). 

9H. R. Hulme, Proc. Roy Soc. A138, 643 (1932). 

10H. M. Taylor and N. F. Mott, Proc. Roy Soc. A138, 665 (1932). 
1S, Jnanananda, Phys. Rev. 70, 812 (1946). 





Coherent Scattering of Radiation and 
Negative Energy States 
Otto HALPERN 
University of Southern California, Los Angeles, California 
AND 


HARVEY HALL 
U. S. Navy Department, Washington, D.C. 
January 7, 1949 


OLLOWING Dirac, it has been generally? accepted 
that in the absence of real pairs, the theoretical ex- 
pressions for the scattering cross section are identical, 
whether negative energy states are assumed to be free or 
occupied. On the basis of this reasoning Waller* calculates 
the scattering cross section of neutral atoms assuming the 
negative energy states to be unoccupied, and then claims 
that his results apply equally to the case of occupied nega- 
tive energy states (hole theory proper). Heitler® reports in 
detail the proof originally given by Dirac that the matrix 
elements in both versions of the theory are identical; for 
every matrix element of a transition leading from a state 
of positive energy through an intermediate occupied state 
of negative energy to a final state of positive energy, there 
exists an identical matrix element of a transition starting 
from the (previously intermediate) occupied state of nega- 
tive energy and leading to the final state of positive energy, 
while the second part of the transition leads from the initial 
state of positive energy to the vacated state of negative 
energy. 

This theorem is obviously true for phenomena like the 
Comptom effect, where the final state differs from the 
initial state of positive energy. But it is equally obvious, 
though so far overlooked, that the theorem cannot apply, 
e.g. to coherent scattering processes in which the initial 
and final state are the same. In this latter case, the transi- 
tion from the negative energy state to the final state is as 
impossible as the transition from the initial state of posi- 
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tive energy to the not yet vacated state of negative energy. 
Somewhat similar remarks can be made concerning inco- 
herent scattering processes leading to final bound states, 
but the discussion of them would not add anything new to 
the principal question. 

It is therefore certain that no matrix elements exist in 
the hole theory proper which are identical with the matrix 
elements calculated by Waller that are proportional to Z, 
and give the main contribution to the coherent scattering 
of x-rays by atoms. One has, therefore, to turn to a closer 
study of those matrix elements which are characteristic 
for the hole theory, and have no direct analog in the 
other version of the theory. These new matrix elements 
correspond to transitions from a state of negative energy 
to an intermediate state of positive energy and back to the 
vacated state of negative energy. The intermediate states 
of positive energy can be either bound or free states; they, 
as well as the states of negative energy, have eigenfunc- 
tions which are determined by the combined potential of 
the nucleus and the atomic electrons. 

If the quantum of incident radiation is large compared 
to the ionization energy of the atom but small compared to 
mc’, then the Waller terms which give the main contribu- 
tion to x-ray scattering are replaced by two groups of 
terms of the following character. The first group is of the 
same form as the Waller term with the characteristic differ- 
ence that the form factor of the atom is not that of the 
real scattering atom but that of a “substitute atom.”’ The 
substitute atom is defined as an assembly of electrons 
which occupy (as far as these solutions exist) states with 
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the same quantum numbers as the electrons in the scatter- 
ing atom. But the eigenfunctions of these electrons are the 
solutions of a one-electron problem in the field of the nucleus 
modified by the potential produced by all the electrons in 
the scattering atom.* The form factor of these terms is, 
therefore, in principle, different from the Waller terms. 

In addition there exist terms of the type 


ZL (W_* (@-Ao)¥+) (¥4*(@-A)y_-)/E] 


where the notation is customary, and the sum is to be ex- 
tended over all positive and negative energy states. Here 
again the eigenfunctions of the positive and negative 
energy states are defined by the “substitute potential’’ 
which is, as before, the sum of the nuclear and electronic 
potential of the scattering atom. This additional sum over 
positive and negative energy states requires special treat- 
ment to avoid divergences. 

The results obtained indicate that not only the proof 
concerning the equivalence of the two versions of the theory 
is erroneous, but also that the two theories lead to differ- 
ent predictions concerning experimental results; it is of 
course to be hoped that after elimination of the pseudo- 
divergences the hole theory proper will be confirmed 
by observation. 

We shall in the near future present the calculations 
leading to the results quoted, as well as extensions to the 
case of large quanta and bare nuclei. 


1P, A. M. Dirac, Proc. Roy. Soc. 126, 360 (1930). 

21. Waller, Zeits. f. Physik 61, 837 (1930); W. Heitler, Quantum 
Theory of Radiation (Oxford University Press, London, 1936), p. 189. 

+ Atoms with incomplete shells require a slightly modified treatment. 
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